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Abstract – A novel probabilistic small signal stability analysis (PSSSA) method considering load 
correlation is proposed in this paper. The superiority Latin hypercube sampling (LHS) technique 
combined with Monte Carlo simulation (MCS) is utilized to investigate the probabilistic small signal 
stability of power system in presence of load correlation. LHS helps to reduce the sampling size, 
meanwhile guarantees the accuracy and robustness of the solutions. The correlation coefficient matrix 
is adopted to represent the correlations between loads. Simulation results of the two-area, four-machine 
system prove that the proposed method is an efficient and robust sampling method. Simulation results 
of the 16-machine, 68-bus test system indicate that load correlation has a significant impact on the 
probabilistic analysis result of the critical oscillation mode under a certain degree of load uncertainty. 
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1. Introduction 
 
Power system always faces various small disturbances. 

Investigating the stability characteristics of dynamic 
systems under the action of small disturbance events, plays 
an important role in improving the overall security and 
reliability of the power grid. Traditional small signal 
stability analysis (SSSA) methods focus on some special or 
the worst operating condition case. The main limitation of 
those methods is that the impact of various uncertainties 
on the stability of power system cannot be demonstrated 
comprehensively. 

Uncertainty, however, is the inherent nature in a real world 
physical system. In complex power system, uncertainties 
come from many aspects, such as volatility of load, 
uncertainty of line parameter, change of generator power, 
zero drift of controller parameter, model approximation, 
and so on. These uncertainty factors, under the proper 
conditions, may gently push the system into an unstable 
operating mode and affect the power system small signal 
stability in a certain extent. Therefore, probabilistic small 
signal stability analysis (PSSSA) considering various 
uncertainties attracts the interest of the researchers in the 
past few decades. Furthermore, with the rapid development 
of smart grid in recent years, to cope with the uncertainties, 
the PSSSA is a key issue [1]. 

Reference [2] has introduced the probability concept 
into the power system dynamic stability analysis. The 

system’s joint instability probability was evaluated by 
using the eigenvalue sensitivity to calculate the statistic 
characteristics of eigenvalue locations in the complex plane. 
Up to now, the PSSSA methods of power system can be 
classified into analytical methods and numerical methods. 
The analytical methods include point estimate method [3, 
4], cumulant method [5], and probabilistic collocation 
method (PCM) [6, 7]. These methods usually need to 
approximately simplify the complex nonlinear functional 
relationship between the eigenvalues and input random 
variables, and the calculation error is inevitable. In addition, 
these methods, based on the known probability distribution 
of random variables, have difficulty to handle the unknown 
empirical distribution situation. Monte Carlo simulation 
(MCS) based numerical method is a generic way to deal 
with all kinds of uncertainties, but it requires a large 
number of repetitive simulations to obtain accurate 
solutions. In [8-10], the computation time of MCS-based 
PSSSA is studied and numerical results prove that a large 
amount of time is required to calculate the probability 
distribution function (PDF) of the system critical oscillation 
mode. Especially in a large-scale power system, this method 
tends to be unacceptable. 

On the other hand, from the viewpoint of modeling, 
the existing PSSSA research considers the nodal power 
injections as independent random variables normally [11]. 
In fact, different nodal power injections always exhibit 
correlation in a certain degree due to the impact of the 
consumer rest rules, geographical distribution, climate 
change and other factors. As a result, the correlations 
between different nodal loads should be duly taken into 
account in order to approximate to the actual situation. 
Billinton and Huang [12] study the system reliability index 
considering the influence of nodal load correlation. The 
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effects of nodal load uncertainty and correlation in system 
adequacy assessment were illustrated in [13]. These studies 
show that the results are more accurate and credible when 
the nodal load correlation is considered in the probabilistic 
analysis of power system. Therefore, for the same reason, 
the SSSA study has to consider load uncertainty and 
correlation simultaneously. 

Compared to the traditional simple random sampling 
(SRS) technique, Latin hypercube sampling (LHS) 
technique can greatly improve sampling efficiency, and 
ensure the sample values covering the entire distribution 
range of the input random variable. This technique has 
been applied in probabilistic load flow calculation [14, 15], 
and reliability evaluation in complex power system [16-18]. 
The results show that this method has efficient sampling 
property to deal with unknown empirical distribution 
random variables and can handle the correlation between 
multivariate input random variables conveniently.  

In this paper, a LHS-based PSSSA method considering 
load correlation is proposed. The rest of this paper is 
organized as follows. Section 2 gives the fundamental 
concept of the PSSSA and the modeling of system 
uncertainties and load correlation. Section 3 presents the 
basic steps of LHS-based MCS. The processing approach 
of correlation between different loads is also discussed. 
The advantageous performance of the proposed method, 
taking load correlation into account, is investigated by two 
typical test systems in Section 4. Section 5 summarizes 
the main conclusion of this paper and points out the future 
work. 

 
 

2. Fundamental Theory 
 
The basic principle, modeling, and method of PSSSA are 

described in this section. 
 

