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1. INTRODUCTION 

 

In a heavy ion accelerator, the quadrupole magnets have to 

withstand radiation and heat loads. High-temperature 

superconductor (HTS) quadrupole magnets are suitable for 

application in such an environment [1]. For the iron-dominated 

HTS quadrupole magnet, a huge iron yoke, which is made 

using nonlinear magnetizing material, can change the 

characteristics of quadruple field when it was operated with 

varying field gradient for different particles [2]. To enhance the 

field quality and save the material of iron, an air-core triplet is 

designed, and compared with the iron-core triplet in this paper.  

Based on the solution of the Laplace equation in a 

cylindrical coordinate system, the magnetic flux density can be 

expressed as [3] 

 

 (1)  

 

where ρ is the radius, φ is the azimuthal angle, z is the 

coordinate in the longitudinal direction, and n is a 

non-negative integer for harmonic components. Bρ and Bφ 

are the magnetic flux densities in the radial and azimuthal 

direction, respectively. Bρn and Bφn are the multipole field 

components of Bρ and Bφ, respectively.  

 In quadrupole magnets, the 2φ (4-pole) component, 

Bρ2(ρ,z), is the main magnetic field, and the field 

inhomogeneity is composed of the 6φ component (12-pole), 

Bρ6(ρ,z), the 10φ (20-pole) component, Bρ10(ρ,z), and so on. 

The field quality of a quadrupole magnet is expressed by 

using higher-order components (order > 2) with respect to 

the 2φ component in a good field region [3-4]. 

In three-dimensional analysis, the uniformity is defined 

as Un = ∫Bρndz/∫Bρ2dz [5]. The effective length of the 

focusing area Leff is expressed as Leff = ∫Bρ2(z)dz/Bρ2(z = 0) 

[6]. U6, U10 and U14 must be checked to show the field 

quality for an HTS quadrupole magnet. The field gradient, 

G, is defined as Bρ2/ρ0, where ρ0 is the reference radius.  

Fig. 1 shows a designed iron-core HTS triplet which is 

constructed by three magnets, Q1, Q2, and Q3, where Q1 

and Q3 are actually same. The effective lengths of the 

triplet system are 550 mm, 900 mm, and 550 mm and the 

field gradients of the designed triplet are 12.1 T/m, 7.37 

T/m and 12.1 T/m at ρ0 = 105 mm for each quadrupole 

magnet. 

 
 

Fig. 1 An iron-core quadruple triplet. 
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Abstract 

 

In recent years, high-temperature superconductor (HTS) Quadruple Triplets are being developed for heavy ion accelerators, 

because the HTS magnets are suitable to withstand radiation and high heat loads in the hot cell of accelerators. Generally, an iron 

yoke, which costs a mass of material, was employed to enhance the magnetic field when a quadrupole magnet was designed. The 

type of the magnet is called iron-dominated magnet, because the total magnetic field was mainly induced by the iron. However, in 

the HTS superconductor iron-dominated magnets, the coil-induced field also can have a certain proportion. Therefore, the air-core 

HTS quadrupole magnets can be considered instead of the iron-core HTS quadrupole magnet to be employed to save the iron 

material. This study presents the design of an air-core HTS quadruple triplet which consists three by air-core HTS quadruple 

magnet and compare the design result with that of an iron-core HTS quadruple triplet. First, the characteristics of an air-core HTS 

quadrupole magnet were analyzed to select the magnet system for the magnetic field uniformity impairment. Then, the field 

uniformity was improved(< 0.1%) exactly using evolution strategy (ES) method for each iron-core HTS quadrupole magnet and the 

air-core HTS quadruple triplet was established. Finally, the designed air-core triplet was compared with the iron-core HTS 

quadruple triplet, and the results of beam trajectories were presented with both the HTS quadruple triplet systems to show that the 

air-core triplet can be employed instead of the iron-core HTS triplet. The design of the air-core quadruple triplet was suggested for 

a heavy ion accelerator. 
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2. ANALYSIS 

 

 2.1. Structure of HTS coil 

 The HTS quadrupole magnet is constructed by 2 or 3 

double-pancake (DPC) racetrack coils. For a DPC coil 

there are two windings. The structure of a DPC coil is 

shown in Fig. 2.  

 

 
 

 

Fig. 2. Structure of a DPC coil: (a) inner winding, (b) outer 

winding, and (c) schematic view of the section. 
 

