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ABSTRACT. In this paper we analyze an a posteriori error estimator based on flux recovery
for lowest-order finite element discretizations of elliptic interface problems. The flux recovery
considered here is based on averaging the discrete normal fluxes and/or tangential derivatives at
midpoints of edges with weight factors adapted to discontinuous coefficients. It is shown that
the error estimator based on this flux recovery is equivalent to the error estimator of Bernardi
and Verfürth based on the standard edge residuals uniformly with respect to jumps of the co-
efficient between subdomains. Moreover, as a byproduct, we obtain slightly modified weight
factors in the edge residual estimator which are expected to produce more accurate results.

1. INTRODUCTION

Let Ω ⊂ R2 be an open bounded polygonal domain with the boundary ∂Ω = ΓD ∪ ΓN ,
ΓD ∩ ΓN = ∅. We consider the second-order elliptic equation

−∇ · (α∇u) = f in Ω (1.1)

subject to the boundary conditions

u = uD on ΓD, (α∇u) · n = gN on ΓN , (1.2)

where the diffusion coefficient α is a positive scalar-valued function and n denotes the outward
unit normal vector on ∂Ω.

The variational formulation of the problem (1.1)–(1.2) is to find u ∈ H1(Ω) such that
u = uD on ΓD and∫

Ω
α∇u · ∇v dx =

∫
Ω
fv dx+

∫
ΓN

gNv ds ∀v ∈ H1
D(Ω), (1.3)

where
H1
D(Ω) = {v ∈ H1(Ω) : v = 0 on ΓD}.

We assume that the coefficient α is piecewise constant with respect to a partition of the
domain Ω into disjoint polygonal subdomains {Ωi}ni=1 and may have large jumps between
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subdomains. In this case the problem (1.1)–(1.2) is often referred to as an interface problem,
and it is important to observe that the following continuity conditions hold across the edges of
the triangulation:

(NC) The normal flux α∇u · n is continuous across the edges, i.e.,

α∇u ∈ H(div; Ω) = {τ ∈ (L2(Ω))2 : ∇ · τ ∈ L2(Ω)}.

(TC) The tangential derivative ∇u · t is continuous across the edges, i.e.,

∇u ∈ H(curl; Ω) = {τ ∈ (L2(Ω))2 : curl τ ∈ L2(Ω)}.

Notice also that neither ∇u ·n nor α∇u · t is continuous across the edges where α has a jump.
This implies that the global regularity of the solution u is at best H

3
2
−ϵ(Ω) for any ϵ > 0.

In this paper we deal with three lowest-order finite element methods, namely, the P1 con-
forming/nonconforming FEMs and the lowest-order Raviart–Thomas (RT0) mixed FEM over
triangular meshes. One popular tool for efficient implementation of finite element methods is
adaptive mesh refinement guided by an a posterior error estimator which can provide quantita-
tive and/or qualitative information on the numerical error. An error estimator for the interface
problem (1.1)–(1.2) consisting of standard element and edge residuals was first proposed by
Bernardi and Verfürth [1] for the P1 conforming FEM; see also [2]. The key result is that
appropriate weight factors depending on α should be incorporated into the residuals in order
for the error estimator to be robust with respect to the jumps of α between subdomains. More-
over, following the technique of [3] for the Poisson equation, Cai and Zhang [4, 5] showed that
element residuals are redundant, i.e., edge residuals dominate even for the interface problem
(1.1)–(1.2).

Since the pioneering work of Zienkiewicz and Zhu [6], the error estimator based on gradient
(∇u) or flux (α∇u) recovery has been widely used and well investigated. The most popular
recovery procedure in the lowest-order FEMs is based on averaging either the flux or gradient
at vertices of the triangulation (cf. [6, 7]). Gradient recovery by averaging at midpoints of
edges was discussed in [8, 9] for the P1 conforming FEM, in Brandts [10] for the RT0 mixed
FEM and then in [11] for the P1 nonconforming FEM. In either way the recovered flux or
gradient is a piecewise linear polynomial and is superconvergent under favorable conditions
(such as uniform triangulations and smooth solutions), in which case we get the asymptotically
exact error estimator. But the error estimator is not well-suited for the interface problem, as
illustrated by the numerical results of [4, 5]. On the other hand, in consideration of the two
continuity conditions (NC) and (TC) stated above, Cai and Zhang [4, 5] recently proposed an
error estimator using flux recovery in H(div; Ω) and/or gradient recovery in H(curl; Ω) which
is achieved either globally (and implicitly) by the L2 projection or locally (and explicitly) by
averaging on edges with weight factors depending on the coefficient α. Numerical results
in [4, 5] show that the error estimator using the explicit recovery is fairly accurate but not
asymptotically exact even under the most favorable conditions.