2.1. Mathematical Model of SSSA 
 
Multi-machine power system dynamic behavior is 

represented by a set of nonlinear differential-algebraic- 
equations (DAE): 
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where x are the dynamic state variables, y are the algebraic 
variables. The differential equations f consist of the 
dynamic equations of the equipment such as generators, 
exciters, and governors, while the algebraic equations g 
include the network power flow equations. 

When the system operates in a given initial equilibrium 
point (x0, y0), the full system linearization algebraic-
differentiation-equations (2) can be obtained by Taylor 
series expansion by ignoring the higher-order terms. 
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where A , B , C ,x y xf f g= Ñ = Ñ = Ñ and D y g= Ñ  where. 
Then, the system state Eq. (3) is obtained by eliminating 
the algebraic variable yD  

 
 Asx xD = D&  (3) 

 
where 1A A BD Cs

-= -  is the system state matrix, thus 
implicitly assuming that D is nonsingular. 

The eigenvalues 1 2[ , , , ]nl l l l= L of the system state 
matrix As  are calculated by solving the Eq. (4). 

 
 det(A I) 0s l- =  (4) 

 
The eigenvalues may be real or complex. If As  is real 

matrix, complex eigenvalues always occur in conjugate 
pairs. Each pair of the complex eigenvalues represents one 
oscillation mode of the power system. 

According to the Liapunov’s indirect method, a 
dynamical system with small signal stability correspond-
ing every eigenvalue’s real part is less than zero, and 
vice versa. As a consequence, the distribution character of 
oscillation modes located in the complex plane reveals the 
small signal stability of the power system. 

 
2.2. PSSSA and probabilistic index 

 
Probabilistic assessment of power system small signal 

stability is to evaluate the instability probability of all 
oscillation modes under all kinds of input random variables. 
When the probability density distribution of input random 
variable is known, the probability distribution of every 
oscillation mode can be obtained by repetitive modal 
analysis. 

In order to quantificationally evaluate the instability 
probability of an oscillation mode, a probabilistic instability 
index (PIstI) is introduced. For a specified oscillation mode 
corresponding ji i il a b= ± , the PIstI can be calculated as 

 

 
0
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where ( )if a  is the PDF of the output variable ia .  

Another commonly used indicator in SSSA is mode 
damping ratio 

 
 2 2

i i i iz a a b= - + . (6) 
 
In the practical operation of power system, even if all of 

the oscillation modes are stable, a too small mode damping 
ratio is unallowed, simply because this operating condition 
is considered to be insecure. A mode damping ratio greater 
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than 5% (even 3% in a large-scale interconnected power 
grid) is accepted to achieve preferable dynamic performance 
after a disturbance event [19]. 

Apparently, damping ratio of an oscillation mode is 
influenced by input random variables. To estimate 
probabilistic insecurity margin, the probabilistic insecurity 
index (PIseI) is introduced and can be calculated as 

 

 
0.05

1

PIseI ( 5%) ( )i i iP f dz z z
-

= < = ò  (7) 

 
where ( )if z  is the PDF of mode damping ratio iz . 

 
2.3. System uncertainties modeling 

 
The assessment and presentation of the effects of 

nodal power injection uncertainties, including the system 
generators and loads power injection, on small signal 
stability are now widely recognized as important parts 
of power system probabilistic security analysis [11]. 
From the practical point of view, nodal power possesses 
random volatility all the time. And the short time 
volatility characteristics of nodal power mainly consist of 
many stochastic factors. Thus, it is inappropriate to adopt 
the deterministic nodal power injection model. 

System uncertainties are represented for all the PV 
generator output powers Pe and the system PQ load 
powers PL, QL in the this paper. In the simplest case, the 
uncertainty of each nodal generator output and load power 
are both described as a normal distribution with whoes 
mean values of corresponding normal distributions are 
set as the nominal values. Different levels of standard 
deviation are considered here to denote the levels of 
system parameter uncertainty. For nodal power pi which 
belongs to generator or load power vector P=[p1, p2,…, pn]T, 
the PDF f(pi) can be expressed as: 
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where μi and σi

2 are mean and variance of nodal power pi 
respectively. This description of uncertainty can adapt to 
many kinds of system models. 

It is important to note that although the uncertainties 
considered in this work are assumed to be normal 
distributions, the proposed sampling technique in the next 
section is also adapted to any other distribution. 

 
2.4. Load correlation modeling 

 
Load correlation comes from the intrinsic properties of 

load demand. The significant impact of load correlation on 
power system probabilistic load flow calculation has been 
proved in [14, 15, 20]. Since different initial conditions of 
the power flow influence the eigenvalues of linearization 

power system, especially when the system state matrix has 
a large condition number, the result of PSSSA is also 
affected by taking load correlation into account. 

However, the relationships between multiple input 
variables are complicated. In most situations, different 
nodal load behavior reflects a certain degree of correlation. 
It is not reasonable to consider the nodal load to be 
completely independent or completely correlated cor-
responding correlation coefficient 0 or 1. 

In this paper, a general simplified approach named 
correlation coefficient matrix is used to describe the nodal 
load correlation in a short time scale under certain load 
uncertainty level. Such an approach can easily describe the 
linear correlation between the different nodal load powers. 

