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ABSTRACT: Waves can be expressed in terms of a spectrum; that is, the energy density distribution of a representative 
wave can be determined using statistical analysis. The JONSWAP, PM and BM spectra have been widely used for the 
specific target wave data set during storms. In this case, the extracted wave data are usually discontinuous and independent 
and cover a very short period of the total data-recording period. Previous studies on the continuous wave spectrum have 
focused on wave deformation in shallow water conditions and cannot be generalized for deep water conditions. In this 
study, the Generalized Extreme Value (GEV) function is proposed as a more-optimal function for the fitting of the con-
tinuous wave spectral shape based on long-term monitored point wave data in deep waters. The GEV function was found 
to be able to accurately reproduce the wave spectral shape, except for discontinuous waves of greater than 4 m in height. 
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INTRODUCTION 

The height and period of ocean waves change randomly in both time and place. It is therefore essential from an engineering 
viewpoint to determine and express the various characteristics of ocean waves as functions of time and place. Generally, such 
characteristics can be expressed by representative waves that have been estimated using statistical analysis or spectral analysis. 
Spectral parameters of deep water waves serve as input data for the computation of wave transformation and are widely used in 
the design of coastal structures and the assessment of harbor tranquility. However, it has become more important to understand 
wave characteristics during normal conditions because of the greater emphasis on engineering judgment for near-shore marine 
sports and recreational activities, the prediction of the wave energy extraction rate, and beach erosion control.  

Although existing wave spectra have been used to determine the energy distribution as a function of the wave frequency of 
random waves, the target waves had high wave heights of 4 m to 5 m and narrow frequency bands. Recently, Suh et al. (2010) 
estimated the optimal parameters of the JONSWAP spectrum by analyzing observational data around the Korean coast. In design-
ing coastal structures, the parameters proposed by Suh et al. (2010) served as the basic input data for wave deformation calculations. 
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To determine the characteristics of all waves occurring throughout the year, including waves with wider frequency bands 
and smaller heights, the characteristics of the energy density distribution as a function of frequency must be taken into account. 
For the behavioral analysis of wave energy converters, Kweon et al. (2013; 2014) suggested a Generalized Extreme Value 
(GEV) distribution function (Kottegoda and Rosso, 1997; Coles, 2001) based on observations along the Hupo coast located in 
the mid-eastern part of Korea. 
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where μ, σ, and ξ are the location, scale, and shape parameters, respectively, f is the wave frequency (i.e., inverse of the wave 
period), and K is the area conversion factor. The GEV function is essentially a probability density function (the integral value 
from zero to infinity of the function without K must be one) and the spectrum area requires an area conversion. The value of K 
is computed using the target wave spectrum area:  
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where the subscript obs denotes the observed value, 
fN  = 60 is the number of equally divided frequency intervals for the 

spectral area calculation, and Δf = 0.0078125 (= 1/27=1/128). However, the applicable range of the GEV function proposed by 
Kweon et al. (2013; 2014) may be limited, as it is based on observational data from shallow waters with a depth of approx-
imately 10 m. 

To generalize the wave characteristics during normal conditions, this study examined whether a continuous wave spectrum 
analysis based on long-term observational data in deep waters can be conducted using the optimal parameters of the GEV function.  

CONTINUOUS WAVE OBSERVATIONAL DATA IN DEEP WATERS 

Observational Data 

This study used wave data obtained by the Korea Institute of Ocean Science and Technology using Datawell’s Directional 
Waverider (DW) at a monitoring station (W) located near Marado, West of Jeju Island (Fig. 1), from 1991 to 2006.  

 

 
Fig. 1 Wave measurement station (W) near Marado. 
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The Directional Waverider was placed at 33°07′35.3″N, 126°15′18.2″E, with a deployment depth of 80 m. From the raw 
data, the main parameters, such as wave height, frequency, and wave direction, were calculated. The analysis involved data 
with a relatively short missing interval, retrieved over two years from November 2004 to August 2006. The missing ratio is 
only 3.2% (approximately 20.7 days) in the period from Nov. 19th 11:30, 2004 to Aug. 29th 18:30, 2006. The number of 
entries in the data set is 30,126. In the case of no missing data, the number of entries in the data set is 31,119.  