In this paper we adapt the recovery procedure based on averaging at midpoints of edges to
the interface problem (1.1)–(1.2), inspired by the works of Cai and Zhang [4, 5]. The adapted
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procedure recovers the flux variable, but it also involves gradient recovery to reflect the conti-
nuity of the tangential derivative. More specifically, we combine flux averaging in the normal
direction and gradient averaging in the tangential direction at the midpoint of each edge to
construct a piecewise linear flux approximation (but not in H(div; Ω)). This flux recovery is
applicable to the P1 conforming/nonconforming FEMs and the RT0 mixed FEM in a unified
way, and we show that the error estimator based on the recovered flux is equivalent to the edge
residual error estimator of Bernardi and Verfürth uniformly with respect to the jumps of the
coefficient α between subdomains. In fact, it turns out that our recovery-based error estimator
is nothing but the edge residual error estimator with slightly modified weight factors. Thus this
error estimator is not only robust with respect to the jumps of α between subdomains (under
the monotonicity condition of Bernardi and Verfürth), but also expected to be as inexpensive
as and more accurate than the edge residual error estimator.

The remainder of the paper is organized as follows. In Section 2 we introduce some notation
to be used throughout the paper and define the three lowest-order FEMs. In Section 3 we review
the edge residual error estimators for the interface problem. In Section 4 we present the flux
recovery based on averaging at midpoints of edges and the corresponding error estimator which
is shown to be uniformly equivalent to the edge residual error estimator. Finally, in Section 5,
some numerical results are provided to illustrate the performance of our error estimator.

2. NOTATION AND FINITE ELEMENT METHODS

Let Th = {T} be a shape-regular triangulation of Ω into triangular elements such that
Ω =

∪
T∈Th T , where hT = diam(T ) and h = maxT∈Th hT . It is assumed that the subdomain

interface Γs :=
(∪n

i=1 ∂Ωi
)
\ ∂Ω is aligned with the triangulation Th, i.e., Γs does not pass

through the interior of any element T ∈ Th.
We denote the collection of all vertices of Th by Nh = {z} and the collection of all edges

of Th by Eh = {e}, where he = diam(e). For a vertex z ∈ Nh, let ωz be the union of all
elements of Th sharing z. For an edge e ∈ Eh, let ωe be the union of at most two elements of
Th sharing e. We set ωe = T+

e ∪ T−
e for an interior edge e and ωe = Te for a boundary edge e.

With each edge e ∈ Eh, we associate a fixed unit normal vector ne = (n1, n2) and a unit
tangent vector te = (−n2, n1) such that ne is oriented from T+

e to T−
e for an interior edge e

and is outward to Te for a boundary edge e. For a piecewise smooth function v, we define the
jump of v across an interior edge e as

[[v]]e = v|T+
e
− v|T−

e
,

where the index e is suppressed whenever there is no confusion.
The restriction of α to an element T ∈ Th is denoted by αT ≡ α|T . Let f̄S := 1

|S|
∫
S f dx,

where |S| is the area of a domain S ⊂ R2, and let f̄h be the piecewise constant function
such that f̄h|T ≡ f̄T for all T ∈ Th. The notation ∇h represents the gradient operator taken
piecewise over the triangulation Th.

Now we define the lowest-order FEMs for the problem (1.1)–(1.2). Let Pk(T ) be the space
of all polynomials of degree at most k on an element T . Based on the variational formulation
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(1.3), the P1 conforming FEM is to find uch ∈ Sch such that uch(z) = uD(z) at each vertex
z ∈ Nh ∩ ΓD and∫

Ω
α∇uch · ∇vh dx =

∫
Ω
fvh dx+

∫
ΓN

gNvh ds ∀vh ∈ Sch,D, (2.1)

where

Sch = {vh ∈ H1(Ω) : vh|T ∈ P1(T ) ∀T ∈ Th},
Sch,D = {vh ∈ Sch : vh|ΓD

= 0}.

