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N-SUPERCYCLICITY OF AN A-m-ISOMETRY

Karim Hedayatian

Abstract. An A-m-isometric operator is a bounded linear oper-

ator T on a Hilbert space H satisfying
m∑

k=0

(−1)m−kT ∗kAT k = 0,

where A is a positive operator. We give sufficient conditions under
which A-m-isometries are not N -supercyclic, for every N ≥ 1; that
is, there is not a subspace E of dimension N such that its orbit
under T is dense in H.

1. Introduction

Let H denote an infinite dimensional Hilbert space and B(H) be
the space of all bounded linear operators on H. For a positive (nonzero)
operator A in B(H) and a positive integer m, an operator T in B(H) is
called an A-m-isometry, if

m∑

k=0

(−1)k
(

m
k

)
T ∗kAT k = 0.

Every A-1-isometry is called an A-isometry. Besides, when A = I each
A-m-isometry is anm-isometry. Them-isometric operators were studied
by Agler an Stankus in [1, 2, 3] and have been investigated intensively,
in recent years. Moreover, A-m-isometries were first introduced in [14]
and their dynamic were studied in [9] and [13]. Suppose that T ∈ B(H)
and E is a subset of H. The T -orbit of E is defined by

orb(T,E) = {Tnx : x ∈ E, n ≥ 0}.
When E = {x}, the T -orbit of E is denoted by orb(T, x). Considering
E = {αx : α ∈ C}, we recall that a vector x in H is supercyclic for T , if
orb(T,E) is dense in H. An operator T is called supercyclic if it has a
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supercyclic vector. Also, if there exists an N -dimensional subspace E of
H such that orb(T,E) is dense in H, then T is called an N -supercyclic
operator. Clearly every supercyclic operator is N -supercyclic for all
N ≥ 1.

The concept of supercyclicity was introduced by Hilden and Wallen
in [12], who showed that normal operators are never supercyclic. This
result is generalized for hyponormal operators by Bourdon [7]. Feld-
man showed that normal operators cannot be N -supercyclic [11]. Later,
Bayart and Matheron generalized this result to hyponormal operators
[5]. Non-supercyclicity of m-isometric operators on Hilbert spaces has
been shown by Faghih-Ahmadi and Hedayatian in [10]. Also, sufficient
conditions under which an m-isometric operator is not N -supercyclic
are given by Bermúdez et al.(see [6]). Bayart [4] completed the result
by showing that m-isometric operators cannot be N -supercyclic. Suf-
ficient conditions under which an A-m-isometry is not supercyclic or
N -supercyclic are given by Rabaoui and Saddi in [13]. Finally, Faghih-
Ahmadi has shown that A-m-isometric operators are not supercyclic [9].
For an A-m-isometric operator T , the operator

∆T :=
1

(m− 1)!

m−1∑

j=0

(−1)m−1−j

(
m− 1

j

)
T ∗jAT j

is called the A-covariance operator of T . In this paper, we show that if
dim H/ker∆T > N then T is not N -supercyclic. This improves some
results obtained by Rabaoui and Saddi [13].

2. Main Results

Let X and Y be Banach spaces. Also, T and T̃ are two bounded
linear operators acting on spaces X and Y , respectively. Recall that the
operator T̃ is said to be a quasi-factor of T , if there exists a continuous
map J : X → Y with dense range such that T̃ J = JT .

Lemma 2.1. Let T ∈ B(H). Suppose that there is a positive opera-
tor S in B(H) such that

〈STx, Tx〉 = 〈Sx, x〉 (x ∈ H),

where 〈., .〉 denotes the inner product on H. Then there are a Banach

space Y , and an isometry T̃ on Y which is a quasi-factor of T .
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Proof. Define the semi-inner product 〈x, y〉S = 〈Sx, y〉 on H and de-
note the corresponding seminorm by p(x) = 〈x, x〉S = 〈Sx, x〉. Consider
the quotient space H/kerS, and define

||x+ kerS||p = Inf{p(x+ y) : y ∈ kerS}.
Note that ||.||p is a norm, thanks to the fact that kerS is closed in the
topology induced by p. Indeed, if (xα)α is a net in kerS and xα → x,
then

0 = 〈Sxα, xα〉 = p(xα) → p(x) = 〈Sx, x〉;
so the positivity of S implies that Sx = 0. Now, if ||x + kerS||p = 0
then there is a net (xα)α in kerS so that p(x + xα) → 0. Hence 0 =
lim
α

p(xα) = p(x), which implies that x ∈ kerS.

