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Abstract

Springing is the resonance phenomenon of a ship hull girder with incoming waves having the same natural frequency of the ship. In this
study, a simple and reliable calculation method was developed based on quadratic strip theory using the Timoshenko beam approach as an elastic
hull girder. Second-order hydrodynamic forces and FroudeeKrylov forces were applied as the external force. To improve the accuracy of the
strip method, the variation in the added mass along the ship hull longitudinal direction, so called tip-effect, was considered. The J-factor was also
employed to compensate for the effect of three-dimensional fluid motion on the two-node vibration of the ship. Using the developed method, the
first- and second-order vertical bending moments of the Flokstra ship were compared. A comparative study was also carried out for a uniform
barge ship and a 10,000 TEU container ship with the respective methods including the J-factor and tip-effect.
Copyright © 2016 Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Recently, the encounter frequency of a ship increases as
ships become faster. Moreover, as the dimension of a ship is
larger, its natural frequency tends to be lower. In particular, as
container ships need to have greater capacity to transport
goods at lower cost, their size is increasing up to more than
18000 TEU. Therefore, the natural frequency and encounter
frequency of a ship are becoming closer. Resultantly, the
resonant vibration of a ship hull girder induced by incoming
waves can occur, which is called springing. The resonance
phenomenon of a hull girder may be generated by incoming
waves with the same natural frequencies of the ship. This
expected to occur more frequently as ships become larger and

move faster. Springing may also be a cause of significant fa-
tigue problems of offshore structures like TLP tendons.
Therefore, a critical safety problem can occur in large vessels
operating in seaways.

In springing analysis of a ship hull girder, the resonant
vibration of a hull girder is generated by high frequency
incoming waves located at the tail of the wave spectrum. This
resonance phenomenon can also occur due to the second-order
wave component originating from the first-order components
with large wave energy. The response amplitude excited by a
high-order wave component is generally smaller than that
generated by the first-order (linear) wave component because
of its small magnitude of wave energy. In the case of a
seagoing vessel in a harsh environment, however, the response
of a hull girder caused by the high-order wave component can
be significant because of the large magnitude of the high-order
wave component. In addition, the second-order response
amplitude is proportional to the square of the incoming wave
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amplitude. Recently, in the course of the development of
Arctic Ocean routes, ships experienced a more severe sea
state. Therefore, predicting the resonant hull vibration excited
by second-order wave forces associated with high incoming
waves is becoming an important issue for the optimal design
of large container ships.

To analyze the resonant vibration of a ship, the hull girder
is assumed to be an elastic body in this study. Since the 1970s,
many studies on ship hydro-elasticity have been carried out.
Using Timoshenko beam theory combined with the linear strip
method, Bishop and Price (1979) analyzed the ship vibration
associated with incident waves. Using the quadratic strip
method, Jensen and Pedersen (1978) extended the fluid force
acting on a ship hull to the second-order force component in
the frequency domain. Using a similar approach, Park (2006)
calculated the hydro-elastic response of a ship with large
amplitude waves in the time domain. Kim et al. (2014) also
developed a similar springing analysis method based on the
quadratic strip method, and compared the hydro-elastic re-
sponses for various container ships. For a more accurate pre-
diction of the ship hydro-elasticity, Kim and Kim (2014)
studied a fully coupled fluid-structure-interaction model.

Due to the complexity of the phenomena and its few
measurement data, verification of all the numerical and theo-
retical approaches may not be accomplished. Therefore, an
experimental study as an alternative means is needed to verify
the calculated results. Recently, Hong et al. (2012) conducted
experimental studies on the springing and whipping of a large
container ship. Lee et al. (2012) also carried out a model test
for the springing and whipping responses and compared it with
nonlinear hydro-elastic analysis. On the other hand, owing to
the expensive measurement equipment and experiment cost, it
is difficult to obtain accurate and reliable experimental data.

For such a complex and difficult problem, the development
of a simple and reliable numerical simulation is needed to
predict promptly the hydro-elastic behavior of a ship in the
early stages of ship design and the related analysis. In this
study, a simple and reliable calculation method was developed
to predict the high-order hull girder vibration caused by ship
springing. The quadratic strip theory was used based on the
Timoshenko beam approach as an elastic hull girder. Second-
order hydrodynamic and FroudeeKrylov forces were applied
as the external force on a ship. To improve the accuracy of the
strip theory, the distribution of added mass along the ship hull
longitudinal direction was considered, and its effect on the hull
vibration was evaluated. To compensate for the 3D fluid effect
on hydrodynamic coefficients on the hull, the J-factor was
introduced and applied to the strip theory, and its effect on the
second-order responses was also appraised.