Similarly, the P1 nonconforming FEM is to find unch ∈ Snch such that
∫
e u

nc
h ds =

∫
e uD ds for

each edge e ⊂ ΓD and∫
Ω
α∇hu

nc
h · ∇hvh dx =

∫
Ω
fvh dx+

∫
ΓN

gNvh ds ∀vh ∈ Snch,D, (2.2)

where

Snch =

{
vh ∈ L2(Ω) : vh|T ∈ P1(T ) ∀T ∈ Th and

∫
e
[[vh]] ds = 0 for each edge e ⊂ Ω

}
,

Snch,D =

{
vh ∈ Snch :

∫
e
vh ds = 0 for each edge e ⊂ ΓD

}
.

On the other hand, theRT0 mixed FEM is based on the first-order mixed system of the problem
(1.1)–(1.2) having the form

σ = α∇u, ∇ · σ = −f in Ω, u|ΓD
= uD, σ · n|ΓN

= gN ,

and is given as follows: find (σmh , u
m
h ) ∈ RTh ×Wh such that

∫
e σ

m
h · ne ds =

∫
e gN ds for

each edge e ⊂ ΓN and
∫
Ω
α−1σmh · τ h dx+

∫
Ω
∇ · τ h umh dx =

∫
ΓD

uD τ h · n ds ∀τ h ∈ RTh,N ,∫
Ω
∇ · σmh wh dx = −

∫
Ω
fwh ∀wh ∈Wh,

(2.3)

where

RTh = {τ h ∈ H(div; Ω) : τ h|T ∈ (P0(T ))
2 + xP0(T ) ∀T ∈ Th},

RTh,N = {τ h ∈ RTh : τ h · n|ΓN
= 0},

Wh = {wh ∈ L2(Ω) : wh|T ∈ P0(T ) ∀T ∈ Th}.

Finally, C will stand for a positive generic constant which is independent of the jumps of α
between subdomains as well as the mesh size h.
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3. EDGE RESIDUAL ERROR ESTIMATORS

From now on we assume for simplicity that uD is continuous and piecewise linear over ΓD
and gN is piecewise constant over ΓN .

Suppose that the flux approximation σh ≈ σ = α∇u has been obtained from one of the
lowest-order FEMs as follows:

(a) σh = α∇uch, where uch is the solution of the P1 conforming FEM (2.1) such that
uch|ΓD

= uD. Note that the discrete tangential derivative α−1σh · te is continuous
across interior edges of Th, but the discrete normal flux σh · ne is not.

(b) σh = α∇hu
nc
h , where unch is the solution of the P1 nonconforming FEM (2.2). Note

that neither the discrete tangential derivative α−1σh · te nor the discrete normal flux
σh · ne is continuous across interior edges of Th.

(c) σh = σmh , where σmh is the vector solution of the RT0 mixed FEM (2.3) such that
σmh · n|ΓN

= gN . Note that the discrete normal flux σh · ne is continuous across
interior edges of Th, but the discrete tangential derivative α−1σh · te is not.

Using the flux approximation σh obtained as above, we define the following error estimator
based on edge residuals (cf. [1, 2, 3, 4, 5])

ηE =

(∑
e∈Eh

η2e

)1/2

with

η2e =



2

αT+
e
+ αT−

e

he∥[[σh · ne]]∥20,e +
2αT+

e
αT−

e

αT+
e
+ αT−

e

he∥[[α−1σh · te]]∥20,e for e ⊂ Ω,

αTehe∥(α−1σh)|Te · te − duD
ds ∥20,e for e ⊂ ΓD,

α−1
Te
he∥σh|Te · ne − gN∥20,e for e ⊂ ΓN ,

where dw
ds

∣∣
e

denotes the directional derivative of w|e in the direction of te. We remark that the
local contribution ηe vanishes for all e ⊂ ΓD when σh is computed from the P1 conforming
FEM and vanishes for all e ⊂ ΓN when σh is computed from theRT0 mixed FEM. (It does not
vanish but becomes a higher-order term if uD is not piecewise linear and/or gN is not piecewise
constant.)