Assume CZ is the correlation coefficient matrix of input 
random variable vector Z=[z1, z2, … , zn]T. The correlation 
coefficient ijwr  can be calculated by (10). 
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where izs and jzs are the standard deviations of zi and zj, 

( , )i jCov z z is the covariance of zi and zj, and ijzr is the 
correlation coefficient of wi and wj. 

For a series of ideal independent random variables, the 
correlation coefficient matrix is a standard unit matrix. 
But in most situations, CZ is a symmetric matrix with 

( 1, 1)
ijzr Î - , where ( 1, 0)

ijzr Î -  represents negative 
correlation. In this paper, we assume that the correlation 
coefficient matrix CZ is positive definite. 

 
2.5. SRS-MCS based PSSSA 

 
Simple random sampling Monte Carlo simulation 

(SRS-MCS) is a widely used computational technique to 
characterize the random behavior of a physical system. 
This technique, which can provide comprehensive 
information, has been used in PSSSA as a reference 
standard for other methods. Although SRS-MCS can 
obtain high accuracy results, this method is time-
consuming. The computational burden of PSSSA based on 
SRS-MCS is extremely heavy, especially when applied in a 
large-scale power system. 

In PSSSA problems, the nodal injection power 
distributions of generators and loads are the input random 
variables. The output random variables are system 
eigenvalues and damping ratios. When performing SRS-
MCS based PSSSA, the following several assumptions are 
default in the case study: 
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1) All PV generator nodal output active powers are input 
random variables with independent normal distri-
butions and the voltage amplitudes are considered to 
be constant at the nominal values. 

2) All PQ loads are input random variables with normal 
distribution and the load power factors are considered 
to be constant at the nominal values. 

3) All PQ loads are converted to constant PQ load model 
in the linearization procedure. 

4) The correlation between load demands is described by 
a correlation coefficient matrix. 

5) Generator and branch fault are not considered. 
 
With these simplified conditions, the probabilistic 

analysis problem of small signal stability can be better 
expressed in the presence of system uncertainties and load 
correlation. 

 
 

3. Proposed Method 
 
In this section, a LHS technique is proposed first. Then 

how to deal with the correlation between input random 
variables is described in detail. The computational procedure 
of LHS-MCS based PSSSA method is also given. 

 
3.1 LHS technique 

 
LHS is a stratified sampling technique, proposed by 

Mckay et al in 1979 [21]. This technique has been applied 
in many engineering areas. Compared with the traditional 
SRS, LHS has the following advantages [14, 21]: 

1) Under the same sample size, LHS covers a larger 
random variable sampling space and has better con-
vergence property;  

2) LHS is a sampling technique with more robustness 
than SRS. 

 
LHS consists of two major steps, namely, sampling and 

permutation. The sampling’s purpose is to produce a series 
of presentation samples, which describe the distribution 
of each input random variable, and to ensure that the 
distribution area can be covered by sampling points 
completely. Permutation is aimed at making the correlation 
of sampled values minimized by changing the arrange 
order of sampling values of input random variables. 

In the sampling process, a sampling technology, named 
lattice sampling, is adopted in this paper. For M input 
random variables 1 2, , MX X XL  in a probabilistic problem, 
the probability cumulative function of mX  is expressed as 

( )m m mY F X= . For the sample size N, the range of mY  is 
divided into N equal interval areas, and the width of each 
interval area is 1/ N . Every sampling value is chosen from 
the midpoint of each interval area. Then the sampling 
values of mX  are calculated by the inverse function of 

 1 0.5( )mn
nx F

N
- -

=  (11) 

 
where N is the number of maximum sampling. 

A row of sampled values 1 2, ,m m mNx x xL  represent 
presentation samples. Once the M input random variables 
are sampled, a M N´  primary sampling matrix X can be 
obtained. 

In the random permutation process, the sampled value 
of every input variable is chosen randomly from the 
corresponding row in matrix X. Under this circumstance, 
the undesired correlations between different input random 
variables may affect the accuracy of the solutions. In order 
to reduce the undesired correlation of sampling values 
of multiple input random variables, various permutation 
skills, such as Cholesky decomposition [14] and Nataf 
transformation [15, 22], have been proposed in LHS. The 
Cholesky decomposition is employed in this paper to 
eliminate the correlation among rows of the sampling 
matrix X since the calculation burden of the Cholesky 
decomposition method is small when handling the problems 
with large numbers of input random variables [14]. 

In the Cholesky decomposition based permutation process, 
after the primary sampling matrix X is obtained, a M N´  
ordering matrix L0 is generated to indicate the order 
number for permutation of X, then the samples in every 
row of X are replaced with the order according to the order 
numbers in the corresponding row of ordering matrix L0. 

