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1. INTRODUCTION 
 

Iron-dominated quadrupole magnets used for beam 

transport are components of accelerator systems [1]. In a 

heavy ion accelerator, the quadrupole magnets have to 

withstand radiation and accommodate high heat loads. 

High-temperature superconductor (HTS) quadrupole 

magnets are suitable for the application in such an 

environment [2]. Therefore, the use of an HTS quadrupole 

magnet in a heavy ion accelerator is suggested. In 

quadrupole magnets, the 2φ (4-pole) component is the main 

magnetic field, and the field inhomogeneity is composed of 

the 6φ (12-pole) component, the 10φ (20-pole) component, 

and so on. The field quality of a quadrupole magnet is 

expressed by using higher-order components (order > 2) 

with respect to the 2φ component in a good field region 

[3-6]. In the case of conventional iron-dominated 

quadrupole magnet, the harmonic components were 

analyzed for the maximum field gradient to check the field 

quality, because the maximum values of harmonic 

components were considered at maximum field gradient. In 

the author’s past study, the iron-induced field and the 

coil-induced field of the iron-dominated HTS quadrupole 

magnet have been analyzed separately [7]. In this study, a 

conventional normal-conducting (NC) quadrupole magnet 

and an HTS quadrupole magnet were analyzed in this way 

and compared to show that the conventional method is not 

suitable for the HTS quadrupole magnet. To improve the 

field quality, this study designed the HTS quadrupole 

magnet for varying field. gradients using the evolution 

strategy (ES) method [8] Comparing with the design based 

on conventional method, the field harmonic components 

were reduced, and a better design for the HTS quadrupole 

magnet was put forward. 

 

 

2. THEORY 

 

Based on the solution of the Laplace equation in a 

cylindrical coordinate system, the magnetic flux density 

can be expressed as [3]: 

 

(1) 

 

where ρ is the radius, φ is the azimuthal angle, z is the 

coordinate in the longitudinal direction, and n is a 

non-negative integer for harmonic components. Bρ and Bφ 

are the magnetic flux densities in the radial and the 

azimuthal direction, respectively. Bρn and Bφn are the 

multipole field components of Bρ and Bφ, respectively.  

Because 2φ component is the main magnetic field, 

relative multipole harmonic components bρn and bφn can be 

defined as bρn = Bρn/Bρ2 and bφn = Bφn/Bφ2, which are in units 

of 10-4 [9] to express the field quality. In three-dimensional 

analysis, the relative multipole components are integrated 

as bρn = ∫Bρndz/∫Bρ2dz and bφn = ∫Bφndz/∫Bφ2dz. The effective 

length of the focusing area Leff is expressed as Leff = 

∫Bρ2(z)dz/Bρ2(z = 0) [10].  

 The total magnetic field B can be separated into the 
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coil-induced magnetic field Bs and the iron-induced 

magnetic field Bc as B= Bs+Bc [5]. For the field component, 

Bρn= Bsρn+Bcρn and Bφn= Bsφn+Bcφn, where Bsρn and Bsφn are 

the multipole field component induced by the coil and Bcρn 

and Bcφn are the multipole field component induced by the 

iron core. ∫Bsρndz/Leff, ∫Bcρndz/Leff, ∫Bsφndz/Leff, ∫Bcφndz/Leff, 

∫Bsndz/Leff and ∫Bcndz/Leff were defined as the effective 

multipole field harmonic components through quadrupole 

magnets in longitudinal direction. 

To check the harmonics of an iron-dominated 

quadrupole magnet, the six effective multipole field 

components were considered at the same time. 

 

 

3. ANALYSIS 

 

3.1. An  NC Quadrupole Magnet Model 

 The NC quadrupole magnet consists of an iron yoke and 

four NC coils [11]. Fig. 1(a) shows the geometry of the 1/8 

iron yoke. The length of the yoke is 200 mm. Fig. 1(b) and 

1(c) show the sizes of one NC coil. There are four coils for 

the whole magnet. One coil is constructed with 46 turns of 

wires in which there is a cooling channel whose diameter is 

5 mm. The NC quadrupole magnet is operated under the 

conditions G ≤ 19.8 T/m with ρ0 = 30.5 mm, and Leff  ≥ 230 

mm, where G is the field gradient, which is the 2φ 

component relative to the reference radius ρ0. The 

operating current, Iop is 160 A. The maximum current 

density is 3.6 A/mm
2 
[11]. 