The weight factor 2
α
T+
e
+α

T−
e

(which is equivalent to 1
max{α

T+
e
,α

T−
e
} ) for the normal jump

he∥[[σh · ne]]∥20,e was first presented in [1] for the P1 conforming FEM and the weight factor
2α

T+
e
α
T−
e

α
T+
e
+α

T−
e

(which is equivalent to min{αT+
e
, αT−

e
}) for the tangential jump he∥[[α−1σh ·te]]∥20,e

was adopted in [12] to control the jump h−1
e ∥[[unch ]]∥20,e for the P1 nonconforming FEM. With

these weight factors, the error estimator ηE is reliable and efficient independently of the jumps
of the coefficient α between subdomains under the following condition stated in [1].
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Monotonicity Condition: For any two different subdomains Ωi and Ωj , which share at least
one point, there is a connected path from Ωi to Ωj through adjacent subdomains such that the
coefficient α is monotone along this path.

When this condition is satisfied, we can obtain the robust global upper bound (extending the
result of [4, 5] to the nonhomogeneous case uD ̸= 0, gN ̸= 0)

∥α−1/2(σ − σh)∥0,Ω ≤ C(ηE +Hf ) (3.1)

with the extra term Hf given by

Hf =

( ∑
z∈Nh∩(Γs∪ΓD)

∑
T⊂ωz

α−1
T h2T ∥f∥20,T +

∑
z∈Nh\(Γs∪ΓD)

∑
T⊂ωz

α−1
T h2T ∥f − f̄ωz∥20,T

)1/2

(3.2)
for the P1 conforming/nonconforming FEMs (the second term is a higher-order term for f ∈
L2(Ω) and so is the first term for f ∈ Lp(Ω) with p > 2; see [3]) and

Hf =

( ∑
T∈Th

α−1
T h2T ∥f − f̄T ∥20,T

)1/2

(3.3)

for the RT0 mixed FEM.
Furthermore, without any assumption on the distribution of α, the following robust lower

bound was established in [1, 2, 5]

ηe ≤ C(∥α−1/2(σ − σh)∥0,ωe +Hf ) (3.4)

with the extra term Hf given by

Hf =

( ∑
T⊂ωe

α−1
T h2T ∥f − f̄T ∥20,T

)1/2

for the P1 conforming/nonconforming FEMs and

Hf = 0

for the RT0 mixed FEM.
While the discrete normal flux σh ·ne is constant on each edge e for all choices of σh given

above, the discrete tangential derivative α−1σh · te is not constant on e for the RT0 mixed
FEM. Fortunately, in place of α−1σh · te, one may use the nodal value of α−1σh · te at the
midpoint me of the edge e and modify ηE as

η̃E =

(∑
e∈Eh

η̃2e

)1/2

(3.5)
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with the local contributions

η̃2e =



2

αT+
e
+ αT−

e

he∥[[σh · ne]]∥20,e +
2αT+

e
αT−

e

αT+
e
+ αT−

e

he∥[[α−1σh(me) · te]]∥20,e for e ⊂ Ω,

αTehe∥(α−1σh)|Te(me) · te − duD
ds ∥20,e for e ⊂ ΓD,

α−1
Te
he∥σh|Te · ne − gN∥20,e for e ⊂ ΓN .

Such a modification only entails a higher order perturbation and thus does not affect the global
upper bound (3.1) and the local lower bound (3.4), which is stated in the following theorem.

Theorem 3.1. Let σh = σmh be the vector solution of the RT0 mixed FEM (2.3). Then we
have η̃e ≤ ηe for all e ∈ Eh and

ηE ≤ η̃E + CH̃f ,

where the extra term H̃f is the sum of (3.2) and (3.3).