The original ordering matrix L0 is generated randomly, 
and X arranged according to this random generated L0 is 
not completely independent in each row. The associated 
M M´  correlation coefficient matrix of original ordering 
matrix L0 can be represented by XC , which is a positive 
definite and symmetric matrix and can be decomposed by 
Cholesky decomposition into 

 
 T

XC G G= ×  (12) 
 

where G is a lower triangular matrix. Then a new M N´  
matrix F, whose correlation coefficient matrix is an 
identity matrix, can be obtained by the following 

 
 1

0F D L-= ×   (13) 
 
Generally, the elements in matrix F are not necessarily 

integer or positive number, and cannot be used to indicate 
orders in the sampling matrix. So the rows of new ordering 
matrix L1 are updated to the orders of the element in the 
corresponding row of F. In the Cholesky decomposition 
based permutation process, sampling matrix X is arranged 
according to this updated L1 instead of randomly generated 
L0 in random permutation. Since F has an identity 
correlation matrix, the updated order matrix L1, which 
indicates the orders of the element in a row of F, has a 
much smaller correlation than L0. And each row in the 
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sampling matrix X is considered to approximate 
independence. 

Assume XC ¢  is the correlation coefficient matrix of 
arranged matrix X. It should be noted that after the 
permutation process, the correlation coefficient matrix 

XC ¢  is not accurately equal to CX. There are small 
differences between correlation coefficient matrix XC ¢  
and CX, because CX is just the order correlation matrix of 
X. 

Through the above two steps, LHS-based MCS generates 
more uniform, independent random sample values and 
thus improves the convergence performance, reduces the 
sampling size and improves the calculation speed with the 
same calculation accuracy. 

 
3.2 Processing load correlation 

 
The LHS analyzed above can make the sampling values 

of input random variables to be independent. Although the 
sampling values can’t be transformed to be completely 
independent, the correlation between them is quite small, 
and sampled values can be regarded as approximate 
independent variables. 

In order to take load correlation into account, we need 
to generate the normal distribution samples of random 
variables with a correlation coefficient matrix CZ. The 
basic idea is similar to the inverse process of removing 
correlation in the permutation process of LHS. 

Let Y=[y1, y2, …, ym] be the m independent standard 
normal variables, a lower triangular matrix E is obtained 
by Cholesky decomposition of CZ. Then Z ¢  are the 
standard normal random variables with correlation 
matrix CZ. 
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According to the definition of the correlation coefficient 

matrix, the correlation coefficient matrix is the same as the 
covariance matrix. Then, Z ¢  are the standard normal 
random variables with correlation coefficient matrix 

ZC ¢ . 
For non-standard normal distribution P, the desired 

correlations between the samples of different random 
variables can also be induced by the above Cholesky 
decomposition method. Detailed process is referred to [15]. 

It’s worth to note that the permutation of the LHS 
samplings according to the Cholesky Decomposition can 
not obtain the exact desired correlation coefficient matrix 
between the random input variables. But the final achieved 
correlation coefficient matrix 

ZC ¢  is very close to the 
desired correlation coefficient matrix ZC . Assume rmsrD  
denotes the root mean square correlation error index of 

ZC ¢  and ZC , and its squared value can be expressed in 
(15) as follows to evaluate the error degree of correlation. 
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where kjr  and kjr ¢  are the off-diagonal elements in 
correlation coefficient matrix CZ and 

ZC ¢ , respectively. 
M is the number of input random variables. 

 
3.3 Procedure of LHS-MCS method 

 
The procedure of solving PSSSA problems with LHS-

MCS is as follows. 

1) Read the study power system basic data for PSSSA, the 
sample size N, the number K of PV generators, the 
number M of loads, the PDF of input random variables 
and the desired correlation coefficient matrix CZ. In 
this procedure, only the uncertainties of PV generators 
and nodal loads are considered, thus the number of 
input random variables is equal to the number of PV 
generators K plus loads M. 

2) Generate two normal distribution primary sampling 
matrix X and Y with dimension M´ N and K´ N by 
LHS. The same process of X and Y will be omitted for 
space saving. 

3) Randomly generate an M´ N original ordering matrix 
L0 of primary sampling matrix X to indicate rank 
number for permutation. 

4) Calculate the undesired correlation coefficient matrix 
CX of random sampling matrix X with ordering 
matrix L0. 

5) Decompose CX and CZ by the Cholesky decomposition 
into XC TG G= ×  and C T

Z E E= × . 
6) Compute the new ordering matrix of 1

0F G L-= . 
7) Form the new independent random sampling matrix X' 

with new ordering matrix F. 
8) Process correlation procedures. Z' = EX' is the 

correlated sampling matrix with correlation coefficient 
matrix CZ. 

9) Set 1n = . 
10) Perform deterministic SSSA with the ith column of the 

correlated sampling matrix Z' to obtain the eigen-
values and damping ratios. 

11) Set 1n n= + ; if n N< , go to Step 10 to perform 
deterministic SSSA with the next column of the 
sampling matrix. Otherwise, proceed to Step 12. 

12) Identify the electromechanical oscillation mode from 
all of the eigenvalues. 

13) Analyze the statistical features of the critical oscillation 
mode and calculate its PIstI or PIseI. 