2. Mathematical formulation

2.1. Quadratic-strip theory

The quadratic-strip theory, proposed by Jensen and
Pedersen (1978), is based on the perturbation procedure of
the essential hydrodynamic and hydrostatic coefficients in the

equation of ship motion. The total force acting on the body is
expressed as

Fðx; tÞ ¼ �
�
D

Dt

�
mð~z;xÞD~zðx; tÞ
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�
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w is deflection of the strip of a ship hull girder, k is the
Smith correction factor for the diffraction contribution, h is the
undisturbed wave elevation. Gerritsma and Beukelman (1964)
developed a first-order solution for the equation of motion in
linear theory. The each term of the equation can be expanded
by a Taylor series based on the mean water level.
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where, Bð~z; xÞ, mð~z; xÞ and Nð~z; xÞ denote breadth of strip,
added mass and radiation damping coefficients at the each
section. B0(x) ¼ B(0,x) represents the value at the mean water
line.

2.2. FroudeeKrylov force

In this study, the undisturbed wave induced force, called the
FroudeeKrylov force, was applied to the total fluid force and
is expressed as

FR ¼�
Z�~z

�TðxÞ

Bðz; xÞvp
vZ

����
zþw

dz

¼�
Z�~z

�TðxÞ

Bðz; xÞv
�
pð0Þ þ pð1Þ þ pð2Þ

�
vZ

����
zþw

dz ð3Þ

where T(x) is the sectional draught of the strip. The wave
induced pressure can be divided into three components, each
of which may be expanded by perturbation. The zeroth
component of the pressure, p(0), is not related to the wave
amplitude, and p(1) and p(2) are proportional to the wave
amplitude and the square of wave amplitude, respectively.
Therefore, the integration of p(0) along the ship section be-
comes the static component of FroudeeKrylov force and the
integration of p(1) and p(2) will be the dynamic force compo-
nents induced by incident waves. Ignoring the static compo-
nent, the FroudeeKrylov force is prescribed as
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where w1, w2 denote the first- and second-order deflection of
the hull, respectively. This means that w1 and w2 are the linear-
and second-order responses. ai and ji denote the incident wave
amplitude and incoming direction, respectively. The Smith

correction for the contribution of wave diffraction, k, is
generally defined by the formula of Jensen (2001). A single
frequency regular wave (n ¼ 1) was used in the present study.

kji±jj ¼ 1�
��ki þ kj

��
B0ðxÞ
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�T

Bðz;xÞejki±kjjzdz ð7Þ

where, kiðkÞ ¼ 1� ki
B0ðxÞ

Z 0

�T

Bðz; xÞekizdz.

2.3. Hydrodynamic force

The hydrodynamic force (FH) on the section consists of the
added mass and radiation damping forces, which can be
expressed as the time derivative of the momentum for the
respective terms.

FHðx; tÞ ¼ �D

Dt

�
m
D~z

Dt

�
�N

D~z

Dt
ð8Þ

By assuming a linear variation of the sectional added mass,
m(x,t), and radiation damping, N(x,t), as well as the water line
breadth, B, with the relative immersion, ~zðx; tÞ, the hydrody-
namic force can be described as the sum of the first-order

(linear) and second-order terms. m0 and N0 are the mean
values, and m1 and N1 are the spatial slope of the values.
Because the hydrostatic term is added to the FroudeeKrylov
force, the contribution of the second-order hydrodynamic
force to the total force is relatively smaller than that of the
second-order FroudeeKrylov force. By dividing the relative
immersion ~z into the first- and second-order term ~z ¼ ~z1 þ ~z2
and substituting them with the first- and second-order deflec-
tion (w1, w2) and ~z ¼ w� kh, the hydrodynamic force (Eq.
(8)) can be expressed in the form of the respective orders. Eqs.
(9) and (10) express the hydrodynamic forces, which are
proportional to the wave elevation and the square of the body
deflection, respectively.
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where the body section is assumed to be located in the deep
water and the wave frequency, si ¼

ffiffiffiffiffiffi
gki

p
.