Proof. Following the proof of [13, Theorem 7.1], we can see that

he∥[[α−1σh · te]]∥20,e = he∥[[α−1σh(me) · te]]∥20,e +
1

48
h3e∥[[α−1f̄h]]∥20,e

for every edge e ⊂ Ω and

he∥α−1σh · t− duD
ds ∥20,e = he∥(α−1σh)|Te(me) · te − duD

ds ∥20,e +
1

48
h3e∥α−1

Te
f̄Te∥20,e

for every edge e ⊂ ΓD. This immediately gives η̃e ≤ ηe for all e ∈ Eh.
To prove the second result, it is sufficient to show that∑

e⊂Ω

αT+
e
αT−

e

αT+
e
+ αT−

e

h3e∥[[α−1f̄h]]∥20,e +
∑
e⊂ΓD

αTeh
3
e∥α−1

Te
f̄Te∥20,e ≤ CH̃2

f .

By using the inequality
α
T+
e
α
T−
e

α
T+
e
+α

T−
e

≤ min{αT+
e
, αT−

e
}, we easily obtain for the edges e ⊂

Γs ∪ ΓD∑
e⊂Γs

αT+
e
αT−

e

αT+
e
+ αT−

e

h3e∥[[α−1f̄h]]∥20,e +
∑
e⊂ΓD

αTeh
3
e∥α−1

Te
f̄Te∥20,e

≤ C
∑

e⊂Γs∪ΓD

∑
T⊂ωe

αTh
3
e∥α−1

T f̄T ∥20,e ≤ C
∑

z∈Nh∩(Γs∪ΓD)

∑
T⊂ωz

α−1
T h2T ∥f∥20,T . (3.6)

For the remaining edges e ⊂ Ω \ Γs, we have αT+
e
= αT−

e
and thus it follows that∑

e⊂Ω\Γs

αT+
e
αT−

e

αT+
e
+ αT−

e

h3e∥[[α−1f̄h]]∥20,e =
1

2

∑
e⊂Ω\Γs

α−1

T+
e
h3e∥[[f̄h]]∥20,e

≤ C
∑

z∈Nh\(Γs∪ΓD)

∑
e⊂ωz\∂ωz

α−1

T+
e
h3e∥[[f̄h]]∥20,e.
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For each vertex z ∈ Nh \ (Γs ∪ ΓD), we further obtain∑
e⊂ωz\∂ωz

α−1

T+
e
h3e∥[[f̄h]]∥20,e =

∑
e⊂ωz\∂ωz

α−1

T+
e
h3e∥[[f̄h − f̄ωz ]]∥20,e

≤ C
∑
T⊂ωz

α−1
T h2T ∥f̄T − f̄ωz∥20,T ,

which yields∑
e⊂Ω\Γs

αT+
e
αT−

e

αT+
e
+ αT−

e

h3e∥[[α−1f̄h]]∥20,e ≤ C
∑

z∈Nh\(Γs∪ΓD)

∑
T⊂ωz

α−1
T h2T ∥f − f̄ωz∥20,T

+C
∑
T∈Th

α−1
T h2T ∥f − f̄T ∥20,T . (3.7)

The proof is completed by combining (3.6) and (3.7). �

4. RECOVERY-BASED ERROR ESTIMATOR

In this section we present and analyze an error estimator based on flux recovery which is
applicable to the P1 conforming/nonconforming FEMs and the RT0 mixed FEM in a unified
way for the interface problem (1.1)–(1.2). The flux recovery procedure given below is an
extension of the gradient recovery by averaging at midpoints of edges discussed in [8, 9, 10, 11]
to the case of piecewise constant diffusion coefficients.

Suppose that the flux approximation σh ≈ σ = α∇u has been obtained from one of the
three lowest-order FEMs as given in the previous section. Then we recover a weakly contin-
uous piecewise linear polynomial R(σh) ≈ σ by interpolating the following nodal values at
midpoints of edges of Th.

Definition 4.1. For an interior edge e ⊂ Ω, the normal component of R(σh) at the midpoint
me of e is uniquely determined by

R(σh)(me) · ne = γ+e (σh|T+
e
· ne) + γ−e (σh|T−

e
· ne)

and the tangential component of R(σh) at the midpoint me is double-valued by

R(σh)|T±
e
(me) · te = αT±

e

{
γ−e (α

−1σh)|T+
e
(me) · te + γ+e (α

−1σh)|T−
e
(me) · te

}
,

where the weight factors γ±e are given by

γ+e =
α
1/2

T−
e

α
1/2

T+
e
+ α

1/2

T−
e

, γ−e = 1− γ+e =
α
1/2

T+
e

α
1/2

T+
e
+ α

1/2

T−
e

. (4.1)

For a boundary edge e ⊂ ∂Ω, we set

R(σh)(me) · ne =

{
σh|Te · ne for e ⊂ ΓD,

gN for e ⊂ ΓN ,
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and

R(σh)(me) · te =

{
αTe

duD
ds for e ⊂ ΓD,

σh|Te(me) · te for e ⊂ ΓN .

