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MATROID BASE POLYTOPES FOR SERIES-PARALLEL

EXTENSIONS

Sangwook Kim

Abstract. In this article, we study the matroid base polytope for
a matroid obtained from another matroid by a series or parallel
extension of an element. We express this polytope as a wedge of
a polytope. In particular, we provide the facial structure of the
matroid base polytope corresponding to a series-parallel matroid.

1. Introduction

For a matroid M on [n] := {1, 2, . . . , n}, the matroid base polytope
P(M) is the convex polytope in Rn whose vertices are the incidence vec-
tors of the bases of M . This polytope is a face of a matroid independence
polytope whose vertices are the incidence vectors of all independent sets
of M . In fact, one can define a matroid in terms of a matroid base
polytope. This is a relatively new way of considering matroids and it
turns out to be useful on algebraic geometry and optimization.

A series extension of a matroid M is the matroid obtained from M by
adding an element in series to an existing element. A parallel extension
of a matroid M is obtained from M by adding an element in parallel
to an existing element. A matroid is a series-parallel matroid if it can
be obtained from the uniform matroid U1,1 by a sequence of series or
parallel extensions. In this article, we are interested in the matroid base
polytope of a series (or parallel) extension of a matroid M .

The rest of the paper is organized as follows. The precise definition
and some properties of matroid base polytopes is given in Section 2.
In Section 3, we describe the matroid base polytope for the series or
parallel extension using the wedge operation. In Section 4, we provide
the facial structure about the matroid base polytope for a series-parallel
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matroid. See [4] for definitions and terminology for matroids and [6] for
polytopes.

2. Matroid base polytopes

In this section, we provide the precise characterization of matroid
base polytopes and give fundamental properties about them.

Let B be a collection of r-element subsets of [n]. For each subset
B = {b1, . . . , br} ∈ B, let

eB = eb1 + · · ·+ ebr ,

where ei is the ith standard basis vector of Rn. The collection B can be
represented by the convex hull of its points

P(B) = conv{eB : B ∈ B}.
The polytope P(B) is contained in the (n− 1)-simplex

∆n = {(x1, . . . , xn) ∈ Rn : x1 ≥ 0, . . . , xn ≥ 0, x1 + · · ·+ xn = r}
and has a dimension ≤ n − 1. Gelfand et al. [3] showed the following
characterization of matroid base polytopes.

Theorem 2.1. The collection B is the collection of bases of a matroid
if and only if every edge of the polytope P(B) is parallel to a difference
of two standard basis vectors.

For a rank r matroid M on a ground set [n] with a set of bases B(M),
the polytope P(M) := P(B(M)) is called the matroid base polytope of
M .

The vertices of P(M) represent the bases of M . For two bases
B and B′ of M , eB and eB′ are connected by an edge if and only
if eB − eB′ = ei − ej for some i and j. This occurs exactly when
B′ = (B \ {i}) ∪ {j}. Thus the edges of P(M) represent the basis
exchange axiom. From this, we can define the following equivalence re-
lation on the ground set [n] of M : i and j are equivalent if there exist
bases B and B′ of M with B′ = (B \ {i})∪{j}. The equivalence classes
are called the connected components of M . A matroid can be written as
a direct sum of restrictions on its connected components. Feichtner and
Sturmfels [2] showed that the dimension of the matroid base polytope
can be expressed in terms of the number of connected components.

Proposition 2.2. For a matroid M on [n], the dimension of the
matroid base polytope P(M) is given by n − c(M) where c(M) is the
number of connected components of M .
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3. Series-parallel extensions

In this section, we describe the matroid base polytope for the series
or parallel extension using the wedge operation on polytopes.

We begin with basic constructions on matroids. Let M be a matroid
on a ground set [n]. If e is not a coloop (which is an element in every
base of M), then the deletion M \ e is defined to be the matroid on
[n] − {e} whose bases are B(M \ e) = {B ∈ B(M) : e /∈ B}. If e is not
a loop (which is an element lying in none of the bases of M), then the
contraction M/e is the matroid on [n] − {e} having bases B(M/e) =
{B − {e} : e ∈ B ∈ B(M)}. Given matroids M1 and M2 on ground
sets E1 and E2, their direct sum M1 ⊕M2 is the matroid on ground set
E1 t E2 having bases B(M1 ⊕M2) = B(M1)× B(M2).

Definition 3.1. Let P be a polytope in Rn and σ be a face of P.
The wedge Wσ(P) of P over σ is obtained by intersecting the cylinder
P × [0,∞) with a halfspace J in Rn+1 such that

1. J contains P × {0},
2. J ’s bounding hyperplane contains σ×{0} and intersects the open

rays {x} × [0,∞) for each point x in P \ σ.

More generally, we say that Q is a wedge of a polytope P over some face
σ of P if Q is combinatorially equivalent to Wσ(P).

The next theorem describes the matroid base polytope for a matroid
obtained by a parallel extension of an element.

