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ABSTRACT. We study optimal consumption/investment and life insurance purchase rules for a
wage earner with mortality risk under regime-switching financial market conditions, in a con-
tinuous time-horizon. We apply the Markov chain approximation method and suggest an effi-
cient algorithm using parallel computing to solve the simultaneous Hamilton-Jaccobi-Bellman
equations arising from the optimization problem. We provide numerical results under the util-
ity functions of the constant relative risk aversion type, with which we illustrate the effects
of regime switching on the optimal policies by comparing them with those in the absence of
regime switching.

1. INTRODUCTION

Understanding an economic agent’s optimal behaviour is important in the analysis of the
financial market or the whole economy.

Insurance was analyzed first in a financial context by [1] by considering a consumption
choice problem (without risky investment) with life insurance in a random lifetime horizon.
[2] studied consumption and investment with life insurance in a discrete time horizon. Robert
C. Merton first studied a continuous time version of consumption and investment problem. He
provides a closed form solution in the case where the economic agent exhibits constant relative
risk aversion (CRRA) or constant absolute risk aversion (CARA) [3, 4]. [5] extended [3, 4] by
introducing life insurance which was considered as one of the assets of the economic agent. The
agent’s lifetime in Richard’s framework is random and bounded by a fixed planning horizon. [6]
studied optimal life insurance purchase and consumption (without risky investment) for a wage
earner with random and unbounded lifetime but with a fixed retirement time. They provided
an explicit solution assuming that the utilities from consumption, bequest, and terminal wealth
are the same CRRA function. [7, 8] apply martingale and dynamic programming method,
respectively, to solve an optimal life insurance purchase and consumption/investment problem.
[9] introduces a numerical method, Markov chain approximation (MCA), to solve the same
problem.
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These aforementioned studies do not consider regime switching of financial market and can
neglect abrupt changes of an economic situation observed in reality over a long time horizon.

[10] considered the fair valuation of a participating life insurance policy with surrender op-
tions, adopting regime switching Esscher transform. [11] investigated the optimal portfolio
under regime switching and value-at-risk constraint by involving regime switching Hamilton-
Jacobi-Bellman (HJB) equation. [12] studied the cost optimization of an insurance company,
where the surplus of insurance companies is modeled by a controlled regime-switching dif-
fusion. However, life insurance purchase and consumption/investment of an individual(wage
earner) demanding for the life insurance under regime switching environment has not studied,
although the study can provides his or her optimal policies for them considering possible struc-
tural changes in economic condition and can help insurance companies to analyze their target
market.

In this paper, we study optimal consumption/investment and life insurance purchase rules for
an economic agent (a wage earner) facing mortality risk with regime-switching financial mar-
ket parameters, in a continuous time-horizon where the agent’s fixed retirement time is given
exogenously. Thus the agent’s wealth evolves according to a Markov-modulated diffusion
(regime switching) process. We apply the Markov chain approximation(MCA) method and
suggest an efficient algorithm using parallel computing to solve the simultaneous Hamilton-
Jaccobi-Bellman(HJB) equations arising from the optimization problem. The MCA is one of
the most powerful method to solve stochastic control problems [13]. Over the past decade, G.
Yin and his colleague have developed the MCA approach for a Markov modulated diffusion,
based on the Kushner’s idea. They suggested the local consistency condition for a Markov
modulated diffusion, and showed weak convergence of the MCA under the condition. Sub-
sequently, they indicated the usefulness of the method, applying to several realistic model in
[14, 15, 16, 17, 18]. We provide numerical results under the utility functions of the constant
relative risk aversion (CRRA) type, with which we illustrate the effects of regime switching on
the optimal policies by comparing them with those in the absence of regime switching. The
optimal consumptions with the possibility of regime switching into a better (resp. worse) in-
vestment opportunity state are larger (resp. less) than those in the absence of regime switching.
Such effect of regime switching on the optimal consumption is strong when the agent is young,
while the effect is negligible when his age is near the retirement time since the regime switch-
ing opportunity decrease as the agent gets older. However, the effect of regime switching on
the risky investment is negligible although the agent is young. The intuitive reason for this is
because the risky investment depends only on the total wealth and the time to retirement does
not separately affect it in the absence of regime switching as shown in [9]. Without separate
time effect on the risky investment, the potential regime switching effect is negligible simi-
larly to consumption near retirement. The optimal insurance purchases with the possibility of
regime switching into a better (resp. worse) investment opportunity state are larger (resp. less)
than those in the absence of regime switching. Such effect of regime switching on the optimal
insurance purchases is strong when the agent is young, while the effect is negligible when his
age is near the retirement time as in the optimal consumptions. There has been some inconsis-
tency between empirical findings and theoretical results for the insurance demand. Empirical
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studies show that the wealth has a positive effect on purchasing insurance (See [19] which re-
view twenty six published empirical studies.), while theories suggest that negative [6, 20] or
no relationship [21, 22, 23]. Our result on the optimal insurance purchases shows the regime
switching effect is consistent with the empirical findings in the sense that the insurance pur-
chases are larger (resp. less) when the agent expect regime switching into a better (resp. worse)
investment opportunity state than in the absence of such an expectation.

