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THE METHOD OF REGULARIZATION RATIOS APPLIED TO

RECONSTRUCTIONS OF ELASTIC RIGID OBSTACLES VIA

THE FACTORIZATION METHOD

K.Kim, K.H.Leem, and G. Pelekanos

Abstract. In this paper, we propose an efficient regularization technique

(The Method of Regularized Ratios) for the reconstruction of the shape
of a rigid elastic scatterer from far field measurements. The approach

used is based on the factorization method and creates via Picard’s condi-

tion ratios, baptized Regularized Ratios, that serve to effectively remove
unwanted singular values that may lead to poor reconstructions. This is

achieved through the use of a sophisticated algorithm that progressively

adjusts an initially set moderate tolerance. In comparison with the well es-
tablished Tikhonov-Morozov regularization techniques our new algorithm

appears to be more computationally efficient as it doesn’t require compu-

tation of the regularization parameter for each point in the grid.

1. Introduction

It is well known that direct scattering problems have been treated by many
scientists and are connected with the solution of a boundary value problem
that shows how the presence of an obstacle affects the propagation of a known
time-harmonic incident wave. The properties of the obstacle that enter into
this scattering process are concerned with specific functions of directions far
away from the obstacle which are known as scattering amplitudes or far-field
patterns.

The book by Colton and Kress [6] constitutes an excellent source of informa-
tion on inverse problems.

Our aim in the present paper is to extend the method of regularization ratios
applied to the linear sampling method [6], initially introduced by Leem and
Pelekanos [13], for the reconstruction of sound soft obstacles to the more com-
plicated elastic scattering. In particular we will provide reconstructions of two
dimensional rigid objects excited by incident elastic waves. Our method will
utilize the ideas behind Kirsch’s factorization method [12]. The main idea of

Received January 18, 2016; Accepted January 30, 2016.
2010 Mathematics Subject Classification. 15A29, 45B05, 65J22, 65F22, 65M32, 65R20,

65R30.
Key words and phrases. Regularization.

c©2016 The Youngnam Mathematical Society
(pISSN 1226-6973, eISSN 2287-2833)

129



130 KIM, LEEM, AND PELEKANOS

the method is that the support of the scattering obstacle is obtained by solving
a vector integral equation of the first kind and noting that a specific norm be-
comes unbounded as a point lying on a rectangular grid containing the scatterer
approaches the boundary from inside.

Kirsch’s factorization method is well known to yield an ill posed far field
equation customarily solved via Tikhonov regularization with the regularization
constant computed via Morozov’s discrepancy principle [7]. However, Morozov’s
discrepancy principle requires the computation of the zeros of the discrepancy
function at each point of the grid, a process that is time-consuming. Moreover,
the noise level in the data should be known a priori, something that in real life
applications is not the case in general. In order to avoid these problems, the
method of regularized ratios [13] will be applied to the ill posed far field equation
described above and will yield faster reconstructions without a-priori knowledge
of the noise level in the data. In general, the method of regularized ratios can
be viewed as a systematic, efficient and sophisticated way, to eliminate useless
singular values that in many cases tend to ruin the quality of the reconstructions.

We organize our paper as follows. In Section 2 we first formulate the direct
scattering problem for a rigid obstacle excited by an incident elastic wave. Con-
sequently, Section 3 will deal with the formulation of the factorization method.
Finally, in Section 4 we will describe the method of regularization ratios under
the framework of the factorization method and we will show its effectiveness
through different reconstructions of a kite

2. Formulation of the problem

Let D ⊂ R2

denote a non penetrable obstacle which is an open, bounded
and simply connected domain. The domain D has a smooth boundary ∂D
of class C2 and is embedded in a infinite isotropic and homogeneous elastic
medium with Lame constants λ, µ and mass density ρ. We assume that the
wave propagation elastic medium supports longitudinal as well as transverse
waves; hence strong ellipticity conditions for the Lame constants are satisfied,
i.e., µ > 0, λ + 2µ > 0. The set D will be referred to as the scatterer and the

complement of D is the exterior domain denoted by De = R2 \D.
In what follows we assume time-spectral decomposition U(r, t) = u(r) e−iω t.

