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ARTINIANNESS OF LOCAL COHOMOLOGY MODULES

Ahmad Abbasi, Hajar Roshan Shekalgourabi∗ and Dawood
Hassanzadeh-lelekaami

Abstract. In this paper we investigate the Artinianness of certain
local cohomology modules Hi

I(N) where N is a minimax module
over a commutative Noetherian ring R and I is an ideal of R. Also,
we characterize the set of attached prime ideals of Hn

I (N), where n
is the dimension of N .

1. Introduction

Let R be a commutative Noetherian ring with non-zero identity and
I be an ideal of R. We will use N0 (respectively, N) to denote the set of
non-negative (respectively, positive) integers.

The local cohomology theory introduced by Grothendieck [12] is a
useful tool for attacking problems in commutative algebra and algebraic
geometry. We refer the reader to [6] or [11] for more details about
local cohomology modules. The notion of generalized local cohomology
of two R-modules on a local ring (R,m) introduced by Herzog in his
habilitationss [15]. Afterward Bijan-Zadeh [5] generalized it to a system
of ideals of an arbitrary commutative Noetherian ring. For each i ∈ N0,
the functor H i

I(−,−) is defined by

H i
I(M,N) = lim

−→
n∈N

ExtiR(M/InM,N)

for all R-modules M and N . Clearly, this notion is a generalization of
the ordinary local cohomology module H i

I(N), which corresponds to the
case that M = R.

There are some basic problems concerning local cohomology modules
which are propounded for generalized local cohomology modules in a
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natural way (see [16]). In particular, the Artinianness, cofiniteness and
vanishing of local cohomology and generalized local cohomology modules
are of special interests and several papers are devoted to study these
problems where M and N are finitely generated R-modules (see [2], [5],
[8], [9], [14], [18] and [23]). Recall that an R-module M is said to be

I-cofinite if SuppR(M) ⊆ V (I) and ExtjR(R/I,M) is finitely generated
for all j (see [13]).

Based on [26], an R-module M is called minimax if there is a finitely
generated submodule N of M such that M/N is Artinian. Thus, the
class of minimax modules is larger than the class of finitely generated
modules. The aim of this paper is to investigate the Artinianness and
cofiniteness of generalized local cohomology modules H i

I(M,N) where
M is a finitely generated R-module and N is a minimax R-module.
More precisely, we prove that if M is a finitely generated R-module
and N is a minimax R-module where R is an arbitrary commutative
Noetherian ring, then there exist maximal ideals m1, . . . ,mn such that
H i

m1···mn
(M,N) is Artinian for all i ≥ 0. As a consequence, it follows

that if (R,m) is a local ring, then H i
m(M,N) is an Artinian R-module

for all i ≥ 0. This generalizes [23, Theorem 2.1] and [17, Theorem 2.2].

It is shown in [23, Theorem 2.2] that if I is a proper ideal of the local
ring R and M is a finitely generated R-module of dimension d, then
Hd

I (M) is Artinian. We show, among other things, that the “local”
condition on R can be eliminated. More precisely, we prove that if M is
a minimax R-module of krull dimension d, then Hd

I (M) is Artinian and

AttR(H
d
I (M)) ⊆ {p ∈ AssR(M)| cd(I,R/p) = d}

where cd(I,N) := max{i ∈ Z : H i
I(N) 6= 0} is the cohomological dimen-

sion of R-module N with respect to I.

We also improve the main result of [19, Theorem 2.9] and prove that
for the finitely generated R-module M with pd(M) < ∞ and the non-

zero minimaxR-moduleN of finite Krull dimension,H
pd(M)+dim(N)
I (M,N)

is Artinian. Finally, we prove a result concerning the cofiniteness and
the Artinianness of local cohomlogy modules in Theorem 3.9.

Throughout the paper, R will denote a commutative Noetherian ring.
And, I is an ideal of R and then V (I) is the set of all prime ideals of R
containing I.



Artinianness of local cohomology modules 297

2. Preliminaries

We begin by recalling some basic properties of generalized local co-
homology modules that we shall use.

Lemma 2.1. (See [9, Lemma 2.1] and [18, Lemma 2.2].) Let M and
N be two R-modules. The following assertions hold:

(i) Let E• be an injective resolution of N . Then

H i
I(M,N) ∼= H i(ΓI(HomR(M,E•))) ∼= H i(H0

I (M,E•))

for all i ≥ 0.
Moreover, if M is finitely generated, then

H i
I(M,N) ∼= H i(HomR(M,ΓI(E

•)))

for all i ≥ 0.
(ii) If f : R → S is a flat ring homomorphism, then

H i
I(M,N)⊗R S ∼= H i

IS(M ⊗R S,N ⊗R S)

for all i ≥ 0.
(iii) IfN is I-torsion, that is ΓI(N) = N , thenH i

I(M,N) ∼= ExtiR(M,N)
for all i ≥ 0.