The rest of the paper is structured as follows. In section 2, we model the optimization
problem. Section 3 derives the simultaneous HJB equations arising from the optimization. In
section 4, we apply the Markov chain approximation(MCA) method and suggest the algorithm
using parallel computing to solve the simultaneous Hamilton–Jaccobi–Bellman(HJB) equa-
tions. Section 5 provides numerical results under the utility functions of the constant relative
risk aversion (CRRA) and illustrates the effects of regime switching on the optimal policies by
comparing them with those in the absence of regime switching. Section 6 concludes.

2. MODEL SETUP

We investigate the optimal life insurance purchase, consumption and portfolio strategies
for an economic agent who is a wage earner, subject to mortality risk in a continuous-time
economy consisting of an insurance market and a financial market whose parameters change
stochastically according to business cycle, that is, whose regime changes stochastically.

Let (Ω,F ,P) be the underlying probability space. We denote the time-t state(regime) of
the financial market by α(t) for t ≥ 0, where

(
α(t)

)
t≥0

is a continuous-time Markov chain
with the finite state space M = {1, 2, ..., n} in the probability space (Ω,F ,P). We denote
the generator of the Markov chain by Q = (qij) ∈ Rn×n so that qij > 0 for i ̸= j, and∑n

j=1 qij = 0 for i ∈ M. There are one riskless asset and one risky asset in the financial
market. The price S0(t) of the riskless asset evolves according to

dS0(t) = r(α(t))S0(t)dt for t ≥ 0 with S0(0) = s0.

The price S1(t) of the risky asset evolves according to

dS1(t) = S1(t)[µ(α(t))dt+ σ(α(t))dW (t)] for t ≥ 0 with S1(0) = s1,

where (W (t))∞t=0 is a standard Brownian motion defined on the probability space (Ω,F ,P).
We let (Ft)∞t=0 be the augmentation under P of the natural filtration generated by the standard
Brownian motion (W (t))∞t=0 and assume that α(t) is independent of Ft for t ≥ 0.

The agent is alive at t = 0 and we denote his lifetime by τ which is an exogenously given
nonnegative random variable independent of

(
α(t)

)
t≥0

and (Ft)∞t=0 on the probability space
(Ω,F ,P).

The hazard function λ(t)(the instantaneous death rate for the agent surviving to time t) de-
fined by λ(t) , limδt→0

P(t≤τ<t+δt|τ≥t)
δt is assumed to be a given deterministic Borel measure

function such that
∫∞
0 λ(t)dt = ∞, as in [6, 7, 8, 9].