The hydrodynamic coefficients of the ship sections were
calculated using the Lewis form method, based on Tasai's
method (Tasai, 1960) and Porter's method (Porter, 1961).
The use of two-parameter Lewis form gives an advantage
that the hydrodynamic coefficients of any shape of cross
sections can be a simple function of two parameters, such as
ratio of breadth to draught and the area of cross section.
Therefore, the Lewis form method can calculate promptly
the hydrodynamic coefficients of any ship sections with a
reasonable accuracy, and the total hydrodynamic co-
efficients of 3D ship hull can also be calculated by inte-
gration of each coefficient at individual sections (Journ�ee,
1992).

2.4. Equation of ship motion based on Timoshenko beam
theory

Using the force and moment equilibrium of the Timo-
shenko beam (Fig. 1), the deflection equation satisfying the
boundary conditions in the vertical plane can be described as
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where hM denotes the structural damping, hS a shear structure
damping, mGA is the shear rigidity, EI is the bending rigidity,
ms is the sectional ship mass, r is the radius of gyration, and 4

is the angular displacement of the section. For simplicity, the
damping parameters (hM, hS) are assumed to be equal to each
other (hM ¼ hS ¼ h). This assumption may be reasonable
because the entire damping of the whole body can be
measured, but not the respective damping per individual body
section. Using the modal superposition, Eqs. (11) and (12) can
be solved using the boundary conditions. The angular
displacement and total deflection of the ship section can be
written as a linear series of each component.

4ðx; tÞ ¼
XN
i¼0

uiðtÞaiðxÞ ð13Þ

wðx; tÞ ¼
XN
i¼0

uiðtÞviðxÞ ð14Þ

where u(t) is the time-dependent modal amplitude coeffi-
cient. Eigenvectors (ai, vi) are non-zero solutions in the case
of un-damped and free-end body, which were obtained
using Stodola's method in dry mode. The Stodola's method
can be used to obtain the mode shape only in the Timoshenko
beam theory. The Eigenfuctions {v0,a0}, {v1,a1}, {v2,a2}

represent the heave, pitch and the two-node vibration modes,
respectively. Using the orthogonality and normalization of
the Eigen functions, the following equations are given as
follows:
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where a0

i and v0i are the local derivative of ai and vi with
respect to x, respectively.

Substituting Eqs. (13) and (14) into Eqs. (11) and (12) and
using the orthonormality relation (Eqs. (15) and (16)), the
equation of body motion can be expressed as

v2uj
vt2

þ h~u2
j

vuj
vt

þ ~u2
j uj ¼

ZL
0

vjF

 
x; t;
XN
i¼0

uivi

!
dx where j

¼ 0;1;2;/;N

ð17Þ
where ~uj is the eigenvalue corresponding to the jth Eigen
function. The solution of Eq. (17) can be described as the sum
of the first- and second-order modal amplitude terms.

ujðtÞ ¼ u
ð1Þ
j ðtÞ þ u

ð2Þ
j ðtÞ ð18Þ

The external force F(x,t) in Eq. (17) is a sum of the
FroudeeKrylov and hydrodynamic forces. The final deflection
w(x,t) and the rotation angle 4(x,t) of the ship section can be
determined using Eqs. (13) and (14). The wave-induced
bending moment was calculated using Eq. (19) and its com-
ponents are described as M(x,t) ¼ M(1)(x,t) þ M(2)(x,t).

Mðx; tÞ ¼ EI
v4ðx; tÞ

vx
þ hEI

v24ðx; tÞ
vxvt

ð19Þ

2.5. Short term analysis

For short term analysis, the PiersoneMoskowitch (PM)
spectrum was chosen as incoming irregular waves.

SðuÞ ¼ 173H2
1=3

T4
1u

5
e
� 691

T4
1
u4 ð19Þ

where H1/3 is the significant wave height and T1 is the zero
crossing period.

The wave spectrum is a function of the wave frequency (u)
and the PM spectrum is transferred to the function of
encounter frequency (u) to apply the ship motion equation in
this study.