 
 

4. Case Study 
 
In this section, the proposed method is applied to two 
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standard test systems. The two-area, four-machine system 
is used to confirm the efficiency of the recommended LHS-
based method. The 16-machine, 68-bus test system is used 
to investigate the influence of load correlation on the 
probabilistic insecurity index of the critical oscillation 
mode and check the robustness of the proposed procedure 
in identifying critical oscillation modes. The error degree 
of correlation between multiple input random variables 
is also evaluated. The programs are developed in 
Matlab2012a, and PSAT [23] is adopted to solve the 
deterministic SSSA. This work is implemented on a PC 
with Intel Core2 2.93-GHz CPU and 3GB of RAM. 

 
4.1 The two-area, Four-machine system case 

 
The two-area, four-machine system consists of four 

machines and two large loads located at node 7 and 9, as 
shown in Fig.1. Each machine has been represented by a 
sixth-order detailed dynamic model. All four machines are 
equipped with the IEEE type ST-1 excitation control. With 
and without power system stabilizers (PSS) are considered 
in the case simulations. System loads are modeled as 
constant PQ load models. There are total 5 input random 
variables in this system, 3 for PV generators and 2 for 
correlated loads. Detailed system parameters refer to [24]. 

SRS-MCS with 20,000 samples is used as a reference to 
evaluate the accuracy of the proposed method. The system 
has three electromechanical modes, one inter-area mode 
and two local modes. The inter-area mode is unstable when 

no PSS is equipped at the nominal system condition. The 
mean values and standard deviations based on SRS-MC 
without and with PSS are shown in Tables 1 and 2. 

In order to verify the effectiveness of the presented 
method comprehensively, the relative error indexes (REIs) 
( me  and se ) of the output variables’ mean values and 
standard deviations are used to assess the calculation 
accuracy from statistical aspects. 
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where am  and as  are the exact mean values and standard 
deviations of the output random variables obtained by 
SRS-MCS, while Lm  and Ls  are those obtained by LHS-
MCS with sample size N. 

In this simulation, the sample size changes from 100 to 
900 with a step size of 200. In each sample size, the REIs 
of the three oscillation modes with PSS are listed in 
Table 3. In order to avoid the influence of the numerical 
calculation uncertainty, the listed values are the average of 
50 times. 

From the above table, the average REIs of all the three 
oscillation modes are very small and they are decreasing 
with the increase of sample size. Moreover, the REIs with 
sample size 500 achieve the required calculation accuracy. 
For example, the relative error of the mean value is 

36.35 10-´ , while the standard deviation is 24.11 10-´ , 
corresponding to oscillation mode 1. That means the 
calculated values of the two methods are very close. 

The PDF curve of inter-area oscillation mode’s real part 
is shown in Fig. 2 corresponding to LHS with N=500 and 
SRS with N=20,000. It can be seen that the two curves are 
very proximity. 

The REIs in Table 2 and the PDF curve in Fig. 2 have 
verified that the LHS-MCS method has high calculation 
accuracy with a small sample size, and the sample size of 
500 can meet a high accuracy. 

In order to compare the convergence, for each sample 
size, the LHS-MCS and SRS-MCS methods run 50 times, 
respectively. The REIs of all oscillation modes are 
calculated, where the mean and standard deviation of REIs 

 
Fig. 1. Two-area, Four-machine test system. 

 
Table 1. Electromechanical oscillation modes with SRS-

MCS accurate calculation (without PSS) 

Mode No. Real part Imag. part Freq. (Hz) Damping 
ratio 

Standard 
deviation 

1 -0.772 7.082 1.134 0.108 0.0527 
2 -0.774 6.870 1.100 0.112 0.0124 
3 0.009 3.842 0.611 -0.0023 0.0947 

 
Table 2. Electromechanical oscillation modes with SRS-

MCS accurate calculation (with PSS) 

Mode No. Real part Imag. part Freq. (Hz) Damping 
ratio 

Standard 
deviation 

1 -2.891 7.869 1.334 0.345 0.2321 
2 -2.799 7.469 1.269 0.351 0.0799 
3 -0.540 3.449 0.556 0.155 0.0925 

 

Table 3. REIs of there electromechanical oscillation modes 
with LHS-MCS method 

Mode 1 Model 2 Mode 3 Sample  
size (N) me /10-3 se /10-3 me /10-3 se /10-3 me /10-3 se /10-3 

100 10.20 8.06 8.70 6.02 7.44 9.03 
300 7.85 5.48 6.67 5.17 5.63 6.96 
500 6.35 4.11 5.48 5.01 4.65 5.74 
700 4.89 3.14 4.29 4.36 3.26 5.17 
900 4.04 1.41 3.71 3.89 2.84 4.44 
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corresponding to oscillation mode 1 are given in Table 3. 
The REIs of other oscillation modes have the similar 
results. 

The simulation results in Table 4 indicate that the average 
mean value and standard deviation of REI, obtained by 
LHS-MCS method, are much smaller than those obtained 
by SRS-MCS, especially in small sample sizes. For instance, 
the mean value and standard deviation of me  obtained by 
LHS-MCS are 36.35 10-´  and 34.11 10-´ , while those 
obtained by SRS-MCS are 311.7 10-´  and 39.33 10-´ . 
The smaller values of the average mean value and standard 
deviation prove that the LHS is more robust and converges 
much faster than SRS. 