Let f(s, t) and F (s, t) denote the conditional probability density for death and the condi-
tional probability to be alive, respectively, at time s, conditional upon being alive at time t ≤ s.
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As is shown in [6], we have

f(s, t) = λ(s)e−
∫ s
t λ(u)du and F (s, t) = e−

∫ s
t λ(u)du. (2.1)

We consider a finite time horizon [0, T ] where T <∞ is interpreted as the agent’s retirement
time, as in [6, 7, 8, 9]: the agent will receive income with rate I(t) at each time t during the
period [0, T ∧ τ ], where T ∧ τ , min{T, τ} and I(t) : [0,T] → R+ is a given deterministic
function such that

∫ T
0 I(t)dt <∞.

A life insurance contract is offered continuously as in [1, 6, 7, 8, 9] etc., and the agent enters
it by paying premium at rate p(t) at each time t. In compensation, if the wage earner dies at
time t, then the insurance company pays an insurance amount p(t)

η(t) , where η : [0, T ] → R+

is a continuous and deterministic pre-specified function called the insurance premium-payout
ratio. That is, we consider term insurance where the length of the term is infinitesimally small
as mentioned in [6]. Negative insurance is allowed as in the existing literature considering term
insurance such as the above papers.

Let c(t) ≥ 0 and θ(t) be the consumption rate and the amount of money invested in the risky
asset at time t, respectively. Thus, the agent’ wealth process {X(t)}T∧τ0 until T ∧ τ described
by

dX(t) = [X(t)r(α(t)) + (µ(α(t))− r(α(t)))θ(t)− c(t)− p(t) + I(t)]dt

+ θ(t)σ(α(t))dW (t), X(0) = x.
(2.2)

The agent’s total legacy(bequest) Z(τ) at death time τ is the wealth plus insurance amount.
That is, the function Z(t) is defined by

Z(t) = X(t) +
p(t)

η(t)
for t ≥ 0. (2.3)

Let

b(t) ,
∫ T

t
I(s)e−

∫ s
t [r(α(v))+η(v)]dvds. (2.4)

Then, b(t) represents the present value of the agent’s future income and W (t) , X(t) + b(t)
can be regarded as his total available wealth, at time t, respectively, as explained in [8].

The agent endowed with the initial wealth X(0) = x, given the initial financial mar-
ket regime α(0) = i ∈ M, chooses a consumption/insurance/investment policy (c, p, θ) ,
(ct, pt, θt)

T∧τ
0 ∈ A to maximize

J(x, i; c, p, θ) , E
[ ∫ T∧τ

0
UC(c(t), t)dt+ UB(Z(τ), τ)1{τ≤T} + UL(X(T ), T )1{τ>T}

]
,

where UC , UB , and UL are the instantaneous utility function from consumption, bequest, and
terminal wealth, respectively, and A = A(x, i), called the admissible control set, denotes the
set of all policies under which c(t) ≥ 0 and Z(t) ≥ 0 for all t ∈ [0, T ], X(T ) ≥ 0, and
the above expectation is well defined. The three conditions c(t) ≥ 0 and Z(t) ≥ 0 for all
t ∈ [0, T ], X(T ) ≥ 0 are satisfied only if W (t) = X(t) + b(t) ≥ 0 for all t ∈ [0, T ] as
mentioned in [8]. Therefore we consider the case where X(0) = x ≥ −b(0) (The case where
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X(0) = x = −b(0) is omitted since the solution is trivial in this case.). Let (c∗, p∗, θ∗) and
V (x, i) be an optimal strategy and the value function, respectively, of the agent endowed with
the initial wealth X(0) = x > −b(0), given the initial financial market regime α(0) = i ∈ M.
That is, let

V (x, i) = max
(c,p,θ)∈A

J(x, i; c, p, θ) = J(x, i; c∗, p∗, θ∗) for x > −b(0) and i ∈ M.

3. SIMULTANEOUS HAMILTON–JACCOBI–BELLMAN EQUATIONS

For 0 ≤ t < T , x ≥ −b(t), and i ∈ M, let

J(x, t, i; c, p, θ) = E
[ ∫ T∧τ

t
UC(c(s), s)ds+ UB(Z(τ), τ)1{τ≤T}

+ UL(X(T ), T )1{τ>T}
∣∣τ > t,X(t) = x, α(t) = i

]
,

(3.1)

and let the value function at time t be given by

V (x, t, i) = max
(c,p,θ)∈A

J(x, t, i; c, p, θ). (3.2)

Thus, we have J(x, i; c, p, θ) = J(x, 0, i; c, p, θ) and V (x, i) = V (x, 0, i), for x > −b(0) and
i ∈ M.