Based on the symmetry of the quadrupole magnet, a 1/16 

model was created with the MagNet
TM

 program for a 

three-dimensional simulation. The effective multipole field 

components for 2φ, 6φ, and 10φ were checked with respect 

to Iop. In Fig. 2(a), the ratio of iron-induced field by the 

main field, rc is defined as rc = Bcρ2/Bρ2×100%. The ratio of 

iron-induced field, rc is always greater than 95%. Therefore, 

this magnet is an iron-dominated magnet. Fig. 2(b) shows 

the coil-induced component ∫Bsρ6dz/Leff is very little, and 

can be ignored. ∫Bcρ6dz/Leff and ∫Bρ6dz/Leff are almost same 

and increased monotonously with respect to the operating 

 

           

        
 

Fig. 1. Structure of the NC quadrupole magnet: (a) section 

view of 1/8 iron yoke, (b) section view of one coil, (c) size 

coil winding.  

  
 

 
 

 
 

Fig. 2. Effective field harmonic components for the NC 

quadrupole magnet: (a) 2φ components, (b) 6φ components, 

(c) 10φ components.  

 

current. The 6φ components always achieve the maximum 

value with maximum operating current. Fig. 2(c) shows that 

the 10φ components have the same effect as the 6φ 

components. Therefore, the field quality of an NC 

quadrupole magnet can be expressed using the harmonics 

with maximum field gradient or maximum operating 

current. During the design of the NC quadruple magnets, 

only the maximum field gradient is considered. 

 

3.2. An  HTS Quadrupole Magnet Model 

The HTS quadrupole magnet is constructed by an iron 

yoke and four racetrack coils. Fig. 3(a) shows the geometry 

of the 1/8 iron yoke. Four double pancake (DPC) HTS coils 

are used for the whole magnet. Fig. 3(b) shows the chamfer 

of the yoke. The sizes of the inner winding and outer 

winding of one DPC HTS coil are shown in Fig. 3(c) and 

3(d), respectively. Table I shows the description and the 

value of design parameters. The HTS quadrupole magnet is 

operated under the conditions G ≤ 9 T/m with ρ0 = 150 mm, 

and Leff ≥ 580 mm [4]. 

Fig. 4(a) shows that the ratio of the iron-induced field is 

always greater than 50%. Therefore, this magnet is also an 

iron-dominated magnet. However, rc is much less than the 

case of NC quadrupole magnet. Fig. 4(b) shows that the 

(a)  (b)  

(c)  

(b)  

(c)  

(a)  
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Fig. 3. Structure of the HTC quadrupole magnet: (a) section 

view of the 1/8 iron yoke, (b) chamfer in 1/8 iron yoke, (c) 

size of the  inner winding, and (d) size of the outer winding. 

 
TABLE I 

DESIGN PARAMETERS OF THE HTC QUADRUPOLE MAGNET. 

Item Symbol Value 

Pole tip radius(mm) Rpt 168 

Radius of coil(mm) Rc 173.83 

Angle of cutting pole(
o
) a 24 

The height of the chamfer(mm) Hc 0 

Radius of corner of windings(mm) Rcw 60 

 

∫Bρ6dz/Leff can achieve the maximum value when Iop ≈ 200 

A. Both of the absolute values of ∫Bcρ6dz/Leff and ∫Bsρ6dz/Leff 

are increased monotonously with respect to the operating 

current, however, they have opposite signs. Therefore, 

∫Bρ6dz/Leff does not increase monotonously with operating 

current. Fig. 4(c) shows that the 10φ components can 

achieve the maximum value when Iop ≈ 300 A. Because the 

HTS quadrupole magnet  has a larger reference radius, the 

harmonics have to be checked to 22φ components. Fig. 4(d), 

Fig. 4(e), and Fig. 4(f) show 14φ, 18φ, and 22φ components, 

respectively. Each harmonic obtained the  maximum value 

with different operating currents. 

According to the analysis for two kinds of quadrupole 

magnets, we can know that: For NC quadrupole magnets, 

the iron-induced field comprises a large proportion of the 

total field. Therefore, all the harmonic components always 

achieve their maximum values with maximum operating 

current or maximum field gradient. For HTS quadruple 

magnets, the iron-induced field is dominating but the 

coil-induced field cannot be ignored. In addition, the 

maximum value of each component appears at different 

operating current. 