Lemma 2.2. (See [21, Theorems 2.2 and 2.9].) Let M and N be two
finitely generated R-modules. Then H i

I(M,N) is I-cofinite for all i ≥ 0,
whenever one of the following conditions holds:

1. dimR ≤ 2;
2. cd(I) = 1, where cd(I) = sup{i ∈ N0 | H i

I(R) 6= 0}.
Lemma 2.3. (See [24, Lemma 2.2].) Let M and N be two finitely

generated R-modules. If dimR/I = 0, then H i
I(M,N) is Artinian for

all i.

Lemma 2.4. (See [8, Theorem 2.5].) Let M and N be two finitely
generated R-modules. If dimR/I ≤ 1, then H i

I(M,N) is I-cofinite for
all i.

Lemma 2.5. Let M be an R-module such that AssR(M) is a finite
set. Then M is I-torsion-free if and only if I contains a non-zerodivisor
on M . In particular, if M is a minimax R-module, then M is I-torsion-
free if and only if I contains a non-zerodivisor on M .

Proof. It follows immediately by the same proof as [6, Lemma 2.1.1(ii)].
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Lemma 2.6. (See [1, Lemma 2.1].) Consider S as a Serre subcate-
gory of the category of R-modules, i.e., it is closed under taking submod-
ules, quotients and extension. Let M be a finitely generated R-module
and X ∈ S. Then ExtiR(M,X) ∈ S and TorRi (M,X) ∈ S for all i ≥ 0.

Lemma 2.7. (See [1, Lemma 2.2].) Let S and M be as Lemma 2.6
and let X be an arbitrary R-module. Suppose that for some integer
t ≥ 0, ExtiR(M,X) ∈ S for all i ≤ t. Then for any finitely generated
R-module L with SuppR(L) ⊆ SuppR(M), ExtiR(L,X) ∈ S for all i ≤ t.

3. Main Results

Throughout this section, assume that M is a finitely generated R-
module and N is a minimax R-module. Based on [26], an R-module N
is said to be minimax if there is a short exact sequence

0 → S → N → T → 0(1)

of R-modules where S is finitely generated and T is Artinian. Obviously,
the class of minimax R-modules contains all finitely generated and all
Artinian R-modules. Moreover, it is closed under taking submodules,
quotients and extension, i.e., it is a Serre subcategory of the category
of all R-modules (see [3, Lemma 2.1]). Note that a minimax R-module
has only finitely many associated primes.

Theorem 3.1. There exist maximal ideals m1, · · · ,mn of R such that
H i

m1...mn
(M,N) is Artinian for all i ≥ 0.

Proof. Using the exact sequence (1) and the Artinianness of T , there
are maximal ideals m1, · · · ,mn of R such that

T = Γm1(T )⊕ · · · ⊕ Γmn(T ).

Set I := m1...mn. It is easy to see that T is I-torsion. Hence,H i
I(M,T ) ∼=

ExtiR(M,T ) for all i ≥ 0 and so H i
I(M,T ) is Artinian. On the other

hand, H i
I(M,S) is Artinian for all i ≥ 0 by Lemma 2.3. Now, consider-

ing the long exact sequence

(2) · · · → H i
I(M,S)→H i

I(M,N)→ExtiR(M,T )→H i+1
I (M,S) → · · ·

of generalized local cohomology modules, induced by (1), it follows that
H i

I(M,N) is Artinian for all i ≥ 0.

As an immediate consequence of the previous theorem, we have the
following result which is a generalization of [23, Theorem 2.1] and [17,
Theorem 2.2]. Also, see [20, Lemma 3.4].
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Corollary 3.2. Let (R,m) be a local ring. Then H i
m(M,N) is an

Artinian R-module for all i ≥ 0.

The following result generalizes Corollary 3.2 to non-local situations.

Theorem 3.3. Let I be an ideal of R such that R/I is Artinian.
Then H i

I(M,N) is Artinian and I-cofinite for all i. In particular, for
every finitely generated R-modules L with SuppR(L) ⊆ V (I) and for all

i and j, the R-module ExtjR(L,H
i
I(M,N)) is finite length.