Finally, we find R(σh)|T ∈ (P1(T ))
2 locally on each element T ∈ Th which interpolates the

normal and tangential components defined above.

In other words, the normal component of R(σh) is recovered at the midpoint me of an
interior edge e by averaging the discrete normal fluxes σh|T±

e
· ne, whereas the tangential

component of R(σh) is recovered at me by first averaging the discrete tangential derivatives
(α−1σh)|T±

e
· te at me and then multiplying the result by the coefficient α. This ensures

that both the normal component of R(σh) and the tangential component of α−1R(σh) are
continuous at the midpoints of edges of Th. But, in general, it holds that R(σh) ̸∈ H(div; Ω)
and α−1R(σh) ̸∈ H(curl; Ω).

Remark 4.2. For a smooth coefficient α, the weight factors γ±e are equal to 1
2 and we get a

single formula

R(σh)(me) =
1

2

{
σh|T+

e
(me) + σh|T−

e
(me)

}
for every interior edge e. This recovery formula (with some modifications for boundary edges)
was discussed in [8, 9] for the P1 conforming FEM, in [10] for the RT0 mixed FEM, and
recently in [11] for the P1 nonconforming FEM. In particular, it was shown to be supercon-
vergent if the triangulations are uniform and the exact solution u is smooth. Numerical results
reported in the next section suggest that superconvergence of R(σh) may be retained even
when α is discontinuous.

Remark 4.3. The idea of averaging discrete normal fluxes on edges for flux recovery and
averaging discrete tangential derivatives on edges for gradient recovery with the same weights
(4.1) was also used by Cai and Zhang [4, 5], but their recovery procedure is different from ours.
They considered discontinuities of discrete normal fluxes and discrete tangential derivatives on
edges separately by recovering two vector fields

σ̂h ≈ σ = α∇u ∈ H(div; Ω) and ρ̂h ≈ ∇u ∈ H(curl; Ω)

in conforming finite elements of H(div; Ω) and H(curl; Ω), respectively. Actually, one can set
ρ̂h = ∇uch for the P1 conforming FEM and σ̂h = σmh for the RT0 mixed FEM so that only
one recovery is necessary for these two FEMs.

Definition 4.4. The error estimator based on the flux recovery R(σh) is defined as

ηR = ∥α−1/2(σh −R(σh))∥0,Ω.

The following theorem reveals that the recovery-based error estimator ηR is in fact the edge
residual error estimator (3.5) with slightly modified weight factors.
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Theorem 4.5. For every element T ∈ Th, we have

∥α−1/2(σh −R(σh))∥0,T =

(
|T |
3

∑
e⊂∂T

η̂2e

)1/2

,

where

η̂2e =



1

(α
1/2

T+
e
+ α

1/2

T−
e
)2

∣∣[[σh · ne]]e∣∣2 + αT+
e
αT−

e

(α
1/2

T+
e
+ α

1/2

T−
e
)2

∣∣[[α−1σh(me) · te]]e
∣∣2 for e ⊂ Ω,

αTe
∣∣(α−1σh)|Te(me) · te − duD

ds

∣∣2 for e ⊂ ΓD,

α−1
Te

∣∣σh|Te · ne − gN
∣∣2 for e ⊂ ΓN .

Proof. Fix an edge e ⊂ ∂T and set

σh|T (me)−R(σh)|T (me) = Aene +Bete,

where

Ae = σh|T · ne −R(σh)|T (me) · ne,
Be = σh|T (me) · te −R(σh)|T (me) · te.