Therefore the governing equation of linearized elasticity that the displacement
field satisfies is the well known spectral Navier equation

c2s ∆u(r) + (c2p − c2s)∇∇ · u(r) + ω2 u(r) = 0 (1)

with ω being the angular frequency (denotes the Fourier dual variable of t),
and cp, cs are the phase velocities of the longitudinal and the transverse wave,
respectively, given by

cp =

√
λ+ 2µ

ρ
, cs =

√
µ

ρ
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In addition, the above phase velocities are connected with ω via the relations
ω = kpcp = kscs, where kp = 2π/λp and ks = 2π/λs are the wave numbers
for the longitudinal and the transverse waves, respectively, and λp, λs are the
corresponding wavelengths.

The well-known Helmholtz decomposition for the displacement field holds
and is expressed via the relation u(r) = up(r) + us(r), where up(r) is the
longitudinal part (P-wave), whereas us(r) the transverse part (S-wave). An
abbreviation form of the differential equation (1) for which the displacement
field satisfies in the exterior domain De is given by

(∆∗ + ρω2)u(r) = 0 (2)

where the linear differential operator ∆∗ is defined as

∆∗ = µ∆ + (λ+ µ)∇∇ · . (3)

We also define the surface stress operator (traction) on ∂D

T (r) = 2µ n̂r · ∇+ λ n̂r∇ ·+µ n̂r ×∇×, (4)

where n̂r is the outward unit normal vector on the C2− boundary ∂D at the
point r, and as usual the “ · ” denotes the scalar product, whereas the “ × ”
denotes the vector one. The superscript in relation (4) denotes the action of the
differential operator on the indicated variable (will be omitted from now on).

We now proceed with the scattering process, considering that our scatterer
is irradiated by an elastic plane wave of the form

uinc(r) = d̂ eikpr·d̂ + d̂⊥ eiksr·d̂, (5)

where d̂ is the direction of propagation and d̂⊥ the polarization vector with
d̂ ∈ Ω := {r ∈ R2 : | d̂ |= 1}.

Due to the plane wave incident field (5), the disturbance for the scatterer
D is expressed by the generation of a scattered field, denoted by usct. Then
the total field in the exterior domain De is denoted by utot, expressed as the
superposition of the incident field and the scattered wave, i.e.,

utot(r) = uinc(r) + usct(r), r ∈ De (6)

where the incident, the scattered and the total field satisfy Eq. (1). In addi-
tion the scattered field usct due to the Helmholtz decomposition is written as
usct(r) = usct,p(r) + usct,s(r), where the vector functions usct,p and usct,s are
the longitudinal (pressure) and transverse (shear) parts of usct, respectively.
The latter functions, satisfy the vector Helmholtz equations

(∆ + k2
p)usct,p(r) = 0, (∆ + k2

s)usct,s(r) = 0 r ∈ De (7)

with usct,p and usct,s being rotational and divergence-free, respectively.
From the mathematical point of view, we consider a direct scattering problem

which is described by the following boundary value problem:
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(BVP1): For a given scatterer D ⊂ R2 and an incident plane wave uinc, find

a solution usct ∈
[
C2(De)

]2 ∩ [C1(De)
]2

, such that

∆∗usct(r) + ρω2usct(r) = 0, r ∈ De (8)

usct(r) = 0, r ∈ ∂D (9)

lim
r→∞

√
r

(
∂usct(β)(r)

∂r
− ikβ usct(β)(r)

)
= 0, β = p, s, r := |r| (10)

Relations (10) are the so-called Kupradze radiation conditions [14], for the P
and S-components of the scattered field usct,p, usct,s, respectively, which hold
uniformly over all directions r̂ = r/r.

