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Abstract

In this paper, a numerical procedure for the natural vibration analysis of plates with openings and carlings based on the assumed mode
method is extended to assess their forced response. Firstly, natural response of plates with openings and carlings is calculated from the
eigenvalue equation derived by using Lagrange's equation of motion. Secondly, the mode superposition method is applied to determine frequency
response. Mindlin theory is adopted for plate modelling and the effect of openings is taken into account by subtracting their potential and kinetic
energies from the corresponding plate energies. Natural and frequency response of plates with openings and carlings subjected to point excitation
force and enforced acceleration at boundaries, respectively, is analysed by using developed in-house code. For the validation of the developed
method and the code, extensive numerical results, related to plates with different opening shape, carlings and boundary conditions, are compared
with numerical data from the relevant literature and with finite element solutions obtained by general finite element tool.
Copyright © 2016 Production and hosting by Elsevier B.V. on behalf of Society of Naval Architects of Korea. This is an open access article
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Rectangular plates with openings are frequently found in
engineering structures. The openings are made for many rea-
sons, as for instance saving weight, venting, altering the nat-
ural frequencies and providing accessibility to other parts of
the structures (Lee et al., 1990; Cho et al., 2013).

Literature reviews on vibration analysis of plates with
openings are available in Kwak and Han (2007) and Cho et al.
(2013) where different approaches are discussed. Experimen-
tally obtained natural frequencies of rectangular plates with

elliptical inner boundaries are reported by Nagaya (1981).
Hegarty and Ariman (1975) investigated free vibration of
rectangular plates with circular openings by a least-squares
point-matching method. Application of the finite difference
method to the above problem can be found in Paramasivam
(1973), Aksu and Ali (1976). Different variants of Rayleigh-
Ritz method are presented by Ali and Atwal (1980), Lam
et al. (1989), Lee et al. (1990), Mundukur et al. (1994),
Grossi et al. (1997), Laura et al. (1997), and Avalos and
Laura (2003). There are also many papers where the finite
element method (FEM) is applied to dynamic response anal-
ysis of plates with openings (Monahan et al., 1970; Ali and
Atwal, 1980; Reddy, 1982; Chang and Chiang, 1988).
Huang and Sakiyama (1999) and Sakiyama et al. (2003)
treated the opening in the plate as an extremely thin part of
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the plate. In this way, a plate with an opening was turned out to
be the plate with non-uniform thickness. In that study, the case
of the plate with circular, semi-circular, elliptic, square, rect-
angular, triangular, rhombic opening were studied by applying
the discrete Green function of the plate. Recently, Huang
(2013) investigated effects of constraints, circular opening
and in-plane loading on vibration of rectangular plates. Also,
Chen et al. (2014) analysed flexural and in-plane vibration of
elastically restrained thin rectangular plates with openings
using ChebysheveLagrangian method. The above state-of-the
art clearly indicates that vibration of plates with openings still
represent an interesting and important topic. As explained by
Cho et al. (2013), nowadays FEM is probably most important
method in practical engineering, but its application still suffers
from some drawbacks. A rather time-consuming model prep-
aration is pronounced, that makes FEM appropriate only for
final structure checks, when all dimensions and boundary
conditions are known.

On the other hand, although the natural vibration analysis
provides an insight in the dynamic behaviour of structures, it is
often necessary, especially in ships and offshore units sub-
jected to external vibration sources, to check compliance of
vibration amplitudes with the prescribed criteria. Hence, this
investigation is motivated with the aim to provide very simple,
fast and accurate method, capable of analysing forced
response of plates with openings and carlings.

A simplified energy-based method for the natural vibration
analysis of Mindlin plates with openings and arbitrary
boundary conditions is presented by Cho et al. (2013). The
procedure is based on the assumed mode method (Chung
et al., 1993; Kim et al., 2012; Cho et al., 2014, 2015), and it
can be applied to plates with multiple free-edge openings,
arbitrarily placed within the plate area. As indicated above,
this paper extends application of the developed procedure to
the forced vibration analysis of such structures under point
forced excitation and boundary displacement load, by using
the mode superposition method. Furthermore, in the mathe-
matical model the effect of carling is introduced, as a novelty.
Namely, in ships and offshore structures, in the vicinity of
openings and below heavy equipment carlings are fitted to
prevent local deformation, and at the same time they influence
the structure dynamic properties.