Theorem 3.2. Let M be a matroid with an element e and M ′ be
the matroid obtained from M by applying the parallel extension on e.
Then the matroid base polytope P(M ′) is the wedge WP(M\e)(P(M)).

Proof. Let e′ be the element added to M ′. Then the bases of M ′ can
be decomposed into two classes:

1. (B \ {e}) ∪ {e′} where B is a base of M containing e,
2. B which is a base of M .

We reorder the elements on the ground set of M ′ so that e′ is the last
element and e is the second last element. Consider the Minkowski sum
of P(M) × {0} and conv{(0, . . . , 0), (0, . . . , 0,−1, 1)} which is a slanted
prism. Then its bottom is P(M)× {0} and top is

{(p, 0) + (0, . . . , 0,−1, 1) : p ∈ P(M)}.
Let H be the hyperplane defined by xe = 0 and J be the halfspace
xe ≥ 0. Then the intersection of the slanted prism and J is P(M ′) and
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Figure 1. Matroid base polytopes for parallel extensions

the intersection of H with the bottom of the prism is P(M \ e). Thus
P(M ′) is combinatorially equivalent to WP(M\e)(P(M)).

Example 3.3. Let M be the graphic matroid corresponding to the
graph G shown in Figure 1(a). Since M has bases {1, 2}, {1, 3}, and
{2, 3}, the matroid base polytope P(M) is the polytope shown in Fig-
ure 1(d). Here the label 12 means the vertex e12 = (1, 1, 0) and so
on.

First, consider the matroid Mp obtained by the parallel extension on
the element e3 of M . Then the graph Gp corresponding to Mp is shown
in Figure 1(b). By Theorem 3.2, the matroid base polytope for Mp is
the wedge of P(M) over the face P(M \ e3) = {e12} (see Figure 1(e)).

If Mpp is the matroid obtained by the parallel extension on the el-
ement e4 of Mp, then the matroid base polytope for Mpp is the wedge
of P(Mp) over the face P(Mp \ e4) = conv{e12, e13, e23}. The corre-
sponding graph and the Schlegel diagram for the polytope are shown in
Figure 1(c) and (f).

Now, we describe the matroid base polytope for series extensions.

Theorem 3.4. Let M be a matroid with an element e and M ′ be the
matroid obtained from M by applying the series extension on e. Then
the matroid base polytope P(M ′) is the wedge WP(e⊕(M/e))(P(M)),
where e means the matroid on {e} whose unique base is {e}.
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Figure 2. Matroid base polytopes for serial extensions

Proof. Let e′ be the element added to M ′. Then, there are two kinds
of bases of M ′:

1. B ∪ e′ where B is a base of M ,
2. B ∪ e where B is a base of M without e.

After reordering the elements on the ground set of M ′, we may assume
that e′ is the last element and e is the second last element. Consider
the slanted prism obtained as the Minkowski sum of P(M) × {1} and
conv{(0, . . . , 0), (0, . . . , 0, 1,−1)}. Let H be the hyperplane defined by
xe = 1 and J be the halfspace xe ≤ 1. Then the intersection of the
slanted prism and J is P(M ′) and the intersection of H with the bottom
of the prism is P(e⊕ (M/e)). Thus P(M ′) is combinatorially equivalent
to WP(e⊕(M/e))(P(M)).

Example 3.5. Let M be the graphic matroid corresponding to the
graph G shown in Figure 2(a). If Ms is the matroid obtained by the
series extension on the element e3 of M , then Theorem 3.4 implies that
the matroid base polytope P(Ms) is the wedge of P(M) over the face
P(e3 ⊕ (M/e3)) = conv{e13, e23} shown in Figure 2(e). The Schlegel
diagram for the matroid base polytope P(Mss) is shown in Figure 2(f),
where Mss is the matroid obtained by the series extension on the element
e4 of Ms.
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4. Matroid base polytopes for series-parallel matroids

In this section, we focus on matroid base polytopes for series-parallel
matroids. We provide the dimension and facet descriptions of these
polytopes.

The series extension of a graph is replacing an edge with two edges
in series and the parallel extension of a graph is replacing an edge with
two parallel edges.

Definition 4.1. A matroid is called a series-parallel matroid if it is
a graphic matroid whose corresponding graph is obtained from a single
edge with two distinct endpoints by a sequence of series extensions and
parallel extensions.

First, we consider the dimension of the matroid base polytope cor-
responding to a series-parallel matroid. A vertex of a graph is called a
cut-vertex if its removal will disconnect the graph.

Proposition 4.2. Let M be a series-parallel matroid whose corre-
sponding graph is connected with n edges. Then the dimension of P(M)
is n − c − 1, where c is the number of cut-vertices of the graph corre-
sponding to M .

Proof. It is well-known that the graphic matroid corresponding to
the disjoint union of two graphs is the same as the graphic matroid
obtained by identifying two vertices from each graph. Thus one can see
that the graphic matroid corresponding to a graph with c cut-vertices
is the same as the graphic matroid corresponding to the disjoint union
of c + 1 2-connected graphs which is the same as the direct sum of the
graphic matroids corresponding to each 2-connected graphs. One can see
that the matroid corresponding to a 2-connected series-parallel graph is
connected by induction on the number of edges. Thus the result follows
from Proposition 2.2.