Remark. The solvability of the above direct scattering problem (8)-(10) can
be treated with analogous arguments (boundary integral equation approach) as
those used in [16]. Uniqueness, existence for solutions as well as regularity
results, can be proved for both smooth and Lipschitz boundaries. Since our aim
in the work at hand is the study of the corresponding inverse elastic problem,
we do not present these solvability results for the sake of brevity.

In what follows, we present the free-space Green’s dyadic of the Navier equa-

tion (1), Γ̃(r, r′), given by

Γ̃(r, r′) =
i

4
{ 1

µ
ĨH

(1)
0 (ks|r− r′|)

− 1

ρω2
∇r ⊗∇r

[
H

(1)
0 (kp|r− r′|)−H(1)

0 (ks|r− r′|)
]
} (11)

which satisfies the following equation

∆∗Γ̃(r, r′) + ρω2Γ̃(r, r′) = −Ĩ δ(r− r′), r, r′ ∈ R2 (12)

with δ(r− r′) being the Dirac measure concentrated at the point r. Exploiting
Betti’s formulae, an integral representation for the radiating solution usct ∈
[C2(De)]

2 ∩ [C1(De]
2 of the Navier equation is given by

usct(r) =

∫
∂D

[(
T r′ Γ̃(r, r′)

)>
· usct(r′)− Γ̃(r, r′) · T r′usct(r′)

]
ds(r′), (13)

where r ∈ De, “>” denotes transposition, and the superscript denotes the action
of the differential operator on the indicated variable. From (13) and using
asymptotic analysis, any radiating solution has the asymptotic behavior of the
form

usct(r) = u∞,p(r̂)
eikpr√
r

+ u∞,s(r̂)
eiksr√
r

+O(r−3/2), r = |r| → ∞, (14)

uniformly with respect to r̂ = r
r ∈ Ω. The functions u∞,p and u∞,s are the cor-

responding far-field patterns, defined on the unit circle Ω in R2, where u∞,p(r̂)
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is normal to Ω and u∞,s(r̂) is tangential to Ω, and are known as the P−part
(longitudinal) and the S−part (transverse) of the far-field pattern of usct.

3. The Factorization Method.

For convenience in dealing with the numerical formulation, we would like to
avoid the dyadic nature of the problem and hence we convert our equations in
vector form. To this end, if p ∈ Ω denotes the polarization of an elastic point-

source at any y0 ∈ R2, then Γ̃(r, y0) · p ≡ Γ(r, y0; p), r ∈ R2 \ {y0}. Using
asymptotic analysis, Γ(r, y0; p) can take the form

Γ(r, y0; p) = Γ∞,p(r, y0; p)
eikpr√
r

r̂

+Γ∞,s(r, y0; p)
eiksr√
r

r̂⊥ + O(r−3/2), r →∞ (15)

with r̂⊥ being the perpendicular vector to r̂. Hence

Γ∞(r, y0; p) = Γ∞,p(r̂, y0; p)r + Γ∞,s(r̂, y0; p)r̂ (16)

where the P (Γ∞,p(·, y0; p)) and S-part (Γ∞,s(·, y0; p)) of Γ∞(r, y0; p) are
given by

Γ∞,p(r̂, y0; p) =
1

λ+ 2µ

i+ 1

4
√
πkp

e−ikpr̂·y0 r̂ · p, (17)

Γ∞,s(r̂, y0; p) =
1

µ

i+ 1

4
√
πks

e−iksr̂·y0 r̂⊥ · p, (18)

respectively. Given that the far-field pattern u∞ is defined as

u∞ = u∞,p(r̂)r̂ + u∞,s(r̂)r̂⊥ (19)

we can rewrite equation (14) in a more convenient form by noting that u∞,p(r̂) =
u∞(r̂) · r̂ and u∞,s(r̂) = u∞(r̂) · r̂⊥ as

usct(r) = u∞,p(r̂) + u∞,s(r̂)r̂⊥ (20)

where u∞,p(r̂) and u∞,s(r̂) are computed via parametrization as in [11] after
we make the ansatz for the scattered field usc in the form

usc(r) =

∫
∂Ω

Γ(r, r′)φ(r′)ds(r′), r ∈ R3\Ω̄

with some function φ(r) ∈ L2(∂Ω)2.
We are now ready to formulate the (F ?F )1/4-method involving full far-field

patterns which we will use for the reconstruction of the boundary ∂D of the
rigid scatterer D.