Since the natural vibration analysis is a prerogative for the
forced response calculation by using the mode superposition
method, in the next section the assumed mode method is
briefly outlined. In the third section, forced response assess-
ment is described and it is followed by extensive illustrative
examples considering plates with different openings, carlings
and boundary conditions. Comparisons with other available
methods confirmed high accuracy of the presented procedure.

2. Natural vibration of plates with openings and
carlings e assumed mode method

In this mathematical model the Mindlin thick plate theory
which takes shear influence and rotary inertia into account
(Mindlin et al., 1956) is adopted. It operates with three general

displacements, i.e. plate deflection w, and angles of cross-
section rotation about the x and y axes, jx and jy, respec-
tively. In the formulation of the eigenvalue problem,
Lagrange's equation is applied. In this sense, it is necessary to
express system potential energy, V, and kinetic energy, T,
respectively, in a convenient manner (Kim et al., 2012; Cho et
al., 2013, 2014, 2015). One can write for a plate with opening
and carlings:

V ¼ Vp þVc �Vo; ð1Þ

T ¼ Tp þ Tc � To: ð2Þ

where Vp is the plate potential energy, Vc represents the po-
tential energy of carlings and Vo is the potential energy of
openings. Similarly, Tp is the plate kinetic energy and Tc and
To are the kinetic energies of the carlings and openings,
respectively.

The assumed mode method is applied to analyse the natural
flexural vibrations. Lateral displacement and rotational angles
can be expressed by superposing the products of the orthog-
onal polynomials:

wðx;h; tÞ ¼
XM
m¼1

XN
n¼1

amnðtÞXmðxÞYnðhÞ; jxðx;h; tÞ

¼
XM
m¼1

XN
n¼1

bmnðtÞQmðxÞYnðhÞ; jhðx;h; tÞ

¼
XM
m¼1

XN
n¼1

cmnðtÞXmðxÞFnðhÞ ð3Þ

where x ¼ x/a and h ¼ y/b. Xm(x), Yn(h), Qm(x) and Fn(h) are
the orthogonal polynomials to represent deflections and rota-
tion angles satisfying the specified elastic edge constraints
with respect to x and h, respectively. Furthermore, amn(t),
bmn(t) and cmn(t) are the influence coefficients of orthogonal
polynomials. Also, M and N are the number of orthogonal
polynomials used for an approximate solution in the x and h

directions, respectively.
Lagrange's equation of motion reads:

d

dt

�
vT

v _qi

�
� vT

vqi
þ vV

vqi
¼ 0; ð4Þ

where

fqðtÞg ¼ fa11…aMN b11…bMN c11…cMNgT : ð5Þ
If Eqs. (1) and (2) are substituted into (4) the discrete

matrix equation with 3 � M � N degrees of freedom is ob-
tained as the following equation:

½M�
�
v2qðtÞ
vt2

�
þ ½K�fqðtÞg ¼ 0; ð6Þ

where [M] and [K] are the mass and the stiffness matrix,
respectively. Their constitution using characteristic orthogonal
polynomials is described in detail by Kim et al. (2012).
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Furthermore, Eqs. (1) and (2) can alternatively be written in
the following form:

V ¼ 1

2

X3MN

i¼1

X3MN

j¼1

kijqiðtÞqjðtÞ; T ¼ 1

2

X3MN

i¼1

X3MN

j¼1

mij _qiðtÞ _qjðtÞ; ð7Þ

where kij and mij are the coefficients of stiffness and mass for
the plate or stiffened panel, respectively.

