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Design Method for a Total Internal Reflection LED Lens with Double Freeform Surfaces 
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In this paper, we propose a novel differential equation method for designing a total internal reflection 

(TIR) LED lens with double freeform surfaces. A complete set of simultaneous differential equations for 

the method is derived from the condition for minimizing the Fresnel loss, illumination models, Snell’s 

Law of ray propagation, and a new constraint on the incident angle of a ray on the light-exiting surface 

of the lens. The last constraint is essential to complete the set of simultaneous differential equations. By 

adopting the TIR structure and applying the condition for minimizing the Fresnel loss, it is expected that 

the proposed TIR LED lens can have a high luminous flux efficiency, even though its beam-spread angle 

is narrow. To validate the proposed method, three TIR LED lenses with beam-spread angles of less than 

22.6° have been designed, and their performances  evaluated by ray tracing. Their luminous flux efficiencies 

could be obviously increased by at least 35% and 5%, compared to conventional LED lenses with a single 

freeform surface and with double freeform surfaces, respectively.
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I. INTRODUCTION

Compared to conventional light sources such as incandescent 

and fluorescent lamps, light emitting diodes (LEDs) are 

safe sources that have advantages, such as higher efficiency, 

longer lifetime, and more environmentally friendly aspects 

[1]. Thanks to such advantages, LEDs are widely used in 

various kinds of indoor and outdoor lighting, indicator 

lights, and display devices [2-6]. However, since the luminous 

flux emitted from an LED has a Lambertian distribution, 

secondary optics for controlling the luminous flux are 

necessary to form a desired illuminance distribution on a 

target plane [7]. The secondary optics can be implemented 

as a reflective optical system, a refractive optical system, 

or a hybrid optical system in which reflective and refractive 

systems are combined. A refractive optical system is preferred, 

for the sake of lumiaire compactness. The secondary optics 

based on a refractive optical system are simply called an 

“LED lens”.

The LED lens can be designed using a differential equation 

method [8-11], a parameter optimization method [12-15], 

or a simultaneous multiple surface (SMS) method [16-18], 

and it often includes one or more freeform surfaces, for 

the sake of low price and high efficiency. The differential 

equation method is an LED lens design method in which 

differential equations relating to the propagation of rays 

through an LED lens are solved assuming that one surface 

of the lens is already known; then the other surface is 

freeform. In this method, first the location of a ray of light 

emitted from the LED to impinge on a target plane is 

determined, depending on an illumination model selected 

to form a desired illuminance distribution on the target 

plane. Then the surface slope of a corresponding incident 

point on the freeform surface is determined so that the ray 

incident upon the surface will pass through a designated 

point on the target plane [8-11]. Though the freeform surface 

is easily determined, as long as the related simultaneous 

differential equations can be derived completely, the luminous 
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flux efficiency of an LED lens with a single freeform 

free-form surface is limited by the other surface that is not 

set as the freeform surface. Parameter optimization is 

another design method, in which all surfaces of an LED 

lens are described parametrically, and the parameter values 

are adjusted using an optimization method so that a desired 

illuminance distribution can be formed, and simultaneously 

the maximum luminous flux efficiency can be attained [12-15]. 

However, the parameter optimization method has a drawback, 

in that the lens performance depends on the initial values 

of the parameters and may become trapped in a local minimum 

during optimization. In particular, the method entails a 

problem in that the number of the parameters increases with 

increasing complexity of the shape of an LED lens, thus 

making optimization difficult. Finally, in the SMS method, 

since all surfaces of an LED lens must be controlled to 

obtain the desired performance, much time is inevitably 

required to calculate a large amount of information about 

the lens surface [16-18].

Since an LED lens with a single freeform surface has a 

limitation in controlling the luminous flux emitted from an 

LED, as mentioned previously, design methods for an LED 

lens with double freeform surfaces (double freeform-surface lens) 

have received much attention recently [19-24]. Unfortunately, 

geometric optics cannot provide the necessary and sufficient 

conditions for making the simultaneous differential equations 

for a double freeform-surface lens complete, contrary to the 

case of a single freeform surface [19, 25]. In other words, 

double freeform surfaces cannot be determined uniquely without 

introducing additional constraints. Various additional constraints 

have been introduced to resolve this problem. For instance, 

a condition for minimizing the Fresnel loss was used as an 

additional constraint in reference [19]. This refers to the 

condition that the deflection angle of a ray on a light-entering 

surface of an LED lens must be identical to that on a 

light-exiting surface of the same lens, to minimize the total 

reflection loss approximately. In reference [20] a more 

rigorous condition for minimizing the sum of two Fresnel 

losses occurring at both the light-entering surface and 

light-exiting surface of the lens was used. In addition, 

different design methods for a double freeform-surface lens 

suffer from similar incompleteness. The combination of the 

edge-ray and luminance-engineering principles was used to 

resolve the problem in reference [22], and the so-called 

integrability condition for the surface normal vectors was 

used in reference [23]. A double freeform-surface lens for 

shaping a laser beam has been designed using two conditions 

on the intensity and phase distributions [24]. 