Since σh −R(σh) is a linear polynomial on T , we obtain

∥α−1/2(σh −R(σh))∥20,T =
|T |
3

∑
e⊂∂T

α−1
T

∣∣σh|T (me)−R(σh)|T (me)
∣∣2

=
|T |
3

∑
e⊂∂T

α−1
T (|Ae|2 + |Be|2). (4.2)

If e is an interior edge and T = T+
e , then it follows by Definition 4.1 that

Ae = γ−e [[σh · ne]]e, Be = αT+
e
γ+e [[α

−1σh(me) · te]]e,

which leads to

α−1
T (|Ae|2 + |Be|2) = α−1

T+
e
(γ−e )

2
∣∣[[σh · ne]]e∣∣2 + αT+

e
(γ+e )

2
∣∣[[α−1σh(me) · te]]e

∣∣2
=

1

(α
1/2

T+
e
+ α

1/2

T−
e
)2

∣∣[[σh · ne]]e∣∣2 + αT+
e
αT−

e

(α
1/2

T+
e
+ α

1/2

T−
e
)2

∣∣[[α−1σh(me) · te]]e
∣∣2.

We also arrive at the same result when T = T−
e by exchanging the roles of T+

e and T−
e .

Besides, Definition 4.1 immediately gives

Ae = 0, Be = σh|Te(me) · te − αTe
duD
ds

∀e ⊂ ΓD

and
Ae = σh|Te · ne − gN , Be = 0 ∀e ⊂ ΓN .
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Collecting the above results, we conclude that for every edge e ⊂ ∂T ,

α−1
T (|Ae|2 + |Be|2) = η̂2e ,

which completes the proof by (4.2). �

It is trivial to see that |T |
3 η̂

2
e is equivalent to η̃2e independently of the mesh size h and the

jumps of α between subdomains. Therefore the recovery-based error estimator ηR is robust
with respect to the jumps of α between subdomains under the monotonicity condition stated in
Section 3. By Theorem 4.5 it is also as inexpensive as the edge error residual estimators ηE
and η̃E . Moreover, we expect that ηR will yield more accurate estimates of the numerical error
∥α−1/2(σ − σh)∥0,Ω than ηE and η̃E , due to the superconvergence property of the recovered
flux R(σh) for smooth α.

5. NUMERICAL RESULTS

In this section we report some numerical results which illustrate the performance of the
recovery-based error estimator ηR computed as in Theorem 4.5. The test problem is chosen
to be the well-known benchmark problem with two intersecting interfaces and f ≡ 0 which
was given by Kellogg [14]. Numerical experiments are carried out for the P1 conforming
and nonconforming FEMs, because we have α∇hu

nc
h = σmh when f ≡ 0 and α is piecewise

constant over Th,.
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−1 −0.5 0 0.5 1
−1

−0.5
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1

FIGURE 1. Subdomains (left), initial mesh (middle), and adapted mesh with
2484 elements for β = 0.1 (right).

Let Ω = (−1, 1)2 be divided into four subdomains {Ωi}4i=1 as shown in the left of Figure 1.
For a given value of 0 < β < 2 and ρ = π

4 , the coefficient α is equal to

α|Ω1 = α|Ω3 = R =
1

tan2(ρβ)
, α|Ω2 = α|Ω4 = 1.
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Notice that α is highly discontinuous between subdomains when β is close to 0 or 2. The exact
solution has the form u(r, θ) = rβψ(θ) in polar coordinates, where

ψ(θ) =


cos((θ − ρ)β)/ cos(ρβ) if 0 ≤ θ ≤ π

2 ,

− sin((θ − 3ρ)β)/ sin(ρβ) if π2 ≤ θ ≤ π,

− cos((θ − 5ρ)β)/ cos(ρβ) if π ≤ θ ≤ 3π
2 ,

sin((θ − 7ρ)β)/ sin(ρβ) if 3π
2 ≤ θ ≤ 2π.

The Dirichlet condition determined by u(r, θ) is imposed on the whole boundary ∂Ω. The
solution u and the normal flux σ · n are continuous across subdomain interfaces. Moreover, it
holds that u|Ωi ∈ H1+β−ϵ(Ωi) for any ϵ > 0 on each subdomain Ωi.