TABLE I 

INITIAL PARAMETERS OF THE HTS COIL. 

Item Symbol  
Size 

n = 1 n = 2 n = 3 

Radius of coil(mm) Rcn 170 200 230 

Width of inner coil(mm) Win 300 356 412 

Width of outer coil(mm) Won 328 384 440 

Radius of corner(mm) Rcw  60  

Number of turns(mm) N  160  

Winding thickness(mm) Wt  N*0.22  

 

The minimum value of the coil radius is 137 mm 

considering the cooling structure. If the 1
st
 DPC coil is 

located at the coil radius 137 mm, the magnitude of the 6φ 

component from the 1
st
 DPC coil can be very large. To 

reduce the magnitude of the 6φ component from 1
st
 DPC 

coil, the initial parameters of three DPC coils are selected 

as shown in Table I for Q1 [2, 7, 8], where n is the order of 

the coils.  

 

2.2. Analysis on field uniformity and field gradient 

Win, Won, N, Rcn, and Rcw are undetermined parameters 

and selected as the design parameters. The field 

uniformities of three DPC coils with different coil radii 

analyzed with respect to Win, Won, and N. The operating 

current, Iop, is 400 A. Fig. 3 shows the field gradient and the 

uniformities with respect to N at Rc1 = 170 mm. Due to 

the paper length limitation, more curves cannot be shown 

here in detail. After analyzing three coils, three DPC coil 

system is selected for Q1 and the number of turns is decided 

as 160 for desired field gradient. 

Fig. 4(a) and 4(b) show the field gradient and 

uniformities with respect to the coil width of the two coils 

with Rc2 = 170 mm and Rc3 =200 mm. The study of [8] 

shows the method that U6 can be controlled by matching the 

6
th

 field components of the coil-induced field and the 

iron-induced field, because the signs of the 6
th

 field 

components from the coil-induced field and the 

iron-induced field are different in iron-dominated magnets.  

The sign of U6 from the coil-induced field can be 

changed when the coil width is changed as shown in Fig. 4. 

Therefore, the method in [8] can also be used in the design 

of the air-core HTS quadrupole magnet. For the 2
nd

 coil at 

Rc2 = 170 mm, Fig. 4(a) shows that the coil width should be 

increased to reduce the value of U10 and to make U6 a 

positive value. For the 3
rd

 coil at Rc3 = 200 mm, Fig. 4(b) 

shows that the coil width should be decreased to make U6 a 

negative value. If so, the values of U6 in the two coils can 

math each other to control the total value of U6. 

 

 
 

Fig. 3. Uniformities and field gradient with respect to the 

number of turns for 1
st
 coil. 

 

 
 

 
Fig. 4. Uniformities and field gradient with respect to coil 

width: (a) analysis of 1
st
 coil, and (b) analysis of 2

nd
 coil. 

(b) 

(b) 

 

 

(c) 

(a)  

(a)  Unit:mm 

36



 

Zhan Zhang, Shaoqing Wei, and Sangjin Lee 

 

 

2.2. Initial models 

After analyzing the three coils, the initial model of the 

HTS coils for Q1 can be designed as shown in Fig. 5(a). 

The 1
st
 coil has a larger width and a smaller radius. The 2

nd
 

and 3
rd

 coils have a smaller width and a larger radius. Then, 

the value of U6 from the 1
st
 coil is positive and the values of 

U6 from the 2
nd

 and 3
rd

 coils are negative. 

Using the same method, the initial model of the HTS 

coils for Q2 can be designed as shown in Fig. 5(b). Two 

DPC coils are necessary for Q2. 

 

 
 

Fig. 5. Schematic view of initial models: (a) Q1, (b) Q2. 
 

 

3. DESIGN 

 

3.1. Iron-core models 

According to the study in [7], the iron-core quadrupole 

magnets are also designed for comparison. Fig . 6 shows 

the structure of the designed iron-core quadrupole magnet 

for Q1. Fig . 7 shows the structure of the designed iron-core 

quadrupole magnet for Q2. Table II shows the uniformities 

of two iron-core quadrupole magnets. The values of |U6|+ 

|U10|+ |U14| in each quadrupole magnet are  less than 0.1%. 