Usually, a double freeform-surface lens is superior in 

luminous flux efficiency to an LED lens with a single freeform 

surface. For example, a double freeform-surface lens shown 

at the reference [19] can have a higher luminous flux 

efficiency, even at a beam-spread angle of less than 100
o
, 

compared to a conventional LED lens with a single freeform 

surface. However, if the required beam-spread angle is less 

than 40
o
, the luminous flux efficiency cannot be improved 

any more, despite the application of the condition for minimizing 

the Fresnel loss [19]: Because a ray that is incident upon 

the peripheral region of the lens must be deflected strongly 

to make its beam-spread angle narrow, reflection loss occurring 

at the peripheral region of the lens is not reduced, thus 

making it impossible to improve the luminous flux efficiency.

In this paper we propose a new differential equation 

method for designing a total internal reflection (TIR) LED 

lens with double freeform surfaces, in which a TIR structure 

is adopted to reduce deflection angles on both the light-

entering surface and the light-exiting surface. Compared to 

a conventional LED lens without a TIR surface, a TIR 

LED lens has a relatively small deflection angle on the 

light-entering and light-exiting surfaces [26]. Accordingly, 

it is expected to reduce reflection loss further by applying 

the condition for minimizing Fresnel loss simultaneously, 

although the beam-spread angle is narrow. In a TIR LED 

lens, the central refraction part is composed of a light-entering 

surface and a light-exiting surface, as in a conventional 

LED lens, and thus two surfaces can be designed as freeform 

surfaces according to the method described in the reference 

[19]. However, the peripheral TIR part of the TIR LED 

lens includes a light-entering surface, a light-exiting surface, 

and a TIR surface, and thus a new differential equation 

method for determining the three freeform surfaces is required. 

We have derived the simultaneous differential equations 

required for the proposed method, where an additional 

constraint is introduced to form a complete set, so that all 

surfaces of the peripheral TIR part can be designed as freeform 

surfaces. 

In Section II, we establish a differential equation method 

for the peripheral TIR part of the TIR LED lens, and 

describe a process for introducing the additional constraint 

needed for the design. In Section III, we introduce the design 

procedure for the TIR LED lens. In Section IV, we describe 

design results according to the proposed method, and the 

improvement in luminous flux efficiency. Finally, we present 

the conclusion of this paper.

II. DIFFERENTIAL EQUATION METHOD FOR 

A TIR LED LENS WITH DOUBLE 

FREEFORM SURFACES

Let us examine the shape of the TIR LED lens and the 

propagation of rays through the lens as shown in Fig. 1, 

to derive a complete set of simultaneous differential equations 

for the proposed method. The lens, shown in an x-z Cartesian 

coordinate system, includes a central refraction part and a 

peripheral TIR part, and has rotational symmetry with 

respect to the z axis. Hereafter the refractive index of the 

lens is referred to as n. The central refraction part is composed 

of an inner surface (corresponding to a light-entering surface) 

including a point P1a, and an outer surface (corresponding 

to a light-exiting surface) including a point P1c. The peripheral 

TIR part is composed of a side surface (corresponding to 
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FIG. 1. Schematic diagram of a TIR LED lens composed of a 

central refraction part and a peripheral TIR part, and 

propagation of rays through both parts.

a light-entering surface) including a point P2a, a TIR surface 

including a point P2b, an outer surface (corresponding to a 

light-exiting surface) including a point P2c, and a bottom 

surface that connects the side surface and TIR surface. The 

bottom surface does not act on the propagation of the light 

ray. The inner surface of the central refraction part and the 

side surface of the peripheral TIR part intersect at point 

CIS, and the outer surfaces of the central refraction part 

and the peripheral TIR part intersect at point COO. In 

addition, the outer surface and the TIR surface of the 

peripheral TIR part intersect at point COT, and the end 

points of the bottom surface are referred to as CSB and CBT 

respectively. 