Fig. 1. Visco-elastic stressestrain relationship.
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SðuÞ ¼
Xq
i¼1

SðuðuÞÞdu
du
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where q is the number of frequencies.
Using the RAO of vertical bending moment (VBM) and

wave spectrum, the linear response spectrum (Eq. (21)),
slowly varying response induced by difference wave fre-
quencies (Eq. (22)) and rapidly varying response by sum fre-
quencies (Eq. (23)) can be derived using the following
equations (Jensen and Dogliani, 1996).
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where Mc

r ; M
s
r are the cosine and sine components of the first-

order bending moment term, respectively. The linear response
spectrum is calculated by multiplying the square of the RAO
of VBM and wave spectrum. Mc�

r ; Ms�
r denote the cosine and

sine components of the difference frequency term, respec-
tively. Mcþ

r ; Msþ
r are the components of the sum frequency

term.

2.6. Three-dimensional effect of fluid motion on ship
response

Generally, ship motion analysis by strip theory is per-
formed as a rigid body motion within a certain range of ship
speeds (Froude number: 0.57e1.4). In addition, strip theory
may produce reasonable results in the case of a rigid body.
On the other hand, in the case of an elastic body motion, the
theory cannot satisfy the exact boundary conditions of the
elastic body; hence the fluid motion on the body surface may
not be reflected properly. Moreover, the 2D-based strip the-
ory cannot represent the 3D fluid effect at the front and end of
the ship. The 3D effects of fluid motion need to be considered
to predict the elastic body motions accurately. Traditionally,
the J-factor has been used in strip theory to compensate for
the 3D effect of fluid motion. According to the slenderness of
the ship, several J-factors have been developed based on the
respective ship shapes. The 3D fluid effect may not be fully
reflected because these factors are defined as simple body
geometric dimensions. Therefore, a new method for the 3D
effect is needed to predict the elastic response of a ship
accurately.

In this study, the tip-effect of 3D fluid motion at the front
and end of a ship was analyzed. The added mass coefficients

of the individual segment of the body were calculated directly
using a 3D-High-order boundary element method (HOBEM).
The added mass of each segment was converted to the value of
each body section, which could be applied to the equation of
body motion. Finally, the ship motion obtained by quadratic
strip theory (USPRIN: Ulsan university SPRINging analysis
program) was compared with the results of the J-factor
included method (USPRIN þ J) and the tip-effect included
method (USPRIN þ Tip).

2.7. J-factor

The J-factor is defined as the ratio of the contribution of 3D
kinematic energy of fluid motion to the 2D body shape. To
reflect the 3D effect of added mass on a ship section, the factor
can be multiplied by the 2D-based added mass coefficients
calculated by strip theory.

mnew ¼ Jn$m2D ðn¼mode numberÞ ð24Þ
The J-factor was developed by many researchers using

experiments or analytic methods (Taylor, 1930; Kumai, 1966;
Kim, 1975; Townsin, 1969). Generally, the J-factor, which is
calculated by the vibration of a rotational ellipsoid, can be
used for a ship with a large block coefficient (Taylor, 1930).
On the other hand, the J-factor by the vibration of an elliptical
sectional cylinder can be applied to a slender ship (Kumai,
1966, Kim, 1975). Townsin (1969) also developed an experi-
mental J-factor as a function of the body dimension and mode
of body motion, which was applied to the present study (Eq.
(25)).

Jn ¼ 1:02� 3

�
1:2� 1

n

�
B

L
ð25Þ

2.8. High-order boundary element method (HOBEM)

Among many hydrodynamic programs, the Rankine panel
method is a reliable and robust numerical method for repre-
senting the wave-floating-body interaction in ship and ocean
engineering problems. In this study, to calculate the added
mass of the individual segment of a ship hull, a boundary
integral equation associated with high-order Rankine panels
and related boundary conditions was solved. The integral
equation of the entire computational domain can be expressed
as

að x!Þfð x!Þ ¼ ∬
UðtÞ

(
vf
�
x
!�

vn
G
�
x!; x

!��f
�
x
!�vG� x!; x

!�
vn

)
ds

ð26Þ

where að x!Þ is a solid angle and að x!Þ ¼ 0.5 when singu-
larities are on the boundary. Gð x!; x

!Þ is the green function
satisfying the Laplace equation and the simple source of
Gð x!; x

!Þ in Rankine panel method is
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where r is the distance between the field ( x!) and source point