If one assumes harmonic vibrations, i.e.

fqðtÞg ¼ fQgejut; wðx;h; tÞ ¼Wðx;hÞejut; jxðx;h; tÞ
¼Jxðx;hÞejut; jhðx;h; tÞ ¼Jhðx;hÞejut ð8Þ

Equation (6) leads to an eigenvalue problem which gives the
natural frequencies and eigenvectors of the system, where j is
the imaginary unit and u represents the angular frequency. The
mode shape corresponding to each natural frequency is then
obtained from Equation (3). As mentioned above, the
orthogonal polynomials corresponding to the target model
should be applied, and here the characteristic polynomials
having the properties of Timoshenko beam functions which
satisfy the specified edge constraints are used (Kim et al.,
2012; Cho et al., 2013, 2015):

Z1
0

ðrAWmWn þ rIJmJnÞdz¼
�
0; msn
1; m¼ n

ð9Þ

where W and J represent transverse displacement and rota-
tional angle, respectively. In addition, r is the plate material
density, A is the cross-sectional area and I is the moment of
inertia of the corresponding beam. The complete derivation of
the polynomials can be found in Kim et al. (2012).

After the mathematical model for natural vibration analysis
is presented, corresponding plate, opening and carling en-
ergies, respectively, are listed. According to Kim et al. (2012),

Cho et al. (2013, 2014, 2015), and by introducing the non-
dimensional parameters a ¼ a/b and S ¼ kGh/D for a rect-
angular plate of length a and width b, Fig. 1, potential and
kinetic energies, respectively, yield:

Vp ¼ D

2a

Z1
0

Z1
0

2
4�vjx

vx

�2

þ a2

�
vjh

vh

�2

þ 2na
vjx

vx

vjh

vh

þ 1� n

2

�
a
vjx

vh
þ vjh

vx

�2

þ S

 �
vw

vx
� ajx

�2

þ a2

�
vw

vh
� bjh

�2
!#

dxdhþ
Z1
0

�
KRx1j

2
xð0;hÞ

þ SKTx1w
2ð0;hÞ�dhþ a2

Z1
0

h
KRy1j

2
hðx;0Þ

þ SKTy1w
2ðx;0Þ

i
dxþ

Z1
0

�
KRx2j

2
xð1;hÞ

þ SKTx2w
2ð1;hÞ�dhþ a2

Z1
0

h
KRy2j

2
hðx;1Þ

þ SKTy2w
2ðx;1Þ

i
dx; ð10Þ

Tp ¼ rab

2

Z1
0

Z1
0

"
h

�
vw

vt

�2

þ h3

12

�
vjx

vt

�2

þ h3

12

�
vjh

vt

�2
#
dxdh:

ð11Þ
In the above expressions D represents plate flexural rigidity,

n is Poisson's ratio, KTx1 ¼ ðkTx1a=kGhÞ, KTx2 ¼ ðkTx2a=kGhÞ,
KTy1 ¼ ðkTy1b=kGhÞ and KTy2 ¼ ðkTy2b=kGhÞ are non-
dimensional stiffness at x ¼ 0, x ¼ a, y ¼ 0 and y ¼ b,
respectively, and correspond to the translational spring con-
stants per unit length kTx1, kTx2, kTy1 and kTy2. In the same
manner, KRx1 ¼ ðkRx1a=DÞ, KRx2 ¼ ðkRx2a=DÞ,
KRy1 ¼ ðkRy1b=DÞ and KRy2 ¼ ðkRy2b=DÞ are non-dimensional
stiffness for the rotational spring constants per unit length kRx1,
kRx2, kRy1 and kRy2 at boundaries, respectively.