In Fig. 1, the distance between a light source S positioned 

at the origin of the coordinate system and an incident 

point on either the inner surface or the side surface is 

defined as R, and the emission angle ϕ  of light emitted 

from the light source is defined with respect to the z axis. 

The emission angle of light incident upon the intersection 

point CIS is referred to as the split angle ϕsplit. It is assumed 

that rays passing through the central refraction part reach 

the entire region of a target plane according to a divergent 

illumination model, and that rays passing through the 

peripheral TIR part reach the target plane according to a 

convergent illumination model [27]. 

Ray ①, which is a representative ray of light passing 

through the central refraction part, is emitted from S and 

is incident upon the point P1a on the inner surface. The 

ray refracted at the point P1a is incident upon the point P1c 

on the outer surface, and the distance between points P1a 

and P1c is lac. The ray finally reaches a point P1T on the 

target plane, and the x-axis distance between the central 

axis of the target plane and P1T is ρ . In the central refraction 

part, the propagation angles of the ray refracted on the 

inner and outer surfaces are γ and β, and are defined as 

the angles formed by the z axis and the rays. The pro-

pagation angle of the ray that is rotated clockwise with 

respect to the z axis is defined as having a positive value. 

Since the rays passing through the central refraction part 

follow a divergent illumination model, the propagation 

angles γ and β always have positive values, irrespective of 

the emission angle φ. 

Meanwhile, ray ②, which is a representative ray of 

light passing through the peripheral TIR part, is emitted 

from S and is incident upon the point P2a on the side 

surface. The ray finally reaches a point P2T on the target 

plane after passing through a point P2b on the TIR surface 

and a point P2c on the outer surface. The distances between 

P2a and P2b and P2b and P2c are referred to as lab and lbc 

respectively. In addition, the propagation angles of the rays 

refracted on the side surface, incident upon the outer 

surface, and refracted on the outer surface are α, δ, and β 

respectively. The propagation angles δ and β are defined 

with respect to the z axis, but exceptionally the propagation 

angle α, measured counterclockwise with respect to the x 

axis, is defined as having a positive value. Since the rays 

passing through the peripheral TIR part follow a convergent 

illumination model, a ray whose emission angle φ is slightly 

larger than φsplit must reach the peripheral region of the 

target plane, and a ray whose emission angle φ is maximum 

(φ = φmax) must reach the center of the target plane. Thus 

the signs of the propagation angles δ and β may vary, depending 

on the emission angle of the ray at the peripheral TIR 

part. Ray ② is a ray whose propagation angles δ and β 

have positive values, while ray ③’s propagation angles 

have negative values. 

The central refraction part of the lens is determined by 

three unknown functions, R, γ, and lac, and the peripheral 

TIR part of the lens is determined by five unknown functions, 

R, α, lab, lbc, and β. All unknown functions determining the 

surfaces of a lens are functions of an emission angle ϕ. 

The relationship (complete set of simultaneous differential 

equations) between the three unknown functions relevant 

to the central refraction part has been already described in 

reference [19], but the relationship between the five unknown 

functions relevant to the peripheral TIR part needs to be 

derived. Since the derivation procedure is similar to that 

described in reference [19], however, only the results are 

described in this paper. First, the following three differential 

equations (1), (2), and (3) can be derived from the refraction 

of the ray on the side surface, the reflection of the ray on 

the TIR surface, and the refraction of the ray on the outer 

surface: 

(1)

(2)
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(3)

 

where A and B denote the slopes of the side surface and 

the outer surface, respectivley, and can be written as 

follows:

(4)

(5)

 The fourth differential equation is derived from the convergent 

illumination model and the condition for minimizing 

Fresnel loss,   . The propagation 

angles δ and β may have different signs depending on the 

emission angle, and thus the condition for minimizing 

Fresnel loss can be written as the following equation (6):

(6)

 In addition, the emission angle ϕ and the radius ρ of the 

light reaching point must satisfy the following relationship, 

by the convergent illumination model:

(7)

where ρmin = 0 denotes the center of the target plane, and 

ρmax denotes the maximum radius of a circular target plane. 

To derive this condition, the emission characteristics of the 

light source are assumed to have a generalized Lambertian 

distribution, I(φ) = I0 cos
m
φ, where the superscript m is a 

parameter determined by the half angle φ1/2 of the LED. 

Therefore, the actual emission characteristics of a real 

LED source can be considered in the design with a carefully 

chosen parameter m. In the meantime, the beam-spread angle 

θspread is defined by the maximum radius of the target plane, 

as follows:

(8)

where f is the distance between the target plane and the 

point source.