We consider two values β = 1.9 and β = 0.1, which correspond to R = 0.006194 · · · and
R = 161.4476 · · · , respectively. The coefficient α has the same jumps between subdomains,
but the solution u is regular for β = 1.9, while it is singular around the origin for β = 0.1.
Hence we perform uniform mesh refinement for β = 1.9 and adaptive mesh refinement for
β = 0.1, starting with the coarse mesh of 32 congruent elements shown in the middle of Figure
1.

For β = 0.1, the sequence of adapted meshes is generated by applying the red-green-blue
refinement for the P1 nonconforming FEM, where we mark the element T ∈ Th for refinement
if

ηT > 0.5 max
T ′∈Th

ηT ′ , ηT = ∥α−1/2(σh −R(σh))∥0,T .

Numerical results for the P1 conforming FEM are obtained on the same sequence of adapted
meshes. In the right of Figure 1, we show the adapted mesh with 2484 elements. It is clearly
seen that the mesh is highly refined around the singularity of u.

In Tables 1–2, we present numerical errors and effectivity indices with respect to the horizon-
tal edge length hel for uniformly refined meshes and the number of elementsNel for adaptively
refined meshes. The effectivity index EI is the ratio of the numerical error to the estimated
error ηR. The numerical error is computed by the formula

∥α1/2∇(u− uch)∥20,Ω =

∫
∂Ω
α∇u · n (u− 2uch) ds+ ∥α1/2∇uch∥20,Ω

for the P1 conforming FEM and

∥α1/2∇h(u− unch )∥20,Ω =

∫
∂Ω
α∇(u− 2unch ) · nu ds+ ∥α1/2∇hu

nc
h ∥20,Ω

for the P1 nonconforming FEM, where a high-order quadrature is used to approximate the
boundary integral over each edge e ⊂ ∂Ω. These error formulas are readily derived using
integration by parts and the equality ∇ · (α∇u) = ∇ · (α∇hu

nc
h ) = 0.

From Table 1 we see that the recovery-based error estimator ηR is asymptotically exact, even
though the coefficient α has large jumps between subdomains. (Recall that the triangulations
are uniform and the solution u is regular for β = 1.9.) On the other hand, Table 2 shows
that ηR produce rather accurate estimates of the numerical error even when the solution u is
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TABLE 1. Numerical errors and effectivity indices for β = 1.9 on uniformly
refined meshes, where hel is the horizontal edge length.

P1 conforming FEM P1 nonconforming FEM

1/hel ∥α1/2∇(u− uch)∥0,Ω EI ∥α1/2∇h(u− unch )∥0,Ω EI

4 8.916063e–1 0.894610 8.563063e–1 0.963739

8 4.460283e–1 0.948537 4.404250e–1 0.987265

16 2.230530e–1 0.974457 2.222061e–1 0.995995

32 1.115329e–1 0.987251 1.114087e–1 0.998795

64 5.576746e–2 0.993626 5.574964e–2 0.999647

128 2.788389e–2 0.996811 2.788137e–2 0.999899

256 1.394197e–2 0.998405 1.394162e–2 0.999971

512 6.970988e–3 0.999202 6.970949e–3 0.999991

TABLE 2. Numerical errors and effectivity indices for β = 0.1 on adaptively
refined meshes, where Nel is the number of elements.

P1 conforming FEM P1 nonconforming FEM

Nel ∥α1/2∇(u− uch)∥0,Ω EI ∥α1/2∇h(u− unch )∥0,Ω EI

32 1.306996e+1 0.464103 6.287810e+0 0.375773

512 3.465470e+0 0.569798 3.169759e+0 0.648549

1088 1.929723e+0 0.832406 1.800292e+0 0.851513

2484 1.204094e+0 0.871031 1.097007e+0 0.909756

6260 7.355309e–1 0.881781 6.627787e–1 0.918832

16484 4.456168e–1 0.887230 4.069451e–1 0.913213

45792 2.638758e–1 0.890879 2.470452e–1 0.908657

129060 1.558867e–1 0.891111 1.483348e–1 0.904839

339124 9.543845e–2 0.892891 9.214557e–2 0.901201

very singular and highly non-uniform meshes are used. These numerical results illustrate the
robustness of ηR and its superiority over the edge residual error estimators ηE and η̃E .
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