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Abstract—In this paper, we present a path-smoothing algo-
rithm for a robot arm manipulator that finds the path using
a joint space-based rapidly-exploring random tree. Unlike other
smoothing algorithms which require complex mathematical com-
putation, the proposed path-smoothing algorithm is done using
a Gaussian process. To find the optimal hyperparameters of the
Gaussian process, we use differential evolution hybridized with
opposition-based learning. The simulation result indicates that
the Gaussian process whose hyperparameters were optimized
by hybrid differential evolution successfully smoothed the path
generated by the joint space-based rapidly-exploring random
tree.

Index Terms—Differential evolution, Gaussian process,
opposition-based learning, path-smoothing, rapidly-exploring
random tree

I. INTRODUCTION

Path-planning is an important issue in robotics research

that finds the optimal path between two points, and many

techniques have been developed so far [1]–[10]. A rapidly-

exploring random tree (RRT) is a randomized data structure

designed for path-planning proposed by LaValle [11]. The

RRT is suitable to solve problems that involve differential

constraints and to apply further algorithms for smoothing [12],

[13]. In our previous study [10], a RRT for a seven degree of

freedom (DOF) manipulator based on joint space is built so

that inverse kinematics is required only in the beginning to

find initial and goal positions. The path generated by the joint

space-based RRT has no sudden moves for joints. However,

there is scattering in the path if obstacle exists, which needs

path-smoothing. Path-smoothing is a post process for the path-

planning, which smooths the ragged path. Usually, the path-

smoothing is implemented using a continuous curvature [14]–

[16], which needs complex mathematical calculation. There-

fore, in this paper, we develop a path-smoothing algorithm

for a robot arm manipulator using a Gaussian process (GP)

[17]–[19].

The GP, which is one of the most widely used stochastic

processes for modeling dependent data observed time and/or

spaces, is completely determined by its mean and covariance

functions and solving the prediction problem is relatively

straight forward. To implement the path-smoothing for the

manipulator using the GP, hyperparameters of the GP need to

be optimized. Differential evolution (DE) [20], [21] is a class

of optimization algorithm that is simple and easy to implement

and performs effectively, which shows good performance in

various real world situations [22]–[26]. Therefore, to optimize

the hyperparameters of the GP for path-smoothing, we use

DE in this paper. Furthermore, to enhance the search ability

and accelerate the search process of DE, stochastic opposition-

based learning (OBL) is hybridized with DE [27].

The organization of this paper is as follows. In Section II,

we provide brief introductions to RRT, GP, DE, and OBL.

In Section III, we propose a novel path-smoothing algorithm

using a GP whose hyperparameters are optimized by hybrid

DE. In Section IV, we address the simulation setup and

analyze the results of the proposed algorithm. Finally, we

provide some concluding remarks and discuss future work in

Section V.

II. FUMDAMENTALS

A. Rapidly-exploring random tree

For a given initial state pinit, an RRT T with H vertices

is constructed as in Algorithm 1 [11]. The first vertex of T
is pinit. In each iteration, an input s which minimizes the

distance from pnear to prand is selected; a new state pnew
is obtained by s; and the new state pnew and a connection

between pnear and pnew are added as a vertex and an edge to

T respectively.

Algorithm 1 GENERATE RRT(pinit, H,Δt)

1: T.init(pinit)
2: for h = 1 to H do
3: prand ← RANDOM STATE();

4: pnear ← NEAREST NEIGHBOR(prand, T )
5: s← SELECT INPUT(prand, pnear)
6: pnew ← NEW STATE(pnear, s,Δt)
7: T.add vertex(pnew)
8: T.add edge(pnear, pnew, u)
9: end for

10: Return T

B. Gaussian process

The GP of a real process f(x) is written as

f(x) ∼ GP (m(x), k(x,x′)) (1)



where m(x) and k(x,x′) are the mean function and the

covariance function defined as follows.

m(x) = E[f(x)] (2)

k(x,x′) = E[(f(x)−m(x))(f(x)−m(x))′] (3)