Based on a simple theory of geometrical optics for ray 

propagation, the coordinate of a ray reaching the target 

plane can be written using R, the propagation angles α and 

δ, and the lengths lab and lbc. Then the result is differentiated 

with respect to φ and Eq. (6) is substituted into the 

differentiated form, so that the fourth differential equation 

can be derived as follows: 

(9)

(10)

(11)

where C and D denote x- and z-axis components of a 

position vector from the point P2c on the outer surface to 

the point P2T on the target plane, and dρ /dϕ on the right 

side of Eq. (9) can be determined by differentiating Eq. (7) 

with respect to ϕ. 

However, the five unknown functions R(ϕ), α(ϕ), lab(ϕ), 

lbc(ϕ) and δ(ϕ) relevant to the three surfaces constituting 

the peripheral TIR part cannot be determined by just the 

four differential equations; an additional constraint is required. 

To this end, we have introduced an equation defining the 

relationship between the emission angle ϕ and the propagation 

angle δ. For the convergent illumination model to be satisfied, 

the radius of the position where a ray reaches the target 

plane must be gradually reduced from ρmax to 0 with increasing 

emission angle. Thus the propagation angle δ  of the ray 

incident upon the outer surface must decrease monotonically 

from a positive maximum value to a negative minimum value 

with increasing emission angle ϕ. From this tendency, the 

propagation angle δ is approximated to decrease linearly with 

an increase in emission angle ϕ, as follows:

(12)

where δo and βo denote the propagation angles when a ray 

whose emission angle is ϕsplit enters and emerges from the 

outer surface of the peripheral TIR part, and are associated 

with the intersection point COT. In addition, k is a constant 

that determines the propagation angle when a ray whose 

emission angle is maximum (ϕ =  ϕmax) enters the outer surface 

of the peripheral TIR part. Unlike at the inner and outer 
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(a) (b) (c) (d)

FIG. 3. Problems in combining the central refraction part with the peripheral TIR part in a TIR LED lens. (a) Partially blocking an 

outer surface with the other, (b) intersection of two outer surfaces, (c) intersection of the side surface with the TIR surface, and (d) 

wide gap between two outer surfaces. 

FIG. 2. The flowchart for designing a TIR LED lens with the 

proposed method. 

surfaces, total internal reflection is guaranteed at the TIR 

surface, as long as the incident angle at the surface is 

larger than the critical angle of the TIR surface. Thus, 

although an approximation such as equation (12) above is 

assumed, the uniform illuminance distribution and the condition 

for minimizing Fresnel loss will be satisfied simultaneously. 

As a result, the simultaneous differential equations given 

by Eqs. (1), (2), (3), and (9) become mathematically complete 

by introducing Eq. (12) additionally.

III. DESIGN PROCEDURE

To design a TIR LED lens, first the central refraction 

part is designed by the method proposed in reference [19]. 

Two intersection points with heights zin and zout, formed by 

the intersection of the inner and outer surfaces of the central 

refraction part with the z axis, are set as starting points, 

and points forming both surfaces are sequentially determined 

by solving the simultaneous differential equations numerically 

with the Runge-Kutta method [28]. This process is repeated 

while increasing the emission angle ϕ from 0 to ϕsplit. 

Next, surface points forming the peripheral TIR part are 

sequentially determined while increasing the emission angle 

ϕ from ϕsplit to ϕmax. The illuminance distribution and 

luminous flux efficiency of the designed TIR LED lens are 

evaluated using the LightTools
TM

 program. The flowchart for 

this design procedure is schematically shown in Fig. 2.

If two end points of the initially designed central refraction 

part can be used as starting surface points for the peripheral 

TIR part to be designed in sequence, the design of the 

peripheral TIR part will be straightforward, and also the 

two designed parts will be naturally combined into a complete 

lens. Unfortunately, this natural combination is impossible 

in terms of the structural characteristics of the TIR LED 

lens: For the two end points of the central refraction part 

to coincide with the starting points of the peripheral TIR, 

a light ray with emission angle ϕsplit should pass through 

the point COO without being reflected from the TIR surface, 

after entering the point CIS on the side surface. However, 

if there are any rays that are not reflected from the TIR 

surface, then the purpose for introducing the TIR surface 

to reduce a deflection angle is lost. Thus the surface points 

of the peripheral TIR part are sequentially determined, 

such that the side surface starts from CIS and is directed 

downward, the outer surface starts from COT and is directed 

centrally, and the TIR surface starts from COT and is directed 

downward, as in the lower inset of Fig. 2. Accordingly, 

the coordinate of the point COT and the k value of Eq. 