By integrating over the random time τ which is independent of
(
α(t)

)
t≥0

and (Ft)∞t=0, and
by using (2.1), we obtain the equivalent form of J(x, t, i; c, p, θ) as follows (for example, see
[8]):

J(x, t, i; c, p, θ) = E
[ ∫ T

t
[f(s, t)UB(Z(s), s) + F (s, t)UC(c(s), s)]ds

+ F (T, t)UL(X(T ), T )
∣∣X(t) = x, α(t) = i

]
= E

[ ∫ T

t
[λ(s)e−

∫ s
t λ(u)duUB(Z(s), s) + e−

∫ s
t λ(u)duUC(c(s), s)]ds

+ e−
∫ T
t λ(u)duUL(X(T ), T )

∣∣X(t) = x, α(t) = i
]
,

(3.3)

where the second equality comes from (2.1).
Therefore the corresponding system of Hamilton–Jaccobi–Bellman(HJB) equations for 0 ≤

t < T and x > −b(t) is given by

λ(t)V (x, t, i) = max
c≥0,p≥−η(t)x,θ

[
λ(t)UB(x+

p

η(t)
, t) + UC(c, t) + Vt(x, t, i)

+ [xr(i) + (µ(i)− r(i))θ − c− p+ I(t)]Vx(x, t, i)

+
1

2
θ2σ2(i)Vxx(x, t, i) +

∑
j ̸=i,j∈M

qij(V (x, t, j)− V (x, t, i))
]
, i ∈ M, (3.4)

with the terminal conditions V (x, T, i) = UL(x, T ).
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4. NUMERICAL METHOD: MARKOV CHAIN APPROXIMATION METHOD

Mathematical models, which describe today’s very complex financial system in the real
world, are in many cases difficult to obtain explicit solutions, so the use of numerical methods
has become more and more attractive and important in finance. The development of algo-
rithms as well as computational resources enable us to explore more realistic problems with
various uncertain factors or economic constraints. The Markov Chain Approximation Method
(MCAM) is an efficient approach to obtain the numerical solution with the terminal condition
[13]. The basic idea of this technique is to approximate the original continuous Markov process
by a discrete-time, finite-state, controlled Markov chain which satisfies the local consistency
condition. Then, the approximated chain weakly converges to the original continuous Markov
process as an interval between grids approaches zero. The MCAM was extended to address
Markov modulated diffusion process [14], and then applied to a wide variety of fields. Thus,
we use the MCAM to solve numerically the system (3.4) of HJB equations with the terminal
condition which is not solved explicitly. The convergences and existence of the interpolated
wealth process, value function and controls are found in [13, 14, 16].

4.1. Approximation. To approximate the continuous Markov process, we use a finite differ-
ence method. That is, the first and the second derivatives of Ṽ (·, ·, i) are approximated in
following forms:

V̂ (u, t, i) −→ V̂ h,δ(u, t, i),

V̂t(u, t, i) −→
V̂ h,δ(u, t, i)− V̂ h,δ(u, t− δ, i)

h
,

V̂u(u, t, i) −→
V̂ h,δ(u+ h, t, i)− V̂ h,δ(u, t, i)

h
for b(u, t, i) ≥ 0, (4.1)

V̂u(u, t, i) −→
V̂ h,δ(u, t, i)− V̂ h,δ(u− h, t, i)

h
for b(u, t, i) < 0,

V̂uu(u, t, i) −→
V̂ h,δ(u+ h, t, i)− 2V̂ h,δ(u, t, i) + V̂ h,δ(u− h, t, i)

h2
,

where h and δ are a step-size for wealth u and for time t, respectively; and b(u, t, i) = r(t, i)+