 

3.2. Air-core models 

ES method [9] is used to improve the uniformity of the 

air-core quadrupole magnets. The constraints for the 

air-core quadrupole magnet for Q1 are expressed as 

 

(2) 

 

The design parameters are selected as 

 

x = [Rc1, Rc2, Rc3, Wi1, Wi2, Wi3, Wo1, Wo2, Wo3, Lc, Rcw](3) 

 

where Lc is the length of the HTS coil which was adjusted in 

a small range to satisfy the constraints of Leff. 

The design object function is expressed as 

 

(4) 

 

The design target is OF ≤ 0.1 % .The design result of the 

magnet for Q1 is shown in Table III. Using the above 

design method, the air-core quadrupole magnet, Q2, also 

can be designed with the same object function. Table II 

shows the result of the final model for Q2. The object 

function in two designed air-core quadrupole magnets are 

less than 0.1%. Fig. 8 shows the designed air-core 

quadruple triplet. 

 

 
 

Fig. 6. Structure of the designed Q1: (a) 1/8 section view of 

theiron yoke, (b) chamfer in 1/8 iron yoke, (c) size of the 

inner winding, and (d) size of the outer winding. 

 

 
 

Fig. 7. Structure of the designed Q2: (a) 1/8 section view of 

the iron yoke, (b) chamfer in 1/8 iron yoke, (c) size of the 

inner winding, and (d) size of the outer winding. 

 
TABLE II 

FIELD QUALITY OF THE IRON-CORE QUADRUPOLE MAGNETS. 

Item Q1/Q3 Q2 

OF 0.0338 % 0.0289 % 

U6 -1.238E-2 % 0.527E-2 % 

U10 -1.878E-2 % 1.991E-2 % 

U14 -0.267E-2 % 0.377E-2 % 

Iop 329.328 A 376.520 A 

Leff 558.528 mm 898.784 mm 

 

 
 
 

Fig. 8. Designed air-core quadruple triplet. 
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TABLE III 

FIELD QUALITY OF THE DESIGNED AIR-CORE QUADRUPOLE MAGNETS. 

Item Q1/Q3 Q2 

OF 0.09213 % 0.00633 % 

U6 -1.566E-2 % -0.058E-2 % 

U10 -7.457E-2 % -0.545E-2 % 

U14 -0.190E-2 % 0.030E-2 % 

Iop 381.052 A 392.345 A 

Leff 552.848 mm 900.386 mm 

 

 

4. COMPARISON 

 

4.1. Field quality 

For a heavy ion accelerator, the triplet system would be 

operating at different field gradients for different particles. 

Fig. 9 shows the current effect of the designed air-core and 

iron-core quadrupole magnets for Q1. Fig. 9(a) shows that 

the uniformities can be changed with respect to the 

operating current in the iron-core quadrupole magnet and 

the effective length of the iron-core quadrupole magnet can 

also be changed a little, when the operating current is 

changing. However, the uniformities and effective length 

are fixed with respect to the operating current in air-core 

quadrupole magnet, as shown in Fig. 9(b). There is no 

nonlinear magnetizing material in the magnet system. 

Therefore, the field quality of the air-core triplet can be 

more stable than the iron-core triplet. 

 

 
 

 

 
Fig .9 Current effect of Q1: (a) Designed iron-core 

quadrupole magnet, and (b) Designed air-core quadrupole 

magnet. 

3.2. Beam analysis 

Fig. 10 shows the designed air-core and iron-core triplet 

systems. Using the designed triplet systems, the beam 

trajectories of air-core and iron-core triplets are obtained as 

shown in Fig. 10. In y-view, the maximum values of beam 

spot of both systems at the focusing position are about 5 

mm. In x-view, the maximum values of beam spot of both 

systems at the focusing position are less than 1 mm. 

Therefore, the air-core triplet can be used to replace the 

iron-core triplet in beam focusing. 

 

 

 
 

 
 

Fig. 10 Beam trajectories: (a) Air-core triplet, and (b) 

Iron-core triplet. 

 

 

5. CONCLUSION 

 

 In this study, a design of the air-core quadruple triplet is 

suggested to replace the classical iron-core quadrupole 

triple. The design process of the air-core quadrupole 

magnets are presented in the paper. The field quality and 

beam analysis result of the air-core magnet triplet is 

compared with that of the iron-core magnet triplet. The 

comparison shows that the air-core quadruple triplet can 

save a huge iron material and has a more stable field quality 

and can replace the classical iron-core quadrupole triple in 

beam transmission. 
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