Speyer [5] gave a description of facets of matroid base polytopes for
series-parallel matroids using bicolored trivalent trees. We give another
description which is obtained from the corresponding graph directly.

Proposition 4.3. Let M be a series-parallel matroid corresponding
to a 2-connected series-parallel graph G. Then, a facet of the matroid
base polytope P(M) is one of the following:

1. P(e ⊕ (M/e)) where e is an edge of G such that G \ e is not 2-
connected,
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2. P(M \ e) where e is an edge such that G \ e is 2-connected,
3. P(M1)⊕P(M2) where M1 and M2 are matroids corresponding to

graphs G1 and G2, respectively. Here G1 is a 2-connected subgraph
of G with at least two edges and G2 is the graph obtained by
contracting all edges of G1 such that G2 is a loopless 2-connected
graph with at least two edges.

Proof. The proof is based on the induction on the number of edges
of G. The base case is clear. Let M be the matroid obtained from a
matroid N by the parallel extension on e1 and e2 be the added element.
We assume that all the facets of P(N) satisfy the statement of the
proposition. By Theorem 3.2,

P(M) = WP(N\e1)(P(N)).

From the proof of Theorem 3.2, P(M \ e1) and P(M \ e2) are facets of
P(M). Since e and e′ are parallel, both G\e1 and G\e2 are 2-connected.
Thus P(M \e1) and P(M \e2) are facets of type (2). All the other facets
of P(M) are either

(A) the wedge of a facet F of P(N) over F ∩ P(N \ e1), or
(B) the product of a facet F of P(N) and the convex hull of the standard

basis vectors for e1 and e2,

where the case (A) occurs when F ∩P(N \ e1) is nonempty and the case
(B) occurs when it is empty.

If F is type (1) or (2) with e 6= e1, then the corresponding facet of
P(M) satisfies the case (A) and its type is the same as the type of F . If
F is type (1) with e = e1, then the corresponding facet of P(M) satisfies
the case (B) and it has type (3) with G1 = {e1, e2}. If F is type (3),
then the corresponding facet of P(M) satisfies the case (B) and it has
type (3) by adding e2 to the subgraph with e1.

Now consider the case when M is the matroid obtained from a ma-
troid N by the series extension on e1. Let e2 be the added element. By
Theorem 3.4,

P(M) = WP(e1⊕(N/e1))(P(N)).

From the proof of Theorem 3.4, P(e1⊕ (M/e1)) and P(e2⊕ (M/e2)) are
facets of P(M). Since e and e′ are in series, both G \ e1 and G \ e2 are
not 2-connected. Thus P(e1 ⊕ (M/e1)) and P(e2 ⊕ (M/e2)) are facets
of type (2). All the other facets of P(M) are either

(A) the wedge of a facet F of P(N) over F ∩ P(e1 ⊕ (N \ e1)), or
(B) the product of a facet F of P(N) and the convex hull of the standard

basis vectors for e1 and e2,
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where the case (A) occurs when F ∩ P(e1 ⊕ (N \ e1)) is nonempty and
the case (B) occurs when it is empty.

If F is type (1) or (2) with e 6= e1, then the corresponding facet of
P(M) satisfies the case (A) and its type is the same as the type of F . If
F is type (2) with e = e1, then the corresponding facet of P(M) satisfies
the case (B) and it has type (3) with G1 = G − {e1, e2}. If F is type
(3), then the corresponding facet of P(M) satisfies the case (B) and it
has type (3) by adding e2 to the subgraph with e1.

Remark 4.4. Since series-parallel matroids can be characterized as
graphic matroids corresponding to graphs with no K4-minor [1], all ma-
troids appeared in Proposition 4.3 are series-parallel.

Example 4.5. Consider the series-parallel graph Gp shown in Fig-
ure 1(b). Since Gp\e1 and Gp\e2 are not 2-connected, P(e1⊕(Mp/e1)) =
conv{e12, e13, e14} and P(e2 ⊕ (Mp/e2)) = conv{e12, e23, e24} are the
facets of P(Mp). Since Gp \ e3 and Gp \ e4 are 2-connected, P(M \ e3) =
conv{e12, e14, e24} and P(M \ e4) = conv{e12, e13, e23} are facets of
P(Mp). One can see that G1 = {e3, e4} is the unique 2-connected sub-
graph of Gp such that the graph G2 obtained by contracting its edges is
loopless and 2-connected. Thus P(M1)⊕P(M2) = conv{e13, e14, e23, e24}
is a facet of P(Mp). By Proposition 4.3, those are all the facets of P(Mp)
as shown in Figure 1(e).

The following corollary follows immediately.

Corollary 4.6. All the faces of the matroid base polytope for a series-
parallel matroid are matroid base polytopes for series-parallel matroids.
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