Ocean wave analysis is usually conducted based on statistical analysis or spectral analysis. A common method in statistical 
analysis or wave-by-wave analysis, is zero-up crossing. Wave-by-wave analysis provides values for the maximum wave height 
( maxH ), significant wave height ( 1/3H ), mean wave height ( mH ), significant wave period ( 1/3T ), and mean wave period ( mT ). 
The average wave direction was estimated using the maximum likelihood method (Panicker and Borgman, 1974). This study 
only applied the spectral method to retrieve wave information from the spectral shape information of wave data. In the spectral 
method, the energy density spectrum is obtained from the water elevation, and the zero-th moment ( 0m ) and second-order 
moment ( 2m ) are subsequently derived. Representative values such as the significant wave height ( sH ), and the mean wave 
period ( zT ) are calculated using Eqs (3) and (4).  
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where, f is the wave frequency, and S(f) is the spectral density. The values applied in this study were 1f =0.005, 2f =0.5, and 
Δf = 0.005.  

Analysis of observational data 

Time-series plots of the significant wave height, peak wave period and mean wave period are presented in Fig. 2. The 
maximum significant wave height of 9.21 m occurred at 05:00 on July 10, 2006 due to a storm wave incident caused by 
Typhoon Ewiniar (0603). The peak wave period was 12.93 sec., and the wave direction was S9.2°E. Winter storm waves with a 
significant wave height of 7.54 m (peak wave period of 11.76 sec.) and 8.42 m (peak wave period of 12.57 sec.) were observed 
on December 4 and December 21, 2005, respectively.  

 

 
Fig. 2 Time-series plots of the significant wave height, peak wave period,  

and mean wave period measured at station W from November 2004 to August 2006. 

=
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MEAN ENERGY DISTRIBUTION OF CONTINUOUS WAVES AS A FUNCTION OF FREQUENCY 

Measurement of the Average Spectrum  

For the Marado wave observational data, spectral information for each frequency ( , 1, 2, , ;j ff j N Hz= K ) was extracted 
every half hour, and the representative wave information (significant wave height, peak wave period pT , and mean wave 
period ZT ) was calculated based on the spectral method. Using wN  to represent the number of observations, the spectral 
information and the accompanying representative wave information can be expressed as follows:  

( ) , ( ) , ( ) , ( )s i p i z i i jH T T S f⎡ ⎤⎣ ⎦  , 1, 2, , ; 1, 2, , f wj N i N= =K K  

where 1[ , ]
fNf f  are the upper limit and lower limit of frequency, corresponding to [0.005, 0.5], respectively. In this study, 

100fN =  and 30,126wN = . 
Calculating the arithmetic mean (Eq. (5)) is the simplest method of estimating the mean spectrum from the spectral 

information for all wave conditions occurring throughout the year.  
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However, when Eq. (5) is applied, the influence of low waves decreases significantly because high weighting factors are 
implicitly assigned to high waves. As the wave height increases, the spectrum size (or area) also increases in proportion to the 
square of the wave height. In this case, the square of the wave height can be considered as a weighting factor of each spectral 
shape. Therefore, this study estimated the mean spectrum by assigning the same weighting factor to the spectra information 
from each observation (Eq. (6)) which averages different spectral to the same baseline. A spectrum with an area of 1.0 was 
defined as a normalized spectrum.  
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The mean spectrum (Eq. (6)) was compared with the results of the widely used JONSWAP, BM, and PM spectra and the 
GEV distribution function. These spectra can be written in terms of the parameters of wave height and wave period as follows 
(Goda, 2000; Holthuijsen, 2007): 

 
- JONSWAP spectrum  
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- PM (Pierson-Moskowitz) spectrum ( 1γ =  in the JONSWAP spectrum, 1.135p sT T⋅ ) 

2 4 5 4( ) 0.205 exp 0.75( )PM s s sS f H T f T f− − −⎡ ⎤= ⋅ −⎣ ⎦ , or 

2 4 5 4( ) 0.3125 exp 1.25( )PM s p pS f H T f T f− − −⎡ ⎤⋅ −⎣ ⎦  

- Bretschneider –Mitsuyasu (BM) spectrum 

2 4 5 4( ) 0.257 exp 1.03( )BM s s sS f H T f T f− − −⎡ ⎤= ⋅ −⎣ ⎦  

2 4 5 4( ) 0.4265 exp 1.7093( )BM s p pS f H T f T f− − −⎡ ⎤⋅ ⋅ −⎣ ⎦  

The forms of the spectral functions are very similar except for the coefficients, which are dependent of the relationship 
between pT  and sT . In general, (1.05 ~ 1.14)p sT T⋅ . 