In similar way, potential and kinetic energy of the rectan-
gular opening shown in Fig. 2a, respectively, yield:

Vro ¼ D

2a

Zyroþbro

yro�bro

Zxroþaro

xro�aro

"�
vjx

vx

�2

þ a2

�
vjh

vh

�2

þ 2na
vjx

vx

vjh

vh

þ 1� n

2

�
a
vjx

vh
þ vjh

vx

�2

þ S

 �
vw

vx
� ajx

�2

þ a2

�
vw

vh
� bjh

�2
!#

dxdh

ð12Þ
Fig. 1. Schematic of the considered thick rectangular plate.
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Tro ¼ rab

2

Zyroþbro

yro�bro

Zxroþaro

xro�aro

"
h

�
vw

vt

�2

þ h3

12

�
vjx

vt

�2

þ h3

12

�
vjh

vt

�2
#
dxdh; ð13Þ

and for elliptic opening, Fig. 2b:

Veo ¼ D

2a

Zyeoþbeo

yeo�beo

Zxeoþaeo

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

�
h�yeo
beo

�2
s

xeo�aeo

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

�
h�yeo
beo

�2
s

"�
vjx

vx

�2

þ a2

�
vjh

vh

�2

þ 2na
vjx

vx

vjh

vh
þ 1� n

2

�
a
vjx

vh
þ vjh

vx

�2

þ S

 �
vw

vx
� ajx

�2

þ a2

�
vw

vh
� bjh

�2
!#

dxdh

ð14Þ

Teo ¼ rab

2

Zyroþbro

yro�bro

Zxeoþaeo

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

�
h�yeo
beo

�2
s

xeo�aeo

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

�
h�yeo
beo

�2
s

"
h

�
vw

vt

�2

þ h3

12

�
vjx

vt

�2

þ h3

12

�
vjh

vt

�2
#
dxdh:

ð15Þ
For the circular opening, Eqs. (14) and (15) are valid, where

semi-axes of the ellipse should be equalized. Also, as
explained in Cho et al. (2015), potential and kinetic energies
of an oval opening are obtained by combining expressions for
rectangular and elliptic (circular) openings.

Potential and kinetic energies of carlings, Vc and Tc,
respectively, Fig. 3, are formulated by adopting Timoshenko
beam theory and yield:

Vc ¼ a

2

Xnx
r¼1

2
4Zbx

ax

(
EIxr

�
vjx

vx

�2

þKxrAwxrG

�
vw

vx
�jx

�2

þGJxr

�
vjh

vx

�2
)

h¼hr

dx

#
þ b

2

Xny
r¼1

2
4 Zbh

ah

(
EIyr

�
vjh

vh

�2

þKyrAwyrG

�
vw

vh
�jh

�2

þGJyr

�
vjx

vh

�2
)

x¼ xr

dh

#

ð16Þ

Tc ¼ a

2

Xnx
r¼1

2
4Zbx

ax

(
rIRxr

�
vjx

vt

�2

þ rAwxr

�
vw

vt

�2
)

h¼hr

dx

3
5

þ b

2

Xny
r¼1

2
4 Zbh

ah

(
rIRyr

�
vjh

vt

�2

þ rAwyr

�
vw

vt

�2
)

x¼xr

dh

3
5:
ð17Þ

where nx and ny represent the number of carlings in the x and y
direction, respectively. K is the shear coefficient, and Aw and IR
are the cross-sectional area and the rotary moment of inertia of
the stiffener cross-section, respectively. Further, GJ is
torsional rigidity while EI is the bending rigidity of the
carling.

3. Forced vibration of plates with openings and carlings e
mode superposition method

Forced response of plates with openings and carlings is
analysed by mode superposition method. The procedure is
originally developed for application in ships and offshore
units, where local structural members can be exposed to point
excitation of the equipment (such as pumps, motors, etc.), or

Fig. 2. Rectangular plates with arbitrarily placed rectangular and elliptic openings.
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can be connected to some larger structures, and consequently
subjected to enforced displacement/acceleration at its
boundaries.