Proof. We first prove that H i
I(M,N) is Artinian. Consider the exact

sequence (1). By Lemma 2.3, H i
I(M,S) is Artinian for all i ≥ 0. So, in

view of the exact sequence

· · · → H i
I(M,S) → H i

I(M,N) → H i
I(M,T ) → · · · ,

it is enough to show that H i
I(M,T ) is Artinian for all i ≥ 0. We pro-

ceed by induction on i ≥ 0. In the case i = 0, H0
I (M,T ) is a sub-

module of HomR(M,T ) and so is Artinian by Lemma 2.6. Now, sup-
pose inductively that i > 0 and H i−1

I (M,T ′) is Artinian for every Ar-

tinian R-module T ′. By Lemma 2.1, H i
I(M,ΓI(T )) ∼= ExtiR(M,ΓI(T )).

Hence, H i
I(M,ΓI(T )) is Artinian by Lemma 2.6. Therefore, in view

of the long exact sequence of generalized local cohomology modules
induced by the exact sequence 0 → ΓI(T ) → T → T/ΓI(T ) → 0,
we may assume that T is I-torsion-free. By Lemma 2.5 there exists
x ∈ I which is a non-zerodivisor on T . Considering the exact sequence

0 → T
.x→ T → T/xT → 0, we obtain the long exact sequence

· · · → H i−1
I (M,T/xT ) → H i

I(M,T )
.x→ H i

I(M,T ) → · · ·
of generalized local cohomology modules. Now, the induction hypothesis
yields that the R-module H i−1

I (M,T/xT ) is Artinian and so in view of

the above exact sequence (0 :Hi
I(M,T ) x) is Artinian. Hence, H i

I(M,T ) is

Artinian by [22, Theorem 1.3], as required. Since R/I is Artinian, it fol-
lows that V (I) consists of finitely many maximal ideals m1, . . . ,mn, say.

Thus, for any two integers i and j, ExtjR(R/I,H i
I(M,N)) is an Artinian

R-module which is annihilated by some power of the ideal m1 · · ·mn and
so it is finitely generated for all i and j. The last assertion follows from
Lemma 2.7.

The following theorem is a generalization of [23, Theorem 2.2].

Theorem 3.4. Let N be a non-zero minimax R-module of finite
Krull dimension d. Then Hd

I (N) is Artinian.
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Proof. We proceed by induction on d. Let d = 0 and consider the
exact sequence (1). Since S is finitely generated and dimS = 0, it follows
that V (AnnS) consists of finitely many maximal ideals m1, . . . ,mn, say.
Thus, S is annihilated by some power of the ideal m1 · · ·mn and so has
finite length. Hence, N is Artinian and so is its submodule ΓI(N).

Now, suppose inductively that d > 0 and the result has been proved
for (non-zero minimax) R-modules of dimension smaller than d. By [6,
Corollary 2.1.7 (ii)], we have

Hd
I (N) ∼= Hd

I (N/ΓI(N)).

If dim(N/ΓI(N)) < d, then Hd
I (N/ΓI(N)) = 0 by Grothendieck’s Van-

ishing Theorem [6, Theorem 6.1.2], and there is nothing to prove. Since
N/ΓI(N) is I-torsion-free, we therefore make the additional assumption
that N is an I-torsion-free R-module. Since AssR(N) is a finite set,
the ideal I contains an element x which is a non-zerodivisor on N by

Lemma 2.5. The exact sequence 0 → N
.x→ N → N/xN → 0 induces

the exact sequence

· · · → Hd−1
I (N/xN) → Hd

I (N)
.x→ Hd

I (N) → · · · .
Since x 6∈ ⋃

p∈AssR(N) p and every minimal member of SuppR(N) be-

longs to AssR(N), we infer that dim(N/xN) ≤ d− 1. So, the R-module

Hd−1
I (N/xN) is Artinian, by the inductive hypothesis. Therefore, in

view of the above exact sequence, (0 :Hd
I (N) x) is Artinian. Hence,

Hd
I (N) is Artinian by [22, Theorem 1.3] and the inductive step is com-

plete.

Let (R,m) be a local ring. An R-module L is said to be Matlis
reflexive if D(D(L)) = L, where D(−) = HomR(−, E(R/m)) is the
Matlis duality functor. Zink [25] and Enochs [10] showed that a module
over a complete local ring is minimax if and only if it is Matlis reflexive.
In fact the reverse direction holds without the completeness assumption.
In other word, any Matlis reflexive module over a local ring is minimax
[4, Lemma 1]. Khashyarmanesh and Khosh-Ahang in [17, Theorem 2.4]
proved that for a non-zero Matlis reflexive R-module L over a complete
local ring R of dimension d, the R-module Hd

I (L) is Artinian for all
ideals I of R. In the following result, which is a generalization of [23,
Theorem 2.2], we eliminate the “complete” condition in [17, Theorem
2.4].

Corollary 3.5. Let (R,m) be a local ring and L be a non-zero Matlis
reflexive R-module of finite Krull dimension d. Then Hd

I (L) is Artinian.
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In the following theorem, we find the set of attached primes of Hd
I (N)

where N is a non-zero minimax R-module of finite Krull dimension d.