Moreover, the computing time for the LHS-MCS 
method with sample size 500 is 78.2s while SRS-MCS 
method is 76.6s. The process of sampling and permutation 
increases a little time. When the sample size and the number 
of input variables become larger, the time difference is 
not significant. However, to achieve the same calculation 
accuracy as LHS-MCS method, the SRS-MCS takes much 
longer time. That means with the same small sample size, 
LHS-MCS is a more effective method compared with 
LHS-MCS. 

From all of the simulation results, we can conclude that 
LHS-MCS is very efficient in PSSSA problems under 
small sample size. 

 
4.2 16-machine, 68-bus test system case 

 
The effectiveness of the LHS-MCS is discussed in the 

previous subsection with a simple power system. In this 
subsection, the influences of load correlation on probabilistic 
small signal stability are studied through the 16-machine, 
68-bus test system which contains multiple correlated loads. 
This system is the reduced-order equivalent model of New 
England test system (NYTS ) and New York power system 
(NYPS) interconnected networks [19]. The system structure 
is shown in Fig. 3, there are five geographical regions with 
three major transmission corridors between NETS and 

NYPS in the system. In this work, the tie-line power 
exchange between NETS and NYPS is 700MW in total. 
Each machine has been represented by a sixth-order 
detailed dynamic model. All sixteen machines are equipped 
with the IEEE type ST-1 excitation control. System loads 
are modeled as constant PQ load models. There are a total 
of 50 uncertain parameters as input random variables 
within the test system being investigated (15 PV generators 
are considered to be completely independent and 35 loads 
are considered to be correlative). 

Before assessing the impact of multiple correlated input 
random variables on probabilistic index of power system, 
we first verify whether the root mean square correlation 
error index ( rmsrD  in Eq. (15)) of multiple input random 
variables can be achieved by the proposed method. 

The values of rmsrD  of simple random sampling with 
random permutation (SRS-RP), LHS with random 
permutation and (LHS-RP) LHS with Cholesky decom-
position based permutation (LHS-CD) of different sampling 
dimensions are shown in Tables 5 and 6. The results in 
Table 5 demonstrate the root mean square correlation 
error index rmsrD  of 15 generators power input random 
variables. It is clear that LHS-CD has a smaller rmsrD  
value compared with SRS-RP and LHS-RP when the input 
variable sampling values are independent. The correlation 
error index rmsrD  of 35 system loads random variables are 

 
Fig. 2. Comparison between the PDF of inter-area mode’s 

real part by LHS with N=500 and SRS with N=
20,000. 

Table 4. REIs comparisons of two methods with 50 times 
3/ 10me -  3/ 10se -  Sample  

Size (N) Method 
Mean Std. Mean Std. 

LHS 10.20 8.06 24.7 20.9 100 
SRS 21.4 14.5 57.6 50.2 
LHS 7.85 5.48 19.6 15.8 300 
SRS 14.5 11.2 38.6 35.5 
LHS 6.35 4.11 14.1 12.3 500 
SRS 11.7 9.33 25.1 28.4 
LHS 4.89 3.14 11.9 9.98 700 
SRS 8.20 6.92 19.5 20.9 
LHS 4.04 1.41 8.71 8.66 900 
SRS 6.44 5.66 14.5 14.5 

 
Table 5. Comparisons of rmsrD of different methods in 16-

machine, 68-bus Test System with 15 independent 
input random variables 

(%)rmsrD  Sampling 
dimension  SRS-RP LHS-RP LHS-CD 
15×100 9.85 9.38 2.17 
15×200 6.52 7.06 1.72 
15×300 6.22 5.90 1.60 
15×400 4.88 5.13 1.49 
15×500 4.17 4.74 1.43 
15×600 3.98 4.11 1.35 
15×700 3.54 3.81 1.35 
15×800 3.46 3.29 1.32 
15×900 3.21 3.14 1.27 

15×1000 3.23 3.11 1.25 
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listed in Table 6. The results demonstrate that although LHS-
CD can’t obtain the exact desired correlation coefficients 
between multiple correlated random variables, the correlation 
error index rmsrD  is very small and its maximum value 
produced by LHS-CD is 1.45% (with N=500). Furthermore, 
the correlation error index rmsrD  is decreasing with the 
increase of sampling samples size N. So the obtained 
samples can reflect the expected correlation between 
random variables.  

This test system displays four inter-area modes, as 
shown in Table 7. The system is unstable when no PSS 
is equipped at the nominal system condition. They are 6 
unstable local oscillation modes (damping ratios are shown 
in italics in Table 7). So the probabilistic analysis of small 
signal stability without PSS is not considered in this study. 
Eigenvalue analysis shows that all local modes and inter-
area modes receive acceptable damping (5%) when some 
local PSSs are installed in the system [19]. However, for 
some extreme operating conditions, two inter-area modes 
might be poorly damped (M1 and M2 Bold in the table). 