3.1. Vibration of plates with openings and carlings
subjected to point force excitation

In mode superposition method the dynamic response is
represented by linear combination of structure's natural modes.
The dynamic force equilibrium equation of a plate structure
subjected to point excitation force reads:

½M�f€qgþ ½C�f _qgþ ½K�fqg ¼ fBgejut; ð18Þ
where [M], [C] and [K] are mass, damping and stiffness
matrices, respectively, {q} is displacement vector, and {B} is
harmonic load vector. The above quantities in Eq. (18) can be
normalized using the mode matrix of J eigenvectors obtained
within the natural vibration analysis:

½u� ¼ ½fug1;fug2;fug3; :::;fugJ �; ð19Þ
and one can write:

½u�T ½M�½u�	€N
þ ½u�T ½C�½u�	 _N

þ ½u�T ½K�½u�fNg ¼ ½u�TfBgejut:

ð20Þ
In this way the modal mass matrix becomes a J � J unit

matrix with the corresponding modal stiffness matrix equal to
the eigenvalue matrix. By assuming the proportional damping,
the set of coupled equations of motion can be transformed into
J uncoupled equations of motion in modal coordinates:

€Nr þ 2urzr _Nr þu2
rNr ¼ fugTr fBgejut; r ¼ 1;2;3;/;J ð21Þ

where Nr is a modal coordinate. The values of the modal
damping factors zr are assumed on the basis of providing
damping that is characteristic for the type of structure
considered.

Meanwhile, when a harmonic excitation force vector
fFgP ¼ fF0;Mx;MhgTP is applied to a point P within the plate

area, the generalized force vector {B}P in the generalized
coordinates {q(t)} is expressed as:

fBgP ¼ ½Hðx;hÞ�TPfFgP; ð22Þ

where F0 is the out-of-plane excitation force magnitude and
Mx,Mh are the excitation moment magnitudes in x, h axes,
respectively. Hence, the steady-state response of arbitrary
point R is calculated as follows:

fzgR ¼

8><
>:

wðx;h; tÞ
jxðx;h; tÞ
jhðx;h; tÞ

9>=
>;

R

¼ ½Hðx;hÞ�RfqðtÞg

¼ ½Hðx;hÞ�R
 XJ

r¼1

fugrfugTr�
u2

r �u2 þ 2jzruru
�
!

� ½Hðx;hÞ�TPfFgPejut:

ð23Þ

3.2. Vibration of plates with openings and carlings
subjected to enforced displacement at boundaries

In case of plates subjected to uniform harmonic displace-
ment excitation at boundaries in z direction, Fig. 4, total
deformation consists of rigid body displacement and elastic
contribution:

wTðx;h; tÞ ¼ w0e
jut þwðx;h; tÞ

¼ w0e
jut þ

XM
m¼1

XN
n¼1

amnðtÞXmðxÞYnðhÞ ð24Þ

where w0e
jut is rigid body displacement and w(x,h,t) is elastic

displacement.
By substituting wT(x,h,t) into Eq. (11) and Eqs. (13), (15)

and (17), respectively, instead of w(x,h,t), kinetic energy of
the plate yields:

T ¼ TE þ T0; ð25Þ

Fig. 4. Transverse motion along the edges of the plate.

Fig. 3. Rectangular plate with carlings.
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where TE and T0 are kinetic energies due to elastic deforma-
tion and rigid body motion, respectively. Moreover, kinetic
energy due to rigid body motion consists of kinetic energy of
bare plate, Tp0, kinetic energy of carlings, Tc0, and subtracted
kinetic energy of openings, To0:

T0 ¼ Tp0 þ Tc0 � To0: ð26Þ
By substituting Eqs. (25) and (26) into Lagrange's equation

of motion, one can write

½M�f€qgþ ½C�f _qgþ ½K�fqg ¼ fB0gejut ð27Þ

fB0gT ¼
�
� v

vt

�
vT0

vA11

�
;/;� v

vt

�
vT0

vAMN

�
;0;/;0

�
; ð28Þ

where {B0} is inertia force vector of plate structure, consisting
of plate inertia, Bp0, carling inertia, Bc0, and subtracted
opening inertia Bo0:

�
Bp0

�
i�j

¼� v

vt

�
vTp0

vAij

�
¼ u2rabw0

Z1
0

Z1
0

hXiYjdxdh; ð29Þ

ðBc0Þi�j ¼� v

vt

�
vTc0

vAij

�
¼ u2rAwrxw0

Xnx
r¼1

Zbx
ax

	
XiYj



h¼hr

dx

þu2rAwryw0

Xny
r¼1

Zbh
ah

	
XiYj



x¼xr

dh:

ð30Þ

ðBo0Þi�j ¼
v

vt

�
vTc0

vAij

�
¼�u2rabw0

Xno
r¼1

8><
>:
Zyu
yl

Zxu
xl

hXiYjdxdh

9>=
>;

r

ð31Þ
where nx and ny represent total number of carlings in x and y
directions, respectively, no is total number of openings and xl,
xu, yl, yu are lower and upper bound of openings in x and y
directions, respectively, described in Eqs. (13) and (15).

Finally, the response of arbitrary point R can be calculated
as:

fzgR ¼
8<
:

wðx;h; tÞ
jxðx;h; tÞ
jhðx;h; tÞ

9=
;

R

¼ ½Hðx;hÞ�RfqðtÞg

¼ ½Hðx;hÞ�R
 XJ

r¼1

fugrfugTr�
u2

r �u2 þ 2jzruru
�
!
fB0gejut: ð32Þ

4. Illustrative examples

The developed procedure is verified with numerical ex-
amples related to vibration analysis of rectangular plates with
rectangular, elliptic, circular and oval free-edge openings. The
applied material properties and calculation data are given in
Table 1. Number of polynomials in x and h directions is
determined after convergence test presented in Appendix. The
designated boundary conditions of clamped, simple and free
are denoted by C, S and F, respectively, starting from x ¼ 0 in
the counter clockwise direction, and results obtained using the
developed procedure are denoted by PS (Present Solution).

4.1. Square plate with square opening

Frequency response analysis of a thin simply supported
square plate with square opening, subjected to point excitation
force is performed, Fig. 5. In the natural vibration analysis
solutions with 10 and 13 polynomials are obtained. In Table 2,
dimensionless frequency parameters m are compared with
Rayleigh solutions (Ali and Atwal, 1980), approximate solu-
tions and Richardson's extrapolation formula calculated by
Sakiyama et al. (2003), respectively, FEM results obtained by
Reddy (1982), and FEM results calculated by the authors
using NASTRAN software (MSC, 2010).

Frequency parameters m are calculated according to
following formula:

m¼ ua2
ffiffiffiffiffi
rh

D

r
; ð33Þ

where the value of natural frequency u is given in rad/s. In
spite of the fact that the method is developed to analyse only

Table 1

Material properties and calculation data.

Item Symbol Value

Young's modulus E 2.1 � 1011 N/m2

Material density r 7850 kg/m3

Poisson's ratio n 0.3

Shear correction factor k 5/6

Damping ratio z 0.01

No. of polynomials in x direction M 13

No. of polynomials in h direction N 13
Fig. 5. Square plate with square opening, subjected to point excitation force.
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lowest natural frequencies of plates with relatively small
openings, it gives acceptable results for higher modes and even
larger openings, as evident from Table 2.

The excitation force of 150 N is imposed at plate point P
(x ¼ 500 mm, y ¼ 750 mm). Frequency response is analysed
in the range from 0 Hz to 250 Hz, with increment of 0.1 Hz.
Plate resonant frequencies and velocities showing resonant
peaks at selected point P are shown in Table 3, where
acceptable agreement is achieved, in spite of the fact that point
P is placed at the opening edge, where local deformations may
be emphasized. Fig. 6 shows frequency response of the ana-
lysed plate, where also good agreement is obtained.

4.2. Rectangular plate with elliptic opening

Vibration analysis of a moderately thick rectangular plate,
h/a ¼ 0.1, having central elliptic opening and FFCC boundary

Table 2

Frequency parameters m of simply supported square plate with square opening.

Method Mode no.