( x
!
) for the entire boundaries, r ¼ �� x!� x

!��.
2.9. Boundary conditions and added mass coefficients

The boundary integral equation (Eq. (26)) can be solved in
association with the boundary conditions of the entire fluid
domain. For the numerical modeling of springing, the added
mass coefficient applied to the equation of motion should be
obtained at an infinite frequency. Because the added mass
coefficient generally converges to a certain value at high fre-
quencies, the free-surface boundary condition at an infinite
frequency can be used as follows:

f¼ 0 on z¼ 0;u/∞ ð28Þ
No-normal flux boundary condition (vf/vn ¼ 0 on z ¼ �h)

is applied to the rigid flat bottom of the sea. The Sommerfeld
condition as a radiation boundary condition is also used under
the assumption of an infinite side domain.

vf

vR
� ikfð x!Þ ¼�fð x!Þ

2R
ð29Þ

where R is the distance between the body and radiation
boundary.

Finally, the body boundary condition for the wave radiation
problem is expressed as

vf

vn
¼ V$n ð30Þ

where V is the prescribed vertical velocity of the body to
calculate the heave added mass coefficients. The unit body ve-
locity is used. When the boundary integral equation is solved
associated with the boundary conditions, the radiation velocity
potential on the body surface can be obtained. The added mass
coefficient at an infinite frequency can then be calculated at each
segment of the body surface using the following equation.

a33 ¼ Re

2
64r Z

Sj

f3n3ds

3
75 ð31Þ

where j denotes the segment number of body, f3 is the radi-
ation velocity potential, and subscript 3 is vertical direction of
the body coordinate (heave).

2.10. Tip-effect method

Kumai (1966) developed a range of J-factors for ellipse
sectional cylinders according to their dimensions. He calcu-
lated the values by changing the ratio of the cylinder length to
the breadth (L/B) and the breadth to the draft (B/T). The
change in the L/B and B/T ratios ranged from 5 to 10 and 1 to
4, respectively. In this study, 24 heave added mass coefficients
of an ellipse sectional cylinder were calculated for various

ratios of dimensional parameters (L/B and B/T) as with the
same cases examined by Kumai (1966).

To evaluate the effect of the end-section of a ship, the heave
added mass coefficients of a circular cylinder at an infinite
frequency were compared with the 2D and 3D results (Fig. 2).
Because the shape of a body is uniform, the 2D sectional
added mass coefficient divided by added mass of the whole
body is constant. On the other hand, the 3D added mass co-
efficient at the individual segment of the body, which was
calculated by 3D HOBEM, varies according to the body
location. In particular, the added mass decreases dramatically
at the end of the body (end segment).

To apply the newly calculated added mass representing the
tip effect to the equation of motion, the added mass of the
individual segment was transformed to the sectional value, at
which the average value between two adjacent segments was
calculated.

Fig. 3 compares the heave added mass coefficients of an
ellipse sectional cylinder in 3D-HOBEM and WAMIT. The
WAMIT is a hydrodynamic program for solving the velocity
potential on the wetted surface around the floating body based
on potential theory and boundary element method with 3D
panel elements. Since the program was developed by MIT
(Lee, 1995), it has been used in many ocean engineering
studies and projects, and its results are proved to be reliable for
global performance of ships and ocean structures (Kim et al.,
2005; Hansen and Kramer, 2011). The difference in the added
mass calculation between the two methods was an average of
2.6%. Therefore, the present calculation method has sufficient
accuracy for the equation of motion based on the strip theory.

To consider the effects of the end-sectional added mass in
the strip theory, the ratio of the 3D individual sectional value
to the 2D-based added mass is defined in Eq. (32), which is
called the tip parameter. This ratio represents the variation of

Fig. 2. Distribution of the heave added mass coefficients of a horizontal half-

circular cylinder along the longitudinal direction, 2D represents the sectional

added mass divided by the added mass of whole body and 3D denotes the

sectional added mass calculated individually by HOBEM (Cylinder length

(L) ¼ 10 m, breadth (B) ¼ 2 m, draft (T) ¼ 1 m).
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the added mass for each section and the maximum difference
can occur at the end section due to the tip effect.