(µ(i)− r(i))θ̂ − ĉ− η(t)Ẑ − 1
2σ

2(i)θ̂2. After calculations, we obtain

V̂ h,δ(u, nδ,i) = max
ĉ≥0,Ẑ≥0,θ

{
V̂ h,δ(u, nδ + δ, i)

[
1− σ2(i)θ2

δ

h2

− |b(u, nδ, i)| δ
h
− λ(nδ)δ + qiiδ

]
+ V̂ δ,h(u+ h, nδ + δ, i)

[
b+(u, nδ, i)

δ

h

]
+ V̂ δ,h(u− h, nδ + δ, i)

[
b−(u, nδ, i)

δ

h

]
+ λ(nδ)UB(e

uẐ, nδ)δ + UC(e
uĉ, nδ)δ

+
∑

j ̸=i,j∈M
qij V̂

h,δ(u, nδ + δ, j)δ
}
, i ∈ M, (4.2)
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where b+(u, nδ, i) (resp. b−(u, nδ, i)) is the positive (resp. negative) part of b(u, nδ, i) so that
b+(u, nδ, i) + b−(u, nδ, i) = |b(u, nδ, i)|. Then, we obtain the transition probabilities of the
wealth process satisfying the local consistency:

ph,δ((u, i), (u, i), nδ|ĉ, Ẑ, θ̂) = [1− (σ(i)θ̂)2(δ/h2)− |b(u, nδ, i)|(δ/h)]
G̃

,

ph,δ((u, i), (u+ h, i), nδ|ĉ, Ẑ, θ̂) = [((σ(i)θ̂)2/2)(δ/h2) + b+(u, nδ, i)(δ/h)]

G̃
, (4.3)

ph,δ((u, i), (u− h, i), nδ|ĉ, Ẑ, θ̂) = [((σ(i)θ̂)2/2)(δ/h2) + b−(u, nδ, i)(δ/h)]

G̃
,

where G̃ = 1 − λ(nδ)δ + qiiδ. In policy iteration, we can obtain optimal controls c∗, Z∗ and
θ∗ by solving the equation (4.2) and (4.3).

4.2. Algorithm. Because the computational method to solve (4.2) and (4.3) is based on the
dynamic programming principle (DPP), it suffers from the so-called “curse of dimensional-
ity” that means the extraordinarily rapid growth in the difficulty of problems as the number
of variables (or the dimension) increases. Furthermore, in multiple regimes, it would be an
impractical choice due to computing time or lack of memory. Since nowadays a multi-core
processor PC (or a large cluster) is well equipped and popular, parallel computation is easily
available, and so can be a useful alternative to solve the HJB equation as described in Algorithm
1. For parallel computing, we used the message passing interface (MPI) in C on a Linux cluster

Algorithm 1 Algorithm for solving (4.2) and (4.3)
1: Each regime i is allocated to each processor i (or node)
2: Set initial starting values
3: while Increase in the value function less than a prescribed tolerance do
4: Each processor i obtains optimal controls c∗, Z∗ and θ∗ by computing the equation

(4.2) and (4.3)
5: The value function (4.2) is updated with the obtained optimal controls
6: Every processors send their own value function to the other processors and receives

those from the others.
7: end while

and implemented MPI Sendrecv routine for communications. Because the amount of com-
municating information among processors is relatively less (i.e., just updated value functions),
it is very efficient methodology for solving the simultaneous HJB equations.
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5. NUMERICAL RESULTS

We consider the utility functions of constant relative risk aversion(CRRA) type which is
well accepted in finance. That is,

UC(c, t) =
e−ρt

γC
cγC , UB(Z, t) =

e−ρt

γB
ZγB , UL(x, T ) =

e−ρt

γL
xγL , (5.1)

where ρ > 0 is the subjective discount factor, and 0 ̸= γ and γk < 1 for k = C,B,L. We
consider systems consisting of two regimes (α(t) ∈ M = {1, 2}) with the generator,

Q = qij =

[
−0.5 0.5
0.5 −0.5

]
. (5.2)