We begin by introducing the incident field

υincg (r) = e−
iπ
4

∫
Ω

[√
kp
ω

gp(d̂) eikpr·d̂ +

√
ks
ω

gs(d̂) eiksr·d̂

]
ds(d̂) (21)
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The above relation refers to a superposition of plane waves over the unit cir-
cle Ω propagating in every direction. The density function g ∈ [L2(Ω)]2 and
its components gp, gs are known as the longitudinal and transverse Herglotz
kernels given by

gp(d̂) = gp(d) d̂, gs(d̂) = gs(d) d̂⊥ (22)

The far-field patterns of the scattered fields corresponding to the incident wave
υincg (see (21)), are expressed via the far-field operator F : [L2(Ω)]2 → [L2(Ω)]2

given by

(Fg)(r̂) = e−
iπ
4 [

∫
Ω

√
kp
ω

u∞(r̂, d̂, d̂) gp(d) ds(d̂)

+

∫
Ω

√
ks
ω

u∞(r̂, d̂, d̂⊥) gs(d) ds(d̂) ] (23)

where e−
iπ
4

√
kα
ω gα, α = p, s are the L2(Ω)-kernels, and r̂, d̂ denote the obser-

vation and incident directions, respectively. Hence Fg is the far-field pattern
for the scattering of the elastic Herglotz wavefunction with kernel g.

For the far-field pattern u∞, we introduce the following notation

u∞(·, d̂, d̂) = (u∞,p(·, d̂, d̂), u∞,s(·, d̂, d̂))

u∞(·, d̂, d̂⊥) = (u∞,p(·, d̂, d̂⊥), u∞,s(·, d̂, d̂⊥)) (24)

It is now apparent that the factorization method is employed to seek a density
g(., z,p), z ∈ D, such that

(F ?F )1/4g(., z; p) = Γ∞(., z; p) (25)

4. Numerical Results

For N pressure waves or N shear waves, incident from N directions dj =
(cosθj , sin θj) with θj = (2πj/N), we assume that the far-field equation (25)
is discretized as described in [11], giving rise to a system of 2N × 2N linear
equations

FDgz = b(z), FD ∈ C2N×2N , (26)

where b(z) is a discrete version of Γ∞ and FD is a discretized version of the
far-field operator (F ?F )1/4. We shall consider the reconstruction problem in
three cases: a) FF case based on the operator FD (full far-field pattern), b)
PP case based on the operator FDp (part of the far-field pattern corresponding

to N incident plane pressure waves), and c) SS case based on the operator FDs
(part of the far-field pattern corresponding to N incident plane shear waves). A
discretized version of FDp (resp. FDs ) can be extracted from FD by taking rows
1 (resp. N + 1) through N (resp. 2N) and columns 1 (resp. N + 1) through N
(resp. 2N) [11]. In all cases, for some chosen polarization vector and for each
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sampling point z ∈ RI 2, the profile of the object can be recovered by plotting the
indicator function

W =

 M∑
j=1

|α(z)
j |2

ηj

−1

(27)

where M = 2N in the FF case or M = N in the other cases, αj is the component

of b(z) along the jth right singular vector of F in the FF case, or the component
of b(z,p) (resp. b(z,s)) along the jth right singular vector of Fp in the other case

(resp. Fs), and ηj is the corresponding singular value. Here, b(z,p) (resp. b(z,s))

denotes the vector of N first (resp. last) components of b(z).
Reconstructions obtained via the factorization method are based on fact that

the values of W should be much smaller for z 6∈ D than for those lying within
D.