(12) should be given to design the peripheral TIR part, and 

the values of δo and βo are determined by the coordinate of 

the point COT.

If the point COT and the k value are not properly set, 

the two parts may not be completely combined with each 

other, as shown in Fig. 3. In Fig. 3, two points COO_C and 

COO_P respectively denote an end point forming the outer surface 

of the central refraction part, and an end point forming the 

outer surface of the peripheral TIR part. Figures 3(a) and (b) 

show cases where two outer surfaces intersect with each 

other, or the propagation of some rays having been trans-

mitted through one part are blocked by the other part. This 
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TABLE 1. Initial parameters used for designing three TIR LED lenses with the proposed method

ρ max

(mm)
θspread

(deg.)

Central refraction part Peripheral TIR part

zin (mm) zout (mm) Δx (mm) Δz (mm) k

50 5.7 0.90 6.00 2.45 0.00 0.478

100 11.4 0.90 6.00 2.50 0.00 0.478

200 22.6 0.90 6.00 2.97 0.00 0.478

problem can occur when COT is set to be too close to COO. 

Meanwhile, if the k value is set too large, a ray entering 

the TIR surface does not satisfy the condition for total 

internal reflection. On the contrary, if the k value is set 

too small, the TIR surface and side surface may intersect, 

as shown in Fig. 3(c). Finally, there may be a case where 

two outer surfaces of the two parts are not connected to 

each other and do not intersect, as shown in Fig. 3(d). In 

this case, a complete lens can be formed by simply connecting 

the outer surfaces of two parts with a line. However, in 

the case where the source size cannot be ignored, some rays 

may be incident upon that line, and these rays may travel 

to undesired positions on the target plane, thus degrading 

the luminous flux efficiency and spoiling illuminance uniformity. 

Thus the coordinate of COT and the k value should be 

properly set, so that the outer surfaces of the central 

refraction and peripheral TIR parts are connected, if possible.

IV. RESULTS AND DISCUSSION

For designing TIR LED lenses with the proposed 

method, an LED is regarded as a point source with a 

generalized Lambertian emission distribution, and its half 

angle is assumed to be 60
o
. In addition, it is assumed that 

the center of the target plane with a circular shape is located 

on the z axis 1000 mm away from the point source, and 

that the lens is made of PMMA material with a refractive 

index of 1.493. The material dispersion of the lens is not 

considered in designing TIR LED lenses, though angular 

color separation is a key issue in the design of an LED 

lens. In the proposed method, the total deviation angle of 

each ray required to form uniform illumination on the 

target plane is equally distributed into two refractions at 

both the light-entering surface and the light-exiting surface 

of the lens, thanks to the condition for minimizing Fresnel 

loss, and thus material dispersion will not cause a noticeable 

angular color separation. 

To demonstrate that the proposed method is advantageous 

for designing a lens having a narrow beam-spread angle, 

the TIR LED lenses are designed for three cases where the 

maximum radius ρmax of the target plane is 50, 100, and 

200 mm respectively. According to the definition of Eq. 

(8), the beam-spread angles θspread of the three TIR LED 

lenses are 5.7
o
, 11.4

o
, and 22.6

o
 respectively. The split 

angle ϕsplit that distinguishes the central refraction part 

from the peripheral TIR part is commonly set to 60
o
. The 

initial parameter values used in the design of the lens are 

shown in Table 1, where Δx and Δz denote the x- and 

z-components of a vector Δ = COT – COO. The illuminance 

distribution and luminous flux efficiency of the designed 

TIR LED lens on the target plane are obtained using the 

LightTools
TM

 program, where more than 5×10
5
 rays are 

used.

In addition, three types of LED lenses are designed to 

compare their luminous flux efficiencies with that of the 

TIR LED lenses designed with the proposed method (Type 

IV). They are a refracting (conventional) LED lens with a 

single freeform surface (Type I), a refracting LED lens 

with double freeform surfaces (Type II), and a TIR LED 

lens with a single freeform surface (Type III). The light-

entering surface of the Type I lens was set to be spherical 

during design, and then its light-exiting surface was determined 

as a freeform surface to satisfy the required uniform 

illumination on the target plane. The Type II lens was 

designed by the method described in reference [19], where 

the condition for minimizing Fresnel loss was introduced. 