1 2 3 4 5 6 7 8

Ali and Atwal (1980) 23.24 40.33 40.33 69.33 74.09 e e e

Extrapolation formula 22.34 39.50 39.56 68.79 75.14 111.37 111.91 144.11

Sakiyama et al. (2003), 12 � 12 21.35 41.49 41.49 74.18 86.66 127.30 127.30 155.25

Sakiyama et al. (2003), 16 � 16 21.79 40.61 40.64 71.81 81.52 120.20 120.45 150.32

Reddy (1982) 23.49 e e e 75.07 e e e

FEM (NASTRAN) 23.23 41.11 41.11 70.61 75.86 110.45 110.45 142.96

PS, 10 � 10 23.74 42.83 42.83 72.85 89.18 120.30 120.30 147.80

PS, 13 � 13 23.62 42.06 42.06 72.46 80.06 115.84 115.84 145.81

Table 3

Resonant frequency and velocity at resonance of square plate with square

opening, subjected to point excitation force.

Mode no. Resonant frequency (Hz) Velocity at resonance (mm/s)

PS FEM Diff. (%) PS FEM Diff. (%)

1 58.83 57.87 1.66 1678.18 1692.77 �0.86

3 104.77 102.40 2.31 1706.74 1801.53 �5.26

5 199.43 188.96 5.54 822.37 869.50 �5.42

Fig. 6. Frequency response of square plate with square opening, subjected to

point excitation force, at P (x ¼ 500 mm, y ¼ 750 mm).

Fig. 7. Rectangular plate with elliptic opening, subjected to enforced accel-

eration at boundaries.

Table 4

Resonant frequency and velocity at resonance of rectangular plate with elliptic

opening, subjected to enforced acceleration at boundaries.

Mode no. Resonant frequency (Hz) Velocity at resonance (mm/

s)

PS FEM Diff. (%) PS FEM Diff. (%)

1 236.78 236.01 0.33 14.77 14.78 �0.07

2 641.07 643.67 �0.40 2.18 2.22 �1.80

3 1031.25 1039.59 �0.80 2.81 2.98 �5.70

Fig. 8. Frequency response of rectangular plate with elliptic opening, subjected

to enforced acceleration at boundaries, at Pðx ¼ 1000 mm; y ¼ 0 mmÞ.
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conditions is performed, Fig 7. The plate is subjected to
enforced acceleration of 200 mm/s2 at boundaries. Frequency
response is analysed in the range from 0 Hz to 1200 Hz, with
increment of 1.0 Hz. Resonant frequencies and velocities
showing resonant peaks at selected point P (x ¼ 1000 mm,
y ¼ 0 mm) are given in Table 4, where excellent agreement
with FEM results is obtained. Frequency response of point P is
presented in Fig. 8, where differences with FE results are
barely visible in the vicinity of third resonant peak only. For

illustration, the mode shapes of rectangular plate with elliptic
opening are shown in Fig. 9.

4.3. Square plate with circular opening

A square plate with arbitrarily placed circular opening and
CCSS boundary conditions is subjected to point excitation
force, Fig. 10. Frequency response is analysed in the range
from 0 Hz to 1000 Hz, with increment of 0.5 Hz. The results
are presented in Table 5. In this case also very good agreement
with FEM results is obtained, both in case of plate resonant
frequencies and velocities showing resonant peaks of point P
(x ¼ 500 mm, y ¼ 500 mm).

4.4. Rectangular plate with multiple oval openings and
carlings

Vibration of clamped plate with two oval openings and
carlings that are often present in ships and offshore structures

Fig. 9. Mode shapes of rectangular plate with elliptic opening.

Table 5

Resonant frequency and velocity at resonance of square plate with circular

opening, subjected to point excitation force.

Mode no. Resonant frequency (Hz) Velocity at resonance (mm/s)

PS FEM Diff. (%) PS FEM Diff. (%)

1 200.51 197.27 1.64 161.31 163.18 �1.15

2 443.48 436.23 1.66 14.88 15.49 �3.94

5 825.83 804.86 2.61 58.69 60.22 �2.54

Fig. 10. Square plate with circular opening, subjected to point excitation force.