We begin the discussion of our approach by considering the norm of the
unregularized version of the solution i.e.

‖g‖2L2 =

M∑
j=1

|α(z)
j |2

ηj
. (28)

Our idea stems from the Picard condition [9]:

The exact SVD coefficients |α(z)
j | decay faster than the µj’s

as this will ensure that the solution for the ill-posed problem exists. More
detailed discussion about the effects of Picard’s condition in elastic scattering
can be found in [15].

Consequently we define

Vi =
1∑i

j=1

|α(z)
j |2
ηj

(29)

with i = 1, 2, · · ·M .
Our approach is based on the fact that if the ratios

Vi
V1
, i = 1, 2, · · ·M (30)

reach a certain tolerance, then a successful reconstruction will be achieved due
to the removal of small singular values. The problem here though is that if our
tolerance is very small we might include more eigenvalues than we need (and
in some cases all of them) with catastrophic consequences to the quality of the
reconstruction.

We hence begin by imposing a moderate tolerance of ε1 to (30) which we will
later adjust accordingly, i.e.

Vi
V1

< ε1, i = 1, 2, · · ·M (31)
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Figure 1. Exact profile of a kite (a), reconstruction of PP
case (b). reconstruction of SS case(c), reconstruction of FF
case (d).

In order to efficiently adjust the tolerance in (31) we introduce the following
quantity

ki =
η1

ηi
, i = 1, 2, · · ·M (32)

which represents the condition number of the matrix A, that results from the
discretized form of the far field operator F .

As soon as equation (31) reaches ε1 we check the corresponding ki. If it ex-
ceeds ε2 we stop, otherwise we reduce ε1 by half. The above process continuous
till ε2 is reached.

This algorithm is presented in ALGORITHM 4.1, and the variable nsv indi-
cates the number of singular values used for the image reconstruction. Moreover
we need to mention that the variable nsv is determined only once by using the z
that corresponds to discretization position (1,1). Consequently, this nsv is used
for all z’s in the grid to yield the image reconstruction. The authors noticed
that using all z’s to determine nsv did not change its original value and the
computational effort was significantly higher.
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Algorithm 4.1. Regularization ratios

nsv ←M
for i = 1, 2, · · · ,M

compute Vi
if Vi/V1 < ε1

if η1/ηi < ε2
ε1 ← ε1/2

else
nsv ← i
Break

endif
endif

endfor

For the numerical reconstructions we consider a uniform grid in the square
[2, 2] × [2, 2] containing the object, with 100 points in each direction, and use
noisy far-field matrices of order 64×64. The noise is introduced in the data via

F̃D = FD + ε‖F‖N, (33)

whereN is a random noise matrix normalized such that ‖N | = 1 and ε is an error
parameter which determines the amount of noise in the data. In our numerical
experiments we have chosen ε = 0.1 (relative noise level 1%). The reconstruc-
tions of a kite are shown in Figure 1 and illustrate the excellent performance of
the method of regularized ratios which doesn’t require (a )a-priori knowledge
of the noise level in the data and (b) the solution of discrepancy equations at
every point in the grid. Moreover, our reconstructions used approximately 35
singular values out of 64. This makes our method attractive for three dimen-
sional reconstructions which is work in progress. It is important to point out
here that ε1 establishes the basic information to start the image reconstruction,
whereas ε2 enforces an efficient number of eigenvalues to be used to fine tune
the image. In our numerical experiments we set ε1 = 10−7 and ε2 = 5 × 102.
By looking at Figure 1 it becomes obvious that the FF case produced better
reconstructions. We believe that this is due to the stronger singularities of the
P-part and S-part of the scattered field as z approaches the boundary from
outside. For more details we refer the reader to [11].
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