Theorem 3.6. Let (R,m) be a local ring and N be a non-zero min-
imax R-module of finite Krull dimension d. Then we have the inclusion

AttR(H
d
I (N)) ⊆ {p ∈ AssR(N)| cd(I,R/p) = d} ∪AttR(N).

In particular, when d is a positive integer, we have the inclusion

AttR(H
d
I (N)) ⊆ {p ∈ AssR(N)| cd(I,R/p) = d}.

Proof. Without loss of generality, we may assume that Hd
I (N) is non-

zero. Considering the exact sequence (1), we obtain the exact sequence

0 → H0
I (S) → H0

I (N) → T
f→ H1

I (S) → H1
I (N) → 0(3)

and the isomorphism

H i
I(S)

∼= H i
I(N)(4)

for all i ≥ 2. Also, since T is an Artinian R-module and R is a local
ring, it follows that SuppR(N) = SuppR(S) and so dimN = dimS. For
d = 0, since dimS = 0, the exact sequence (3) induces the short exact
sequence 0 → H0

I (S) → H0
I (N) → T → 0, by [6, Theorem 6.1.2]. Hence,

AttR(H
0
I (N)) ⊆ AttR(H

0
I (S)) ∪AttR(T ).

Therefore, by [7, Theorem A] and the fact that AssR(S) ⊆ AssR(N), we
have

AttR(H
0
I (N)) ⊆ {p ∈ AssR(N)| cd(I,R/p) = 0} ∪AttR(N).

Now, assume that d > 0. Using the exact sequence (3) and the iso-
morphism (4), we obtain that AttR(H

d
I (N)) ⊆ AttR(H

d
I (S)). So, by [7,

Theorem A], it follows that

AttR(H
d
I (N)) ⊆ {p ∈ AssR(N)|cd(I,R/p) = d}.

Theorem 3.7. Assume that M is a finitely generated R-module of
finite projective dimension n and N is a non-zero minimax R-module of
finite Krull dimension d. Then Hn+d

I (M,N) is Artinian.

Proof. We proceed by induction on pd(M). If pd(M) = 0, then
M ⊕ M ′ ∼= Rt for some R-module M ′ and some integer t. By Lemma
2.1,

Hd
I (M,N)⊕Hd

I (M
′, N) ∼= Hd

I (R
t, N) ∼= Hd

I (N)t.
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So, the assertion holds in this case by Theorem 3.4. Now, suppose
that pd(M) > 0 and the assertion is true for any finitely generated R-
moduleK with pd(K) < pd(M). Consider the exact sequence 0 → K →
F → M → 0 where F is free R-module of finite rank and K is finitely
generated R-module. Therefore, we obtain the long exact sequence

· · · → Hn+d−1
I (K,N) → Hn+d

I (M,N) → Hn+d
I (F,N) → · · ·

where Hn+d−1
I (K,N) and Hn+d

I (F,N) are Artinian by induction hy-

pothesis and [5, Lemma 5.1]. Hence, Hn+d
I (M,N) is Artinian.

As a final result of the present paper, we prove a result concerning
the cofiniteness and the Artinianness of local cohomlogy modules. To
do this, we need the following well known lemma.

Lemma 3.8. Let (R,m) be a local ring and M be a finitely generated
R-module. Let p be a prime ideal of R such that dimR/p = 1 and n ≥ 1
be an integer. Then the following conditions are equivalent:

(i) Hn
m(M) is p-cofinite;

(ii) Hn−1
p (M) is Artinian;

(iii) (Hn−1
p (M))p = 0.

Proof. See [2, Lemma 2.1].

Theorem 3.9. Let (R,m) be a local ring, p be a prime ideal of R
such that dimR/p = 1 and n ≥ 2 be an integer. Then the following
conditions are equivalent:

(i) Hn
m(N) is p-cofinite;

(ii) Hn−1
p (N) is Artinian;

(iii) (Hn−1
p (N))p = 0.

Proof. In view of the isomorphism (4) whenever I := m and Lemma
3.8, it is enough to prove the result for n = 2.
It follows from the isomorphism H2

m(N) ∼= H2
m(S) that H2

m(N) is p-
cofinite if and only if H2

m(S) is p-cofinite. On the other hand, using the
exact sequence (3) where I := p, we have the exact sequence

0 → L → H1
p (S) → H1

p (N) → 0

where L = Imf . By the Artinianness of L, we conclude that H1
p (N) is

Artinian if and only if H1
p (S) is Artinian and (H1

p (N))p = 0 if and only

if (H1
p (S))p = 0. So the assertions hold by Lemma 3.8.
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