Fig. 11. Rectangular plate with oval openings and carlings, subjected to

enforced acceleration at boundaries.
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is further analyzed, Fig. 11. The carlings are flat bars with
height and thickness 150 mm and 12 mm, respectively. The
plate is subjected to enforced acceleration at boundaries and
its frequency response is analysed in the range from 0 Hz to
110 Hz, with increment of 0.5 Hz. Resonant frequencies and
corresponding velocities of selected point P (x ¼ 3000 mm,
y ¼ 2000 mm) are given in Table 6. Also, frequency response
of the selected point and corresponding plate natural modes
are shown in Figs. 12 and 13. The obtained results agree well
with FEM solutions.

It is evident from the above numerical examples that
developed procedure, based on the assumed mode method and
mode superposition method for analyzing natural and forced
response, respectively, gives accurate results for all combina-
tions of boundary conditions, plate relative thicknesses, carl-
ings and different opening shapes, and their sizes and
placements within the plate area.

5. Conclusion

In this paper, a simple and efficient procedure for the nat-
ural vibration analysis of plates with free-edge openings is
extended to assess their forced response. In the basic mathe-
matical model, the effect of carling is also introduced. The
method is very similar to Rayleigh-Ritz approach, but instead
of minimizing energy functional, Lagrange's equation of mo-
tion is used to formulate eigenvalue problem, that further gives
natural response. Mode superposition method is utilized to
analyse plate response under point excitation force and edge
displacement loading, in the frequency domain. Based on the
presented mathematical model, the in-house code is devel-
oped, and in the paper, special attention is paid to its valida-
tion. Convergence test is performed to determine reasonable
number of approximation polynomials and the accuracy of
presented method is confirmed from comparisons with FEM
solutions and some results from the open literature.

As generally known, preparation of FE models is rather
time consuming, and when dynamic properties of plates with
various combinations of openings and carlings are investi-
gated, also having arbitrary sets of boundary conditions, the
analysis may become expensive. Therefore, this simple
method and developed computational tool are very helpful for
the designer to perform a number of comparative analyses
(with different computational setups) leading to single solution
which could be finally subject of FE analysis or similar.

If the system total potential and kinetic energies are
expressed in a convenient manner, the method can be further
applied to forced vibration analysis of stiffened panels with

Table 6

Resonant frequency and velocity at resonance of rectangular plate with oval

openings and carlings, subjected to enforced acceleration at boundaries.

Mode no. Resonant frequency (Hz) Velocity at resonance (mm/s)

PS FEM Diff. (%) PS FEM Diff. (%)

1 21.50 21.96 �2.09 66.61 67.04 �0.64

4 53.65 54.89 �2.26 11.16 11.48 �2.79

8 99.36 102.59 �3.15 4.56 4.72 �3.39

Fig. 12. Frequency response of rectangular plate with oval openings and

carlings, subjected to enforced acceleration at boundaries, at P (x ¼ 3000 mm,

y ¼ 2000 mm).

Fig. 13. Mode shapes of rectangular plate with oval openings and carlings.
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openings, as well as in the assessment of forced response of
plate structures in contact with fluid.
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Appendix. Convergence of the assumed mode method with
respect to the number of used polynomials

A numerical test is performed to analyze the convergence
of the assumed mode method with respect to the number of
used polynomials in x and h direction. Moderately thick
square plate, h/a ¼ 0.1, with central circular opening, where
2R/a ¼ 0.2, is considered. The first three natural frequencies
are compared with FEM results, and differences in percentage
are given in Fig. A1. The convergence tests indicate that 13
polynomials that are used in the above examples reflect the
reliable solution. It should be mentioned that FEM results are
dependent on the selected mesh density. However, in this case
a convergence test of the assumed mode method is performed,
after numerically stable finite element solution is achieved.
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