Finally, the central and peripheral parts of the Type III 

lens were designed separately. The central part was designed 

using the same method as for the Type I lens, and the 

peripheral part was designed by setting its light-entering 

and light-exiting surfaces to be cylindrical and planar respecti-

vely.

Lens drawings and ray-tracing diagrams of the four 

types of LED lenses having a beam-spread angle of 5.7
o
 

are shown in Fig. 4, and comparison of their luminous 

flux efficiencies is shown in Fig. 5. It can be seen from 

Fig. 5 that the luminous flux efficiencies of the Type IV 

TIR LED lenses designed by the proposed method are at 

least 35%, 5%, and 8% higher than those of Type I, II, 

and III lenses respectively, and that the luminous flux 

efficiencies of Types II and IV lenses are higher than 

those of Types I and III, irrespective of beam-spread angle. 

Moreover, this efficiency improvement is further enhanced as 

the beam-spread angle becomes narrower. It is very valuable 

to understand how the luminous flux efficiency can be 

improved for either a Type IV lens designed by the 

proposed method or a Type II lens. From the ray-tracing 

diagrams shown in Fig. 4, it can be seen that the 

refractive characteristics of a ray at Type II and IV lenses 

are very different from those at Type I and III lenses. 

Because the condition of minimizing Fresnel loss has been 
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                                                         (a)     (b)                  (c) 

FIG. 6. Comparison of illuminance distributions of newly designed TIR LED lenses with those of conventional LED lenses with 

double freeform surfaces. (a) θ spread = 5.7°, (b) θ spread = 11.4°,  (c) θ spread = 22.6°.

FIG. 4. Four lens drawings with ray tracing diagrams. Type I: 

LED lens with a single freeform surface; Type II: LED lens 

with double freeform surfaces; Type III: TIR LED lens with 

a single freeform surface; Type IV: TIR LED designed by the 

proposed method, in which all surfaces are freeform surfaces.

FIG. 5. Comparison of luminous flux efficiencies of four 

different types of lenses.

commonly introduced for designing Type II and IV lenses, 

the total deviation angle of a ray required for uniform 

illumination is equally distributed between light-entering 

and light-exiting surfaces of Type II and IV lenses. 

Consequently, the total Fresnel loss from two surfaces can 

be minimized by equalizing the deviation of a ray at each 

surface. 

For comparison, the illuminance distribution charts for 

Type II and IV lenses and those of the TIR LED lenses 

are shown on the upper and lower lines of Fig. 6 

respectively, and the illuminance distribution curves are 

also shown in Fig. 6. Note that each chart is normalized 

to its own maximum illuminance, while the maximum 

illuminance increases as the beam-spread angle becomes 

narrower. It can be seen from the results of Fig. 6 that the 

two kinds of lenses have similar illuminance uniformities, 

but the bright region formed by the TIR LED lens has a 

clearer boundary. This superiority will be very useful for 

implementing a narrow uniform illumination. As a result, 

it can be confirmed that the simultaneous differential 

equations derived for the peripheral TIR part are valid. 
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(a)                                              (b) 

FIG. 7. (a) Degradation of luminous flux efficiency with increasing source diameter, and (b) four illuminance distributions on the 

target plane.

As a matter of fact, the performance of the designed 

lens cannot but be degraded with an increase in source 

size, because the point-source approximation is assumed in 

the proposed design method. To analyze the performance 

degradation, the luminous flux efficiencies and the illuminance 

distributions on the target plane are simulated for the TIR 

LED lens having a beam-spread angle of 22.6
o
, by varying 

the source diameter from 0 to 2.0 mm. The variation of 

luminous flux efficiency with source diameter is shown in 

Fig. 4(a), and four illuminance distributions on the target 

plane are shown in Fig. 4(b), respectively. From the 

simulation results, it is found that the luminous flux efficiency 

gradually decreases with increasing source diameter and 

has a value of 50% for an extended source (diameter 2.0 

mm), and that the illuminance distribution is seriously 

distorted for an extended source with diameter > 0.6 mm. 

Although this degradation is a common problem in differential 

equation methods based on the point-source approximation, 

it can be somewhat relieved by either raising the lens size 

or applying a subsequent parametric optimization method 

[13, 30]. Particularly, the proposed method can handle this 

degration in a different way: In reference [31], where the 

condition for minimizing the Fresnel loss was used to 

design a refracting LED lens with double freeform surfaces, 

the degradation could be relieved by modifying this condition, 

so a similar approach will be helpful for relieving our 

performance degradation, because the same condition is 

used. To our knowledge, this is the first method that can 

design all surfaces of a TIR LED lens completely composed 

of freeform surfaces. Consequently, it is believed that the 

proposed design method is valuable for realizing an LED 

lens with very high luminous flux efficiency and very narrow 

beam-spread angle.