 

 

4. DESIGN 

 

The previous study [4] designed the HTS quadrupole 

magnet for maximum field gradient which was based on the 

harmonic characteristics of NC magnets. This study 

presents a design of HTS quadrupole magnet by varying the 

field gradient and compared the design with the previous 

study.  

 
 

 
 

 
 

 
 

 
 

 
 

Fig. 4. Effective field harmonic components for the HTS 

quadrupole magnet: (a) 2φ components, (b) 6φ components, 

(c) 10φ components, (d) 14φ components, (e) 18φ 

components, (f) 22φ components.  
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The constraints for the design process are expressed as: 

 

(2) 

 

According to [4], the design parameters were selected as: 

 

x = [Rpt, Rc, α, Hc, Rcw]
T
                                                   (3) 

 

The suggested object function with respect to current is 

expressed as: 

 

(4) 

 

where Imax is the maximum value of operating current, k is 

an integer from 1 to 5, and wk is the weight value for each 

harmonic component. This study fixes wk as 1.  

The values of design parameters are shown in Table II.  

Table II also presents the object function values of previous 

design and the presented design. With less object function, the 

design in this study is better for the HTS quadrupole magnet. 

Table III and IV present in detail the relative harmonic 

components of two designs with respect to the current. The 

previous design can only achieve less harmonic component 

with the maximum operating current. The presented design, 

however, can achieve better values except in the case of the 

maximum operating current. According to the comparison, 

the field quality of the presented design is considered better 

than that of previous design. Therefore, the field quality 

was improved. 
TABLE II 

COMPARISON BETWEEN DIFFERENT MODELS. 

Parameter Initial Design Previous Design Presented Design 

x [168 173.83 24 0 60] [168.5 179 20.5 0 55] [168 178.5 19 1 60] 

OF(10-4) 25.51 7.68 3.54 

 

TABLE III 

RELATIVE HARMONIC COMPONENTS FOR  
PREVIOUS DESIGN IN UNITS OF 10-4. 

n 

Iop=60A Iop=120A Iop =180A Iop =240A Iop =300A 

G=1.74T/m G=3.48T/m G=5.22T/m G=6.96T/m G=8.63T/m 
bpn bpn bpn bpn bpn 

6 -35.7749 -35.769 -35.7159 -25.2868 -5.33041 
10 -5.25679 -5.24925 -5.23659 -3.3579 -1.20254 
14 -4.61503 -4.61476 -4.61499 -4.70036 -4.68345 
18 0.324108 0.323415 0.321866 0.147084 0.037874 
22 -0.18305 -0.18234 -0.18152 -0.07875 -0.14383 

 

TABLE IV 

RELATIVE HARMONIC COMPONENTS FOR  
PRESENTED DESIGN IN UNITS OF 10-4. 

n 

Iop=60A Iop=120A Iop =180A Iop =240A Iop =300A 

G=1.75T/m G=3.51T/m G=5.26T/m G=7.00T/m G=8.70T/m 

bpn bpn bpn bpn bpn 

6 -2.84962 -2.8493 -1.64794 6.659845 25.57637 
10 0.754453 0.764341 2.273801 2.856963 4.329756 
14 -5.26882 -5.27233 -5.94749 -6.06382 -6.10587 
18 -1.58564 -1.58357 -1.2172 -1.18186 -1.23044 
22 0.662096 0.660331 0.432417 0.363601 0.313197 

5. CONCLUSION 

 

In case of NC quadrupole magnets, the iron-induced 

field is much greater than the coil-induced field. The 

maximum value of each component always appears at the 

maximum operating current. Therefore, the NC quadrupole 

magnet can be designed for maximum field gradient using 

the iron pole surface optimization to improve the 

iron-induced field components [11].  

In case of HTS quadrupole magnets, the coil-induced 

field components cannot be neglected and the maximum 

value of each component is located at different operating 

currents. The existing method in [11] cannot be used to 

solve the design problem for HTS quadrupole magnets. 

Because the coil-induced field components aren’t related 

with the pole surface. This paper described the particular 

characteristics HTS quadrupole magnets and presented 

suitable design method using these characteristics. Finally, 

the field quality of the HTS quadrupole magnet can be 

enhanced and a better design result has been suggested 
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