Aj
d ¼

Aj
3D

Aj2D

ð32Þ

where j denotes the section number of the body.
Table 1 lists the heave added mass coefficients of an ellipse

sectional cylinder for various shape dimensions. Using
HOBEM, the added mass coefficients were calculated at each
segment of the whole body for 24 cases of various L/B and B/
T ratios (Table 1). Based on the given body dimensions, the
added mass coefficient of an arbitrary ship section can be
obtained by interpolation. Fig. 4 shows the tip parameter of the
added mass coefficients for the given 24 cases (left figure) and
the interpolated tip parameter for all cases within a given
range of body dimensions (right figure).

The added mass with tip effect at the end of body, which
will be applied to the equation of motion, can be obtained by
multiplying the tip parameter and the 2D-based calculation by
the Lewis form method. Therefore, the final added mass co-
efficient can be calculated as

ajnew ¼ Aj
d$a

j
2D ð33Þ

where Aj
d is the tip parameter obtained by Fig. 4 (right figure),

aj2D denotes the sectional added mass calculated using Lewis
form method.

3. Numerical results and discussion

3.1. First- and second-order VBM response spectrum

Using short term analysis, the first- and second-order ver-
tical bending moments (VBM) were calculated with incoming
irregular waves. The PM spectrum as an input wave spectrum
was chosen as having a significant wave height of 6.0 m and a
zero crossing period of 8.696 s. Fig. 5 shows the input wave
spectrum with respect to the encounter frequency. Each
component of the VBM response spectrum in irregular waves
was obtained and compared with the results reported by Jensen
and Dogliani (1996).

Fig. 6 shows the first-order VBM of Flokstra container ship.
The maximum value of VBM occurs at the hogging and
sagging condition near 1 rad/sec. Because the resonance fre-
quency of the ship is approximately 4.5 rad/sec, the second
peak of VBM occurs at the same frequency.

The second-order VBM of the Flokstra container ship was
also compared in Fig. 7. The sum-frequency component is
shown in the left figure and the difference frequency compo-
nent is in the right figure. The low frequency peak near 1 rad/
sec can occur due to the interaction of the ship dimension with
the incident wave length. The second high frequency peak
(second peak) near 4.5 rad/sec may be due to the resonance
between the natural frequency of the ship hull girder and the
incident wave frequency, which is called springing. The
maximum value of second-order VBM at the peak frequency
is different from the result reported by Jensen and Dogliani
(1996), which may be due to the effects of the FroudeeKry-
lov force. The calculation of the FroudeeKrylov force is quite
sensitive to the change in sectional slope at the water line.
Therefore, the first-peak at the second-order sum-frequency
VBM shows a large deviation (Fig. 7, left), even if the absolute
magnitude of the second-component is smaller than that of the
first-order component.

Fig. 8 shows a comparison of the total VBM (first-
order þ second-order components) with the first-order
component only. The first peak of VBM, which is due
mainly to the first-order component, shows no difference be-
tween the total component and the first -order component. As
observed in Fig. 7, the magnitude of the second-order sum-
frequency component at the first peak frequency is quite small
compared to the first-order term. Therefore, the effect of the
second-order term at the first resonant frequency on the total
VBM is not significant. On the other hand, the magnitude of
the second resonant peak of VBM at a frequency of 4.5 rad/sec
is different from the first-order component, which is called
springing. Therefore, the effects of the second-order term at
the second resonant frequency should not be ignored when
predicting the high-order vibration of a hull girder.

Fig. 3. Heave added mass coefficients at an infinite frequency for an ellipse

sectional cylinder using 3D-HOBEM and WAMIT (Same body dimension as

Fig. 2).

Table 1

Heave added mass coefficients of an ellipse sectional cylinder for various

shape dimensions (Same body dimension as Fig. 2).

B/T L/B Added mass B/T L/B Added mass

1 5 1580 3 5 46480

6 1959 6 56976

7 2375 7 67696

8 2753 8 78164

9 3139 9 88598

10 3527 10 98988

2 5 13527 4 5 110695

6 16623 6 135456

7 19837 7 160485

8 22954 8 184776

9 26073 9 209075

10 29190 10 233214
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3.2. Comparison of the natural frequency for two-node
vibration