V. CONCLUSION

To solve the problem that the luminous flux efficiency 

of a conventional LED lens is decreased as its beam-spread 

angle becomes narrower, we have proposed a novel 

differential equation method for designing a TIR LED lens 

with double freeform surfaces, in which the TIR structure 

is adopted to decrease deflection angles of a ray on both 

light-entering and light-exiting surfaces, and the condition 

for minimizing Fresnel loss is applied to reduce reflection 

loss at the surfaces. According to the proposed method, we 

have designed three TIR LED lenses whose beam-spread 

angles are 5.7
o
, 11.4

o
, and 22.6

o
 respectively, and evaluated 

their luminous flux efficiencies and illuminance destributions. 

It can be seen from the results that the luminous flux 

efficiencies of the TIR LED lenses can be increased by at 

least 35% and 5%, compared to those for conventional 

LED lenses with a single freeform surface and double 

freeform surfaces respectively. In addition, it is confirmed 

that the improvement in luminous flux efficiency is more 

effective as the beam-spread angle becomes narrower. However, 

the performance of the lens designed by the proposed 

method is degraded with increasing size of the LED source, 

and thus a study to enhance lens performance for an extended 

source via modifying the condition for minimizing the 

Fresnel loss remains a topic for further investigation.

ACKNOWLEDGEMENT

This work was supported by INHA UNIVERSITY Research 

Grant (51930-1).



Journal of the Optical Society of Korea, Vol. 20, No. 5, October 2016622

REFERENCES

1. J. Jiang, S. To, W. B. Lee, and B. Cheung, “Optical 

design of a freeform TIR lens for LED streetlight,” Optik 

121, 1761-1765 (2010).

2. N. Shatz, J. Bortz, J. Matthews, and P. Kim, “Advanced 

optics for LED flashlights,” Proc. SPIE 7059, 1-12 (2008).

3. B. W. Kim, J. G. Kim, W. S. Ohm, and S. I. Kang, 

“Eliminating hotspots in a multi-chip LED array direct backlight 

system with optimal patterned reflectors for uniform illuminance 

and minimal system thickness,” Opt. Express 18, 8595-8604 

(2010).

4. H. C. Chen, J. Y. Lin, and H. Y. Chiu, “Rectangular 

illumination using a secondary optics with cylindrical lens 

for LED street light,” Opt. Express 21, 3201-3212 (2013).

5. B. J. Kim, D. C. Kim, B. H. O, S. G. Park, B. H. Kim, 

and S. G. Lee, “Optimal Design of Secondary Optics for 

Narrowing the Beam Angle of an LED Lamp with a 

Large-Area COB-type LED Package,” Korean J. Opt. Photon. 

25, 78-84 (2014).

6. J. h. Wang, Y. C. Liang, and M. Xu, “Design of a 

See-Through Head-Mounted Display with a Freeform 

Surface,” J. Opt. Soc. Korea 19, 614-618 (2015). 

7. Q. F. Zhang, J. Gao, and X. Chen, “Influence of optical 

aspheric parameters on obtaining uniform rectangular 

illumination,” Optik 125, 2577-258 (2014).

8. F. R. Fournier, W. J. Cassarly, and J. P. Rolland, “Fast 

freeform reflector generation using source-target maps,” 

Opt. Express 18, 5295-5304 (2010).

9. Y. Luo, Z. X. Feng, Y. J. Han, and H. T. Li, “Design of 

compact and smooth free-form optical system with uniform 

illuminance for LED source,” Opt. Express 18, 9055-9063 

(2010). 

10. B. C. Kim, D. W. Kim, and G. H. Kim, “Free-Form Surface 

Reconstruction Method from Second-Derivative Data,” Korean 

J. Opt. Photon. 25, 273-278 (2014).

11. G. Z. Wang, L. L. Wang, L. Li, D. D. Wang, and Y. J. 

Zhang, “Secondary optical lens designed in the method of 

source-target mapping,” App. Opt. 50, 4031-4036 (2011).

12. X. J. Hu and K. Y. Qian, “Optimal design of optical system 

for LED road lighting with high illuminance and luminance 

uniformity,” App. Opt. 52, 5888-5893 (2013).