M1 with frequency at about 0.38 Hz dominates the power 
oscillation between NYTS, NYPS, and the rest of the 
system, while M2 oscillating at a frequency of about 0.70 
Hz mainly reflects the power oscillation between NYTS 
and NYPS. Hence, the probabilistic analysis presented here 
focuses on only the lowest likely poorly damped low 
frequency inter-area oscillation mode M1, which is the 
critical inter-area oscillation mode of the system. 

A correlation coefficient matrix is used to represent load 
correlation. When the correlation coefficient varies from 0 
to 1.0 with a step of 0.1, the probabilistic insecurity index 
(PIseI) of the critical inter-area oscillation mode is shown 
in Table 8 at different levels of load uncertainty. The mean 
values and standard deviations of the critical inter-area 
oscillation mode are also given in Tables 9 and 10. The 
results in Table 10 are also illustrated in Fig. 4. LHS-MCS 
method is adopted to obtain all of the test results. 

From the simulation results listed in Table 8 to 10 and 

 
Fig. 3. 16-machine, 68-bus test system 

Table 6. Comparisons of rmsrD  of different correlation 
coefficients in 16-machine, 68-bus test system 
with 35 correlated input random variables by 
LHS-CD 

LHS-CD (%)rmsrD  Correlation 
Coefficient  35×100 35×200 35×300 35×400 35×500 

0 2.22 1.85 1.62 1.52 1.45 
0.1 2.53 1.78 1.75 1.58 1.53 
0.2 2.61 1.81 1.52 1.45 1.42 
0.3 3.44 1.74 1.53 1.41 1.24 
0.4 2.59 1.60 1.61 1.24 1.22 
0.5 2.18 1.99 1.63 1.36 0.86 
0.6 2.26 0.97 0.95 0.91 0.80 
0.7 1.83 1.32 0.70 0.62 0.61 
0.8 0.91 0.60 0.54 0.49 0.42 
0.9 1.22 0.66 0.29 0.30 0.22 
1.0 0.015 0.013 0.007 0.0055 0.0045 

 

Table 7. All of the oscillation modes in 16-machine, 68-bus 
test system with and without PSS at the nominal 
system condition 

With PSS Without PSS  
Oscillation Modes Damping Oscillation Modes Damping 

-0.119±2.367i 0.050 -0.066±2.377i 0.028 
-0.296±3.448i 0.085 -0.102±3.452i 0.030 
-0.359±4.412i 0.081 -0.043±4.527i 0.010 

Inter-
Area 

Modes 
-0.426±4.999i 0.085 -0.255±5.009i 0.051 
-1.221±7.824i 0.154 0.169±7.255i -0.023 
-1.204±7.379i 0.161 0.768±7.259i -0.105 
-0.979±7.580i 0.128 0.281±7.343i -0.038 
-2.281±8.163i 0.269 -0.178±7.975i 0.022 
-1.274±8.605i 0.146 0.089±8.114i -0.011 
-1.522±9.065i 0.166 0.176±8.128i -0.022 
-0.890±9.183i 0.097 -0.038±8.528i 0.005 
-3.254±11.613i 0.271 -0.413±9.657i 0.043 
-3.080±10.953i 0.214 -0.242±9.669i 0.025 
-2.451±11.166i 0.270 -0.447±9.875i 0.045 

Local 
Modes 

-2.735±12.633i 0.212 0.298±11.888i -0.025 
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Fig. 4, it is observed that: 

1) The system insecurity probability PIseI ( 5%iz < ) is 
higher with the increasing of uncertainty level and 

correlation coefficient. 
2) Under a certain load uncertainty level, the PIseI of critical 

oscillation mode is enlarged with the increase of load 
correlation. 

3) Uncertainty and correlation interaction effect is nonlinear. 
4) Load correlation has no significant influence on the mean 

value of critical oscillation mode, it slightly reduces the 
damping ratio and frequency of the critical oscillation 
mode. But the standard deviation of critical oscillation 
mode obviously increases with enhancement of load 
correlation. It is noted that the relationship between 
standard deviation and load correlation coefficient is 
almost linear as shown in Fig. 4. When the loads are 
highly interrelated, the standard deviations own the 
amplification properties. That means the instability risk 
increase when the load correlation is strongly correlated. 

 
The PDF curves of the critical inter-area oscillation 

mode M1’s real part and damping ratio with different load 
correlation coefficient is shown in Figs. 5 and 6. 

From these two PDF curves, it is observed that different 
strength of load correlation is corresponding to different 
probability density. The high-and-narrow type PDF curve, 
which is corresponding to low load correlation, has 
demonstrated the smaller volatility of the critical mode’s 
real part and damping ratio, while the pyknic type PDF 

Table 8. PIseI of the critical oscillation mode M1 (N=500) 
Uncertainty level Correlation 

coefficient 1% 2% 3% 4% 5% 
0 0 0.102 0.234 0.278 0.344 

0.1 0 0.108 0.238 0.282 0.356 
0.2 0.002 0.108 0.244 0.284 0.372 
0.3 0.004 0.114 0.248 0.290 0.372 
0.4 0.008 0.124 0.252 0.302 0.374 
0.5 0.008 0.128 0.258 0.312 0.382 
0.6 0.010 0.136 0.268 0.318 0.396 
0.7 0.016 0.140 0.272 0.322 0.402 
0.8 0.022 0.148 0.282 0.330 0.412 
0.9 0.028 0.154 0.284 0.334 0.414 
1.0 0.030 0.156 0.288 0.336 0.416 