Calculations were performed for wave heights greater than the reference wave height. When the reference wave height was 
0.0 m, all the wave data were used to compute the normalized the mean spectrum. When the reference wave height was 4.0 m to 
5.0 m, the results were similar to the JONSWAP spectrum because only high wave data sets are used. For a consistent com-
parison of parameters (γ), the parameter in the JONSWAP spectrum was set to the optimal value (=1.2) in the case of the 
reference wave height of 4.0 m, even though the mean value of the parameter is 3.3. Although the parameters of the GEV 
distribution function, ( ; , , )GEV jS f μ σ ξ can be estimated using various methods, including the maximum likelihood method and 
the method of moment, this study adopted the definition in Eq. (7). The parameters can be estimated optimally by minimizing 
the sum of squared errors, which best represented the shape of the distribution.  
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This method of estimating the optimal parameters differentiates the functions in Eq. (7) by each parameter, and the three 
conditions were set to zero, as in Eqs. (8) to (10). Because the proposed spectrum was a non-linear function, the Newton-
Raphson iteration method should be employed in the estimation . 

Mean Spectrum and comparison of spectrum fitting 

The mean spectrum was calculated for all waves at 0.0 m by lowering the reference wave height from 4.0 m with a step size 
0.25 m. Each derived spectrum was compared with the JONSWAP, BM, and PM spectral functions and the GEV distribution 
function (Fig. 3).  

= 

= 

= 

=
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 (a) Spectral fitting for wave heights greater than 4.0 m.      (b) Spectral fitting for wave heights greater than 3.0 m. 

    
 (c) Spectral fitting for wave heights greater than 2.0 m.     (d) Spectral fitting for wave heights greater than 1.0 m. 

 
(e) Spectral fitting for all waves. 

Fig. 3 Comparison of the observed mean spectral shape and typical spectral shapes  
(Red circle = observed spectrum, black dot-solid line = GEV function fitting spectrum).  

 
The statistical information changes with the references wave height because the dataset are extracted under different con-

ditions. As expected, the number of datasets decreases as the reference wave height increases, while the means of the significant 
wave height and peak period increase (see Table 1). In Fig. 3(a), which shows the conditions for high waves, the JONSWAP 
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spectrum was a better fit than the GEV distribution function. However, as the reference wave height decreased (Figs. 3(a)-(d)), 
the GEV distribution became a better fit because the normal wave conditions were not similar to those of the target waves 
identified by the JONSWAP spectrum ( 1.2γ = ). As the reference wave height decreased, the concentrated, narrow-banded 
curves at the peak frequency became wider and wide-banded. 

Spectral fitting for all continuous wave observational data is presented in Fig 3(e). From this figure, the continuous spectrum 
was found to have a relatively wider frequency than the JONSWAP spectrum and a smaller kurtosis. By estimating the optimal 
parameters for the GEV function, it was possible to obtain shapes very similar to the observed normalized-mean spectrum.  

 
Table 1 Basic statistical information of the extracted wave data sets. 

HR Hs бHs Tp бTp Tz бTz n 

4 5.14 1.08 11.17 1.24 7.93 0.84 307 

3 3.93 1.04 10.19 1.69 7.20 1.10 978 

2 2.79 0.90 9.03 1.96 6.30 1.17 3,697 

1 1.73 0.79 7.73 2.05 5.32 1.11 15,099 

0 1.20 0.78 7.00 2.22 4.78 1.09 30,126 

RELATIONSHIP BETWEEN THE PARAMETERS AND THE SIGNIFICANT WAVE HEIGHT  

In the wave spectral analysis, spectral shapes were extracted from data with wave heights greater than the reference wave 
height ( RH ). All observational data with 0RH =  were included. The parameter fitting curves for data with wave heights 
greater than the reference wave height (RH) were in the form of 3rd-order polynomial functions (as also shown in Fig. 4). 

 

 
Fig. 4 Change pattern and fitting curves of the GEV parameters as a function of the reference wave height (RH). 
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 The reference wave height varied according to the purpose of ocean space utilization. The parameters were obtained using 
the reference wave height and then applied to determine the shape of the spectrum.  

CONCLUSION 

The JONSWAP spectrum was a better fit to the observed mean spectrum under high wave height conditions, but was less 
adequate in representing the spectral shapes under low wave-height conditions. For the latter conditions, the spectrum was more 
accurately represented by the GEV distribution function.  

The parameters of the GEV distribution function were estimated using the MLE in the various reference wave height 
condition. A method was proposed to calculate the mean spectrum for a given reference wave height, and the coefficient of 
determination was found to be very high. 

Because this study only compared mean spectral based on observations performed at a single station near Marado, further 
research is recommended using data retrieved from additional deep- water locations.  
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