13. P. Liu, R. M. Wu, Z. R. Zheng, H. F. Li, and X. Liu, 

“Optimized design of LED freeform lens for uniform 

circular illumination,” J. Zhejiang U. SCI. C (Comput. & 

Electron.) 13, 929-936 (2012).

14. E. G. Chen, P. Liu, and F. H. Yu, “Synchronized parameter 

optimization of the double freeform lenses illumination 

system used for the CF-LCoS pico-projectors,” Opt. & 

Las. Technol. 44, 2080-2087 (2012).

15. E. Vidal, D. Otaduy, F. Gonzalez, J. M. Saiz, F. Moreno, 

and Y. Wang, “Design and optimization of a collimating 

optical system for high divergence LED light sources,” 

Proc. SPIE 7428, 1-10 (2009)

16. D. Grabovickic, P. Benitez, and J. C. Minano, “Aspheric 

V-groove reflector design with the SMS method in two 

dimensions,” Opt. Express 18, 2515-2521 (2010).

17. W. Lin, P. Benitez, J. C. Minano, J. M. Infante, and G. 

Biot, “SMS-based optimization strategy for ultracompact 

SWIR telephoto lens design,” Opt. Express 20, 9726-9735 

(2012).

18. J. C. Minano, P. B. Tez, and A. Santamaria, “Free-Form 

Optics for Illumination,” Opt. Rev. 16, 99-102 (2009).

19. M. A. Moiseev, S.V. Kravchenko, L. L. Doskolovich, and 

N. L. Kazanskiy, “Design of LED optics with two 

aspherical surfaces and the highest efficiency,” Proc. SPIE 

8550, 1-6 (2012).

20. R. Hu, Z. Q. Gan, X. B. Luo, H. Zheng, and S. Liu, 

“Design of double freeform-surface lens for LED uniform 

illumination with minimum Fresnel losses,” Optik 124, 

3895- 3897 (2013).

21. H. Wu, X. M. Zhang, and P. Ge, “Double freeform surfaces 

lens design for LED uniform illumination with high distance-

height ratio,” Opt. & Las. Technol. 73, 166-172 (2015).

22. S. Hu, K. Du, T. Mei, L. Wan, and N. Zhu, “Ultra-compact 

LED lens with double freeform surfaces for uniform 

illumination,” Opt. Express 23, 20350-20355 (2015).

23. A. B¨auerle, A. Bruneton, R. Wester, J. Stollenwerk, and 

P. Loosen, “Algorithm for irradiance tailoring using multiple 

freeform optical surfaces,” Opt. Express 20, 14477-14485 

(2012).

24. Y. Zhang, R. M. Wu, P. Liu, Z. R. Zheng, H. F. Li, and 

X. Liu, “Double freeform surfaces design for laser beam 

shaping with Monge–Ampere equation method,” Opt. 

Commun. 331, 297-305 (2014).

25. V. I. Oliker, “Mathematical aspects of design of beam 

shaping surfaces in geometrical optics,” in Trends in Nonlinear 

Analysis, M. Kirkilionis, S. Krömker, R. Rannacher, F. 

Tomi, eds. (Springer, 2003). 

26. H. B. Cheng, C. Y. Xu, X. L. Jing, and H. Y. Tam, “Design 

of compact LED free-form optical system for aeronautical 

illumination,” App. Opt. 54, 7632-7639 (2015).

27. H. Xiang, Z. Z. Rong, L. Xu, and G. P. Fu, “Freeform 

surface lens design for uniform illumination,” Pure Appl. 

Opt. 10, 1-6 (2008).

28. J. Chistiansen, “Numerical Solution of Ordinary Simultaneous 

Differential Equations of the 1st Order Using a Method for 

Automatic Step Change,” Numer. Math. 14, 317-324 (1970).

29. X. X. Luo, H. Liu, Z. W. Lu, and Y. Wang, “Automated 

optimization of an aspheric light-emitting diode lens for 

uniform illumination,” App. Opt. 50, 3412-3418 (2011). 

30. M. A. Moiseeva, L. L. Doskolovicha, K. V. Borisovab, 

and E. V. Byzovb, “Fast and robust technique for design 

of axisymmetric TIR optics in case of an extended light 

source,” J. Mod. Opt. 60, 1100-1106 (2013)

31. M. A. Moiseev, E. V. Byzov, S. V. Kravchenko, and L. L. 

Doskolovich, “Design of LED refractive optics with 

predetermined balance of ray deflection angles between 

inner and outer surfaces,” Opt. Exp. 23, A1140-A1148 

(2015).



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