To evaluate the 3D-effect of fluid motion, the VBM of a
barge in regular waves were compared with other methods. In
Fig. 9, the first-order VBM of USPRIN (quadratic strip theory)
was compared with those of USPRIN with a J-factor inclusion
(USPRIN þ J). These results were also compared with the
results of the tip-effect (USPRIN þ tip) having the variation of
added mass along the longitudinal ship sections. Moreover, the
results of a fully coupled 3D BEM with the FEM method by
Kim and Kim (2014) (SNU) were compared with those of the
present methods. Two peak areas in the first-order VBM were
found in the response spectrum (Fig. 9). The first peak at a low
frequency near 1 rad/sec can be explained as the interaction of
the ship dimension with the incident wave length. The second
high frequency peak near 3e4 rad/sec may be due to the
resonance between the natural frequency of a ship hull girder
and the incident wave frequency, which is called springing. All
calculated results except for the results of SNU clearly show
the resonance phenomenon at a high frequency. The magni-
tude of the second peak is greater than that of the first peak.
The second peak of VBM with the J-factor is located at higher
frequencies than that of the other methods. The first peak value
between SNU and USPRIN results are somewhat different.
From Jensen (2001), the first peak of VBM of a ship should be
0.015 to 0.025. However, the value may vary in the prediction
of VBM calculation because of the effect of ship velocity and
relevant encounter frequency change. Therefore, the difference
may be caused by the extent of velocity effect of a barge in the
numerical calculation.

Fig. 10 compares the first-order VBM of a 10,000 TEU
container ship. Two peak areas of the VBM response spectrum
are clearly observed. In the low frequency area, the calculated
results agreed with the experimental data. The experimental
data also shows the second peak of VBM response spectrum.
However, due to the difficulty in measurement at high fre-
quency and its uncertainties, the magnitude of the second peak
is not clearly observed compared to the other numerical re-
sults. In general, the area of the spectrum at the second peak is
expected to be small. Therefore, the results of various nu-
merical methods except for SNU's show a relatively small

Fig. 4. Interpolation of the tip parameter of added mass coefficients for various ratios of the body dimensions.

Fig. 5. Input wave spectrum (PM spectrum) with respect to the encounter

frequency.

Fig. 6. First-Order VBM of Flokstra container ship at mid-ship section in

irregular waves (PM spectrum).
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spectrum area and their peak frequencies vary according to the
respective conditions. Overall, the J-factor and the variation of
added mass at the end section (3D tip effect) have a certain
degree of influence on the location of the second peak.
Therefore, the 3D effect of the added mass should be
considered when predicting the second-order dynamic
behavior of a large container ship. Further study on the veri-
fication of the hull girder vibration and a comparative study
for various ships are needed.

4. Conclusions

In this study, to predict the high-order hull girder vibra-
tion caused by ship springing in irregular waves, a simple
and reliable calculation method was developed based on 2D

quadratic strip theory using the Timoshenko beam approach
as an elastic hull girder. The second-order hydrodynamic
forces and FroudeeKrylov forces were applied as the
external force on a ship. To improve the accuracy of 2D strip
theory, the effects of a variation of the added mass along the
ship hull longitudinal direction was evaluated. The J-factor
was also applied to the strip theory to compensate for
the effects of 3D fluid motion on the hydrodynamic
coefficients.

Using the developed method, the first- and second-order
VBM of mid-ship section at a Flokstra container ship in
irregular waves were calculated and their VBM components
were compared with the results reported by Jensen and
Dogliani (1996). The effects of the second-order VBM
component should not be ignored at the second resonant fre-
quency to predict the high-order vibration of the hull girder.

The effects of the J-factor and the variation of added mass
at the end section (tip parameter) on a ship response were

Fig. 7. Second-order component of the VBM of a Flokstra container ship at the mid-ship section: sum-frequency component (left) and difference-frequency

component (right).

Fig. 8. Comparison of the total (1st þ 2nd VBM) and first-order VBM of

Flokstra container ship at the mid-ship section in irregular waves (PM

spectrum).

Fig. 9. Comparison of the first-order VBM of a barge ship at the mid-ship

section using various methods (Barge dimension: length ¼ 60 m,

breadth ¼ 10 m, draught ¼ 4 m, displacement ¼ 1200 ton).
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evaluated. They were used to calculate the VBM of a uniform
ship (barge) and a 10,000 TEU container ship, respectively.
These parameters influenced the location of the second peak of
the VBM of ships. Therefore, they should be considered to
predict the second-order dynamic behavior of a large container
ship. Further study to verify the hull girder vibration and a
comparative study for various ships will be needed.
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