Usually, for notational simplicity, the mean function is set

to be zero. Also, given training data X = {xi}, the observed

target values y = {yi} contain noise: y = f(X)+ε. Assuming

additive independent identically distributed Gaussian noise ε
with variance σn, the covariance becomes as follows.

cov(y) = K(X,X) + σ2
nI (4)

Then, the joint distribution of the observed target values and

the function values f(X∗) of test points X∗ will be[
y

f(X∗)

]
∼ N

(
0,

[
K(X,X) + σ2

nI K(X, X∗)
K(X∗, X) K(X∗, X∗)

])
(5)

and the predictive equations for Gaussian process regression

will be as follows.

f(X∗) = K(X∗, X)[K(X, X) + σ2
nI]

−1y (6)

cov(f(X∗)) = K(X∗, X∗) (7)

−K(X∗, X)[K(X, X) + σ2
nI]

−1K(X, X∗)

Also, the log marginal likelihood log p(y|X) will be as

follows.

log p(y|X) = −1
2

yT (K(X, X) + σ2
nI)

−1y (8)

−1
2
log |K(X, X) + σ2

nI| −
n

2
log 2π

C. Differential evolution

The combination of classical DE operators can be ex-

pressed as DE/BAS/NUM/CRO, in which BAS denotes a

selected base vector in mutation, NUM denotes the number

of pairs of difference vectors that affect the perturbation mag-

nitude in mutation, and CRO denotes crossover. For example,

DE/Rand/1/Bin indicates a randomly selected base vector in

the mutation, one pair of difference vectors in the mutation,

and binomial crossover. To control the exploration magnitude

and direction for obtaining promising solutions, DE perturbs

a base vector using the sum of the difference between the

pair of individuals multiplied by the mutation factor F . In

the early iterations of the algorithm, DE tends to explore a

search space with the assistance of high population diversity

and subsequently exploits the solutions that it discovers for

fine tuning as iterations continue. The following operators are

used extensively in DE reproduction:

• Mutation

– Rand/1

vi,j(t) = xr1,j(t) + F (xr2,j(t)− xr3,j(t)) (9)

– Best/1

vi,j(t) = xbest,j(t) + F (xr1,j(t)− xr2,j(t)) (10)

• Crossover

– Binomial

ui,j(t) =

⎧⎨
⎩

vi,j(t), if rand(0, 1) ≤ CR
or j = jrand

xi,j(t), otherwise.

(11)

Here, xi,j(t) is the jth element of the ith individual in the

population at iteration t; vi,j(t) is the jth element of the ith
individual’s offspring before crossover, called the donor vector,

at iteration t; ui,j(t) is the jth element of the ith individual’s

offspring after crossover, called the trial vector, at iteration t;
r1, r2, r3 ∈ [1 NP ] are randomly selected distinct integers that

differ from i, r1 �= r2 �= r3 �= i; NP is the population size;

F is the scaling factor controlling the exploration magnitude;

xbest(t) is the best individual at iteration t; K is the combina-

tion coefficient; rand(0, 1) ∈ [0 1] is a uniformly distributed

random number; CR is the crossover rate; jrand ∈ [1 D]
is the randomly chosen index that ensures that at least one

element from vi(t) constitutes ui(t); and D is the number of

dimensions of the search space.

D. Opposition-based learning

In OBL, estimates and counter estimates are considered

simultaneously to accelerate the search or process. The concept

of an opposite number can be defined as follows [28]:

Definition 1. Let x be a real number in an interval [a b]. The

opposite of x, denoted by x̆, is defined as follows:

x̆ = a+ b− x (12)

Similarly, an opposite point, i.e., opposite numbers in the

multidimensional case, can be defined as follows [28]:

Definition 2. Let P (x1, x2, . . . , xD) be a point in D-

dimensional space, where, x1, x2, . . . , xD are real numbers

and xj ∈ [aj bj ], j = 1, 2, . . . , D. The opposite point of P is

denoted by P̆ (x̆1, x̆2, . . . , x̆D) where

x̆j = aj + bj − xj (13)

Finally, the opposition scheme for learning can be defined

as follows [28]:

Definition 3. Let f(x) be the function in focus and g(·) be a

proper evaluation function. If x ∈ [a b] is an initial (random)

guess and x̆ is its opposite value, then we calculate f(x)
and f(x̆) in every iteration. The learning continues with x
if g(f(x)) ≥ g(f(x̆)); otherwise, it continues with x̆.