Since the investment opportunity in the financial market becomes better as the value of(µ(α(t))−r(α(t))
σ(α(t))

)2 increases (See Remark 2.1 in [24].), we consider, without loss of generality,
the cases where the drift term of the price of the risky asset depends on the market regime
but the volatility and the risk free rate do not change. That is, we consider the case where
µ(1) ̸= µ(2), but r(1) = r(2) = r and σ(1) = σ(2) = σ. Let the parameters except µ(1) and
µ(2) be given as in the following: the initial time t0 = 25 (i.e., a 25 years old wage earner);
the retirement time T = 35; λ(t) = 0.001 + 1

10.54 exp(
t−87.24
10.54 ) (Gompertz-Makeham hazard

function), η(t) = λ(t), and I(t) = 10000 exp(0.03t) for t ≥ t0; γC = γB = γL = −1;
r = 0.04, σ = 0.18, and ρ = 0.03.

We illustrate the effects of regime switching on the optimal policies by comparing them, at
three different ages 25, 30, and 34.75, with those in the absence of regime switching which are
calculated in the same way as in [9].

In Figures 1, 2, 3, the two regimes are given by µ(1) = 0.09 (middle regime) and µ(2) =
0.13 (high regime).

Figure 1 compares the optimal consumptions at middle regime in our model (at coupled
middle regime) with those at middle regime in the absence of regime switching (at uncoupled
middle regime) and at high regime in the absence of regime switching, as a function of the total
wealth at each age. As expected, the optimal consumptions at middle regime in our model are
lager (resp. less) than those at middle (resp. high) regime in the absence of regime switching.
Such effect of regime switching on the optimal consumption is strong when the agent is young,
while the effect is negligible when his age is near the retirement time since the regime switching
opportunity decrease as he gets older.

Figure 2 compares the optimal investments in the risky asset in the three cases as in the
comparison of consumption, at each age. Differently from the consumption policy, the effect
of regime switching on the risky investment is negligible although the agent is young. The
intuitive reason for this is because the risky investment depends only on the total wealth and
the time to retirement does not separately affect it in the absence of regime switching (See [9]).
Without separate time effect on the risky investment, the potential regime switching effect is
negligible similarly to consumption near retirement.
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FIGURE 1. Optimal consumptions at age 25 (top-left), 30 (top-right), 34.75
(bottom). In this figure, y axis is the optimal consumption. “Coupled middle
regime” shows the consumptions in the middle regime coupled to the high one.
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FIGURE 2. Optimal investment at age 25 (top-left), 30 (top-right), 34.75 (bot-
tom). In this figure, y axis is the optimal investment. “Coupled middle regime”
shows the investments in the middle regime coupled to the high one.

Figure 3 compares the insurance premiums in the three cases as in the comparison of con-
sumption and risky investment, at each age. The optimal insurance premiums at middle regime
in our model are lager (resp. less) than those at middle (resp. high) regime in the absence of
regime switching. Such effect of regime switching on the optimal insurance premiums is strong
when the agent is young, while the effect is negligible when his age is near the retirement time
since the regime switching opportunity decrease as he gets older. As mentioned in Section 1,
there has been some inconsistency between empirical findings and theoretical results for the
insurance demand. Empirical studies show that the wealth has a positive effect on purchasing
insurance (See [19] which review twenty six published empirical studies.), while theories sug-
gest that negative [6, 20] or no relationship [21, 22, 23]. Figure 3 shows the regime switching
effect is consistent with the empirical findings in the sense that the premiums are larger when
the the regime is higher or can switch into higher one, although the wealth effect is negative as
in the theoretical results.

In Figures 4, 5, 6, the two regimes are given by µ(1) = 0.09 (middle regime) and µ(2) =
0.05 (low regime).
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FIGURE 3. Optimal premium payment at age 25 (top-left), 30 (top-right),
34.75 (bottom). In this figure, y axis is the optimal premium payment pay-
ment. “Coupled middle regime” shows the payments in the middle regime
coupled to the high one.

