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ABSTRACT. The goal of this note is to describe the asymptotic behaviour of problems set
in cylinders when the size of them is becoming infinite. This leads to consider problems in
unbounded domains as well as new singular perturbations issues.

1. INTRODUCTION

It has been observed since a long time that the solution of problems set in cylinders, when
the data are depending on the section only, are also almost independent of the axial direction
– at least, as we will see, on a large portion of the cylinder at stake. At a time when one was
trying to save some computation power this has lead many numerical analysts to be convinced
that it was enough to carry out the simulations in two dimensions i.e. on the section of the
cylinder. If this seems reasonable, trying to justify that mathematically turns out to be often
a challenging task which has been the topic of recent research with sometimes unexpected
developments in different fields like for instance singular perturbations. Since the publication
of the book “` goes to plus infinity”, which attacks some of the issues mentioned above (Cf.
[7], [18]), a lot of progresses have been made in different directions. This is the goal of this
note to advertise them and to report on the issues which are still open. We refer to [33], [34]
for classical results and notation.

The simplest problem of the type “` goes to plus infinity” is the following. Let Ω` be the
rectangle defined as

Ω` = (−`, `)× (−1, 1). (1.1)

If we denote by (x1, x2) the points in R2, let

f = f(x2) ∈ L2(−1, 1). (1.2)
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FIGURE 1.1

Then by the Lax-Milgram theorem, it is well known that there exists a unique weak solution
to the problem  −∆u` = f in Ω`,

u` = 0 on ∂Ω`.
(1.3)

(∆ is the usual Laplace operator, ∂Ω` denotes the boundary of Ω`). The issue is then to deter-
mine what happens for u` when ` goes to plus +∞. A natural candidate for the limit is u∞ the
solution of a similar problem on the section of the rectangle that is to say the solution to −∂

2
x2u∞ = f in (−1, 1),

u∞(±1) = 0.
(1.4)

One can indeed show (see [29], [8], [47]):

Theorem 1.1. There exists positive constants C, α such that∣∣|∇(u` − u∞)|
∣∣
2,Ω `

2

≤ Ce−α`. (1.5)

(
∣∣ ∣∣

2,A
denotes the usual L2(A)-norm, | | the euclidean norm in R2).

Remark 1.1. The above theorem states in particular that, on any fixed subdomain of the strip
Ω∞ = R × (−1, 1), u` converges toward u∞ at an exponential rate. Note that u` itself is not
independent of x1 unless it is identically equal to 0 and f as well.

Open question : We do not know if the exponential rate of convergence is preserved when
one replaces in (1.3) the Laplace operator by the p-Laplace operator. For some convergence
results we refer to [24], [28], [45].
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2. THE GENERAL FRAMEWORK

We denote by ω1, ω2 two bounded open subsets of Rm and Rn−m respectively and we
suppose that

0 ∈ ω1 and ω1 is star shaped with respect to 0. (2.1)

For ` > 0 we set
Ω` = `ω1 × ω2. (2.2)

The points x = (x1, x2, ..., xn) in Rn are split into two components X1, X2 where

X1 = x1, ..., xm , X2 = xm+1, ..., xn (2.3)

i.e. X = (X1, X2).
Let us denote by f a function independent of X1, i.e.

f = f(X2). (2.4)

and consider u` the weak solution to −∂xi(|∂xiu`|
p−2∂xiu`) = f in Ω`,

u` = 0 on ∂Ω`,
(2.5)

(with the summation convention on i = 1, ..., n). When p = 2 the above operator is the Laplace
operator. We will assume in what follows that

p ≥ 2. (2.6)

Then, if for instance

f ∈ Lq(ω2) ,
1

p
+

1

q
= 1, (2.7)

the problem above admits a unique weak solution in W 1,p
0 (Ω`) -i.e. there exists a unique u`

satisfying (see [8])
u` ∈W 1,p

0 (Ω`),∫
Ω`
|∂xiu`|p−2∂xiu`∂xiv dx =

∫
Ω`
fv dx ∀v ∈W 1,p

0 (Ω`).
(2.8)

We would like to find out the limit behaviour of u` when ` → +∞. For that we will assume
that ω1 – in addition to (2.1) – possesses the following property. For every a > 0 there exists a
function ρa = ρa(X1) such that

0 ≤ ρa ≤ 1 , ρa = 1 on aω1 , ρa = 0 on ∂{(a+ 1)ω1} , |∇ρa| ≤ C (2.9)

for some constant C.

Remark 2.1. If ω1 is convex the property above holds true.
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Then, if u∞ denotes the solution to
u∞ ∈W 1,p

0 (ω2),∫
ω2
|∂xiu∞|p−2∂xiu∞∂xiv dX2 =

∫
ω2
fv dX2 ∀v ∈W 1,p

0 (ω2),

(2.10)

(note that in the integral above the summation convention is made for i = m+ 1, ..., n, dX2 =
dxm+1...dxn), we have :

Theorem 2.1. There exists positive constants C, α such that∣∣|∇(u` − u∞)|
∣∣
p,Ω `

2

≤ Ce−α`. (2.11)

Proof. Let us denote by `1 a real number such that 0 < `1 ≤ `− 1. It is clear that

ρ`1(X1)(u` − u∞) ∈W 1,p
0 (Ω`) (2.12)

and thus it is a suitable test function for (2.8). Moreover for a.e. X1 (Cf. [7])

ρ`1(X1)(u` − u∞)(X1, .) ∈W 1,p
0 (ω2). (2.13)

and thus is a suitable test function for (2.10). Thus, for a.e. X1 it holds∫
ω2

|∂xiu∞|p−2∂xiu∞∂xi{ρ`1(u` − u∞)}dX2 =

∫
ω2

f{ρ`1(u` − u∞)}dX2. (2.14)

(Note that in the first integral above i can run from 1 to n since u∞ is independent of X1).
Integrating (2.14) in X1 we get∫

Ω`

|∂xiu∞|p−2∂xiu∞∂xi{ρ`1(u` − u∞)}dx =

∫
Ω`

f{ρ`1(u` − u∞)}dx. (2.15)

Taking v = ρ`1(u` − u∞) in (2.8) and subtracting the equality above we obtain∫
Ω`

{|∂xiu`|p−2∂xiu` − |∂xiu∞|p−2∂xiu∞}∂xi{ρ`1(u` − u∞)}dx = 0. (2.16)

Since ρ`1 vanishes outside Ω`1+1 it is enough in the integral above to integrate on Ω`1+1 and
we obtain easily∫

Ω`1+1

{|∂xiu`|p−2∂xiu` − |∂xiu∞|p−2∂xiu∞}∂xi{u` − u∞}ρ`1dx (2.17)

=

∫
Ω`1+1\Ω`1

{|∂xiu`|p−2∂xiu` − |∂xiu∞|p−2∂