III. PROPOSED ALGORITHM

Fig. 1 shows a flowchart of the proposed algorithm. The

details of the proposed algorithm are provided below.

A. Joint space-based RRT

As described in [10], a bidirectional RRT which grows

single RRTs from both the initial state pinit and the goal

state pgoal based on joint space is built. Collision and vision

occlusion detections are performed in the bidirectional RRT.
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Fig. 1. A flowchart of the proposed algorithm

B. GP for path-smoothing
As mentioned in Section II-B, the observed target values y

contain noise, whereas the function values f(X∗) of test points

X∗ do not contain noise. If we set the test points X∗ as same

as the training data X (X = X∗), f(X∗) will be the observed

target values without noise. If we consider the scattering in

the path generated by the joint space-based RRT as noise, the

scattering can be removed by GP regression. Therefore, if we

find the suitable hyperparameters of the GP, the path can be

smoothed by GP regression. In this paper, the training data

X will be time steps for the ragged path generated by the

joint space-based RRT, the observed target values yq will be

the generated path for the qth joint, and the function values

fq(X) = K(X, X)[K(X, X) + σ2
nI]

−1yq will be the smoothed

path for the qth joint.

C. Hybrid DE
Usually, the hyperparameters of the GP are optimized by

gradient method. However, in this paper, we use DE to find the

hyperparameters of the GP. To enhance the search ability and

accelerate the search process, OBL using a beta distribution

with changes in the selection scheme and partial dimensions

(BetaCOBL) is proposed and hybridized with DE (BetaCODE)

[27].

IV. SIMULATION

A. Setup
In this paper, we used a seven DOF manipulator and 20

different paths generated by the joint space-based bidirectional

RRT were smoothed by the GP. The manipulator and GP were

implemented using robotics toolbox [29] and GPML [30].

The GP comprised a diagonal squared exponential covariance

function

k(x,x′) = σ2
f exp

(
− 1
2l2
(x− x′)T(x− x′)

)
(14)

and a Gaussian likelihood function.

p(yq|fq) =
1√
2πσ2

n

exp

(
− (yq − fq)

2

2σ2
n

)
(15)

So, the hyperparameters σf and l for the covariance function

and the hyperparameter σn for the likelihood function needed

to be optimized. To reduce the number of variables in DE,

the hyperparameters σf , l, and σn were unified for all the

joints, i.e., the number of variables to be optimized in DE

was set to 3. A Best/1/Bin reproduction strategy was chosen

as the DE reproduction strategy, so BetaCODE was compared

to DE/Best/1/Bin (DEB) and conjugate gradient method (CG).

The fitness function was sum of the negative log marginal

likelihood of each joint.

fitness(σf , l, σn) = −
7∑

i=q

log p(yq|X) (16)

The population size was set to 30. The scaling factor and the

crossover rate were set to 0.5 and 0.9 respectively. The number

of fitness evaluation was set to 300 for each run. Each algo-

rithm was run 25 times for each path. The parameter for partial

dimensional change was set to [0.9, 0.1], so two opposite point

candidates were generated for an original individual.

B. Performance metric

Because the real values for the hyperparameters of the GP

are unknown, the following are employed as performance

metrics:

• the fitness value: negative log marginal likelihood

• the number of successful runs: the smoothed path using

the GP is regarded as successful if the initial and goal

positions of the smoothed path are not far away from

those of the original path

With regard to the fitness value, smaller fitness value, i.e.,

larger log marginal likelihood indicates better performance.

On the other hand, with regard to the number of successful

runs, more successful runs indicate better performance.

Also, we applied the Wilcoxon signed-rank test to deter-

mine whether the difference between the performances of the

algorithms was significant [31].

C. Result

According to the fitness value, from Table I, BetaCODE

and DEB performed better than CG. Furthermore, BetaCODE

performed the best: the smallest mean and standard deviation.

This is supported by the Wilcoxon test result in Table II:

BetaCODE performed significantly better than DEB and CG

and DEB performed significantly better than CG. According

to the successful runs, from Table III, BetaCODE and DEB

successfully generated the smoothed path using the GP all the

time, whereas CG hardly generated the smoothed path using

the GP. From these observations, it can be inferred that DE

found the better solution than gradient method and BetaCOBL

improved the performance of DE.

Figs. 2 and 3 show the joint angles and end-effector position

before and after path-smoothing respectively. Fig. 4 shows the

path in 3-D Cartesian space before and after path-smoothing.

As seen, the scattering from 10 to 30 steps and the scattering

from 40 to 70 steps in Figs. 2 and 4(a) disappeared in Figs.



TABLE I
MEAN AND STANDARD DEVIATION OF THE FITNESS VALUE

Path no. BetaCODE DEB CG

Mean SD Mean SD Mean SD

1 -1286.79 4.41 -1282.51 7.61 623.65 1002.87

2 -1218.02 2.49 -1216.34 4.90 659.02 1205.75

3 -1354.22 7.41 -1350.67 8.94 739.71 1351.93

4 -1351.82 4.18 -1343.90 18.04 813.12 1709.25

5 -1292.48 9.99 -1287.16 17.14 829.07 1726.11

6 -1297.81 14.13 -1290.68 18.73 847.16 1820.44

7 -1164.84 3.25 -1162.43 5.95 689.87 1293.72

8 -1306.56 2.49 -1304.25 6.35 656.61 1149.83

9 -1294.77 1.55 -1293.54 3.86 749.13 1424.36

10 -1332.45 15.10 -1325.28 15.18 735.35 1342.76

11 -1268.40 4.29 -1264.84 5.37 664.67 1173.15

12 -1359.29 1.67 -1355.02 12.27 805.28 1720.75

13 -1403.13 17.85 -1402.85 10.87 801.62 1650.02

14 -1306.93 0.72 -1303.11 7.80 652.57 1112.47

15 -1409.78 18.07 -1410.75 9.06 879.07 1836.11

16 -1335.20 13.81 -1327.94 21.58 687.51 1210.01

17 -1345.66 3.46 -1344.34 6.45 724.52 1341.03

18 -1382.59 14.28 -1373.52 22.46 630.41 978.30

19 -1187.28 13.62 -1182.61 16.70 897.06 2176.69

20 -1218.61 7.78 -1213.82 11.85 908.46 2160.25

TABLE II
SUMMARY OF THE WILCOXON TEST

BetaCODE DEB CG

BetaCODE - • •
DEB ◦ - •
CG ◦ ◦ -

• denotes the method in the row improves the method of the column.

◦ denotes the method in the column improves the method of the row.

Upper diagonal of level significance α = 0.9.

Lower diagonal level of significance α = 0.95.

TABLE III
THE NUMBER OF SUCCESSFUL RUNS OF PATH-SMOOTHING

Path no. BetaCODE DEB CG Path no. BetaCODE DEB CG

1 25 25 1 11 25 25 3

2 25 25 2 12 25 25 2

3 25 25 1 13 25 25 3

4 25 25 3 14 25 25 2

5 25 25 1 15 25 25 3

6 25 25 1 16 25 25 1

7 25 25 1 17 25 25 2

8 25 25 1 18 25 25 1

9 25 25 1 19 25 25 1

10 25 25 2 20 25 25 2
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Fig. 3. Joint angles and end-effector position after path-smoothing
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Fig. 4. Path before and after path-smoothing



3 and 4(b), which shows that BetaCODE successfully finds

the hyperparameters of the GP which smooths the scattering

in the path.

V. CONCLUSION

In this paper, we proposed a path-smoothing algorithm for a

robot arm manipulator using a GP whose hyperparameters are

optimized by DE. To accelerate the search process and enhance

the search ability of DE, DE was hybridized with BetaCOBL.

The result showed that BetaCODE found the hyperparameters

of the GP and the GP smoothed the ragged path generated by

the RRT successfully.

For future work, we will optimize other hyperparameters of

the GP and the hyperparameters of the GP for each joint will

be treated separately.
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