Figure 4 compares the optimal consumptions at middle regime in our model (at coupled
middle regime) with those at middle regime in the absence of regime switching (at uncoupled
middle regime) and at low regime in the absence of regime switching, as a function of the total
wealth at each age. As expected, the optimal consumptions at middle regime in our model are
less (resp. larger) than those at middle (resp. low) regime in the absence of regime switching.
Such effect of regime switching on the optimal consumption is strong when the agent is young,
while the effect is negligible when his age is near the retirement time in the same reason as in
Figure 1.
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FIGURE 4. Optimal consumptions at age 25 (top-left), 30 (top-right), 34.75
(bottom). In this figure, y axis is the optimal consumption. “Coupled middle
regime” shows the consumptions in the middle regime coupled to the low one.

Figure 5 compares the optimal investments in the risky asset in the three cases as in the com-
parison of consumption, at each age. The effect of regime switching on the risky investment is
negligible although the agent is young. The reason for this is the same as in Figure 2.

Figure 6 compares the insurance premiums in the three cases as in the comparison of con-
sumption and risky investment, at each age. The optimal insurance premiums at middle regime
in our model are less (resp. larger) than those at middle (resp. low) regime in the absence of
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FIGURE 5. Optimal investment at age 25 (top-left), 30 (top-right), 34.75 (bot-
tom). In this figure, y axis is the optimal investment. “Coupled middle regime”
shows the investments in the middle regime coupled to the low one.

regime switching. Such effect of regime switching on the optimal insurance premiums is strong
when the agent is young, while the effect is negligible when his age is near the retirement time
in the same reason as in Figure 3. Figure 6 shows the regime switching effect is consistent
with the empirical findings, as in Figure 3, in the sense that the premiums are less when the
regime is lower or can switch into a lower one, although the wealth effect is negative as in the
theoretical results.
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FIGURE 6. Optimal premium payment at age 25 (top-left), 30 (top-right),
34.75 (bottom). In this figure, y axis is the optimal premium payment. “Cou-
pled middle regime” shows the payments in the middle regime coupled to the
low one.

6. CONCLUSION

We have studied optimal consumption/investment and life insurance purchase rules for an
economic agent facing mortality risk with regime-switching financial market parameters which
cause the agent’s wealth to evolve according to a Markov-modulated diffusion (regime switch-
ing) process , in a continuous time-horizon where the agent’s fixed retirement time is given
exogenously. We have applied the Markov chain approximation(MCA) method and suggested
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an efficient algorithm using parallel computing to solve the simultaneous Hamilton-Jaccobi-
Bellman(HJB) equations arising from the optimization problem. We have provided numerical
results under the utility functions of the constant relative risk aversion (CRRA) type, with
which we illustrate the effects of regime switching on the optimal policies by comparing them
with those in the absence of regime switching. The optimal consumptions with the possibility
of regime switching into a better (resp. worse) investment opportunity state are larger (resp.
less) than those in the absence of regime switching. Such effect of regime switching on the
optimal consumption is strong when the agent is young, while the effect is negligible when his
age is near the retirement time since the regime switching opportunity decrease as the agent
gets older. However, the effect of regime switching on the risky investment is negligible al-
though the agent is young, since the risky investment depends only on the total wealth without
separate time effect. The optimal insurance purchases with the possibility of regime switching
into a better (resp. worse) investment opportunity state are larger (resp. less) than those in
the absence of regime switching. Such effect of regime switching on the optimal insurance
purchases is strong when the agent is young, while the effect is negligible when his age is
near the retirement time as in the optimal consumptions. There has been some inconsistency
between empirical findings and theoretical results for the insurance demand. Empirical studies
show that the wealth has a positive effect on purchasing insurance, while theories suggest that
negative or no relationship. Our result on the optimal insurance purchases shows the regime
switching effect is consistent with the empirical findings in the sense that the insurance pur-
chases are larger (resp. less) when the agent expect regime switching into a better (resp. worse)
investment opportunity state than in the absence of such an expectation.
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