Define T̃ : (H/kerS , ||.||p) → (H/kerS, ||.||p) by T̃ (x + kerS) =
Tx+ kerS. Then

||Tx+ kerS||p = Inf{p(Tx+ y) : y ∈ kerS}
= Inf{〈STx, Tx+ y〉 : y ∈ kerS}
= Inf{〈STx, Tx〉+ 〈Tx, Sy〉 : y ∈ kerS}
= 〈STx, Tx〉
= 〈Sx, x〉
= Inf{〈S(x+ y), x+ y〉 : y ∈ kerS}
= Inf{p(x+ y) : y ∈ kerS}
= ||x+ kerS||p.

Thus, T̃ is an isometry. Now, let ˜H/kerS be the completion of the

normed space H/kerS and extend T̃ on ˜H/kerS isometrically. Take

Q : H → ˜H/kerS to be the quotient map defined by Qx = x + kerS.
Since

||Qx||p = ||x+ kerS||p ≤ p(x),

we conclude that Q is continuous. Moreover, Q has dense range and
T̃ ◦Q = Q ◦ T .
In the sequel, we need the following result which is previously proved.
See the proof of Lemma 3.1 of [6].

Lemma 2.2. Let Ti : Xi → Xi be a (linear and continuous) operator
on a Banach space Xi(i = 1, 2), and let S : X1 → X2 be an operator
with dense range such that T2S = ST1. If T1 is N -supercyclic, then T2

is n-supercyclic for some 0 ≤ n ≤ N .

Now, we are going to prove the main result of the paper.
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Theorem 2.3. Fix N ≥ 1 and let T be an A-m-isometry in B(H)
such that dim H/ker∆T > N . Then T is not N -supercyclic.

Proof. Put

∆T =
1

(m− 1)!

m−1∑

j=0

(−1)m−1−j

(
m− 1

j

)
T ∗jAT j .

By Theorem 2.1 of [14] the operator ∆T is positive. Moreover, an easy
computation shows that

T ∗∆TT −∆T =
1

(m− 1)!

m∑

j=0

(−1)m−j

(
m
j

)
T ∗jAT j = 0.

Hence T is a ∆T -isometric operator which implies that

〈∆TTx, Tx〉 = 〈∆Tx, x〉 (x ∈ H). (1)

By applying Lemma 2.1 for S = ∆T , we observe that the isometric

operator T̃ on the Banach space ˜H/ker∆T is a quasi-factor of T . Assume,
on the contrary, that T is N -supercyclic. Then the hypotheses of Lemma
2.2 are satisfied, and so T̃ is n-supercyclic for some 0 ≤ n ≤ N . Taking
Theorem 3.4 of [4] into account, we deduce that dim H/ker∆T < ∞.
But then considering Theorem 3.4 of [8] we get a contradiction.

Now, we can improve Theorem 3.4 and part (1) of Corollary 3.5 of [13]
as direct consequences of the preceding theorem.

Corollary 2.4. Let T be an A-m-isometry in B(H) such that ∆T is
injective. Then T is not N -supercyclic for every N ≥ 1. In particular,
if A is injective then an A-isometry is never N -supercyclic.

3. Final Remarks

Recall that an operator T ∈ B(H) is weakly hypercyclic, if orb(T, x)
is weakly dense inH for some x ∈ H. It is proved in [10, Theorem 4] that
m-isometric operators are not weakly hypercyclic. Also, Theorems 4.1
and 4.2 of [13] generalize this result for A-m-isometric operators. Based
on Lemma 2.1, we can present a very simple proof which shows that
no A-m-isometric operator is weakly hypercyclic. Indeed, since norm
to norm continuity of linear transformations on Banach spaces implies
weak to weak continuity and quasi-factor of operators preserves weak
hypercyclicity, Lemma 2.1 implies that if an A-m-isometry T is weakly
hypercyclic then so is the isometric operator T̃ which is impossible,
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thanks to the fact that ballX = {x ∈ X : ||x|| ≤ 1} is weakly closed for
any Banach space X.
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