 
Table 9. The mean values of the critical oscillation mode 

M1 (N=500) 
Uncertainty level Correlation 

coefficient 1% 2% 3% 4% 5% 

0 -0.1239±
2.4045i 

-0.1185±
2.3439i 

-0.1184±
2.3608i 

-0.1082±
2.2482i 

-0.1076±
2.2224i 

0.1 -0.1239±
2.4044i 

-0.1184±
2.3436i 

-0.1183±
2.3601i 

-0.1080±
2.2466i 

-0.1073±
2.2196i 

0.2 -0.1239±
2.4043i 

-0.1184±
2.3433i 

-0.1182±
2.3594i 

-0.1078±
2.2440i 

-0.1070±
2.2174i 

0.3 -0.1238±
2.4043i 

-0.1183±
2.3428i 

-0.1180±
2.3584i 

-0.1076±
2.2419i 

-0.1067±
2.2150i 

0.4 -0.1238±
2.4042i 

-0.1183±
2.3426i 

-0.1180±
2.3579i 

-0.1073±
2.2396i 

-0.1065±
2.2124i 

0.5 -0.1238±
2.4041i 

-0.1182±
2.3422i 

-0.1178±
2.3570i 

-0.1071±
2.2375i 

-0.1062±
2.2106i 

0.6 -0.1238±
2.4041i 

-0.1182±
2.3419i 

-0.1177±
2.3562i 

-0.1069±
2.2341i 

-0.1059±
2.2091i 

0.7 -0.1238±
2.4040i 

-0.1181±
2.3415i 

-0.1176±
2.3554i 

-0.1067±
2.2321i 

-0.1056±
2.2067i 

0.8 -0.1238±
2.4039i 

-0.1181±
2.3411i 

-0.1175±
2.3545i 

-0.1065±
2.2288i 

-0.1053±
2.2050i 

0.9 -0.1238±
2.4039i 

-0.1180±
2.3408i 

-0.1174±
2.3538i 

-0.1063±
2.2264i 

-0.1050±
2.2028i 

1.0 -0.1238± 
2.4038i 

-0.1180± 
2.3404i 

-0.1173±
2.3529i 

-0.1061± 
2.2241i 

-0.1047±
2.2004i 

 
Table 10. The standard deviations of the critical oscillation 

mode M1 (N=500) 
Uncertainty level Correlation 

coefficient 1% 2% 3% 4% 5% 
0 0.0146 0.0345 0.0505 0.0752 0.0914 

0.1 0.0157 0.0382 0.0553 0.0850 0.0993 
0.2 0.0177 0.0406 0.0593 0.0908 0.1127 
0.3 0.0186 0.0446 0.0660 0.0998 0.1193 
0.4 0.0200 0.0466 0.0684 0.1071 0.1279 
0.5 0.0210 0.0492 0.0731 0.1186 0.1358 
0.6 0.0222 0.0518 0.0771 0.1266 0.1523 
0.7 0.0232 0.0542 0.0812 0.1253 0.1569 
0.8 0.0241 0.0569 0.0855 0.1375 0.1740 
0.9 0.0250 0.0591 0.0884 0.1450 0.1781 
1.0 0.0259 0.0614 0.0926 0.1559 0.1848 

 

 
Fig. 4. The standard deviations of the critical mode 

 
Fig. 5. The PDF of critical mode’s real part 



Jian Zuo, Yinhong Li, Defu Cai and Dongyuan Shi 

 1841 

curve has reflected much more fluctuation of the critical 
mode under strong load correlation. The curves in Fig. 6 
also have proven that the PIseI of the critical mode is 
increasing with the strengthening of load correlation. It is 
noted that all other modes are with similar characteristics. 

Load correlation reflects the simultaneity of power 
demand and it also means the reduction of load random 
characteristics. In fact, when load correlation is more and 
more strong, the consistency of the load change is more 
obvious and the probability of power system appearing 
heavy load increases. When the system becomes heavy load, 
the PIseI even PIstI corresponding to the critical oscillation 
mode becomes larger. This study confirmed this viewpoint. 

 
 

5. Conclusion and Future Work 
 
This paper has proposed a method by using LHS 

technique as a kind of variance reduction technique to 
solve the PSSSA problems in the presence of load 
correlation. The test results have illustrated that LHS-MCS 
can achieve a better sampling efficiency compared with 
SRS-MCS, and provide an alternative PSSSA method with 
much smaller size. The simulation results also show that, 
the correlations between loads have a significant effect 
on PSSSA results. When load correlation increases, the 
instability probability of critical oscillation mode increases 
accordingly. The PSSSA study considering load correlation 
factors is more realistic in power system operation. 

In the future research, we will focus on applying this 
method to a large-scale practical power system. In addition, 
Wind speed correlation [22, 25] and its effect on power 
system probabilistic small signal stability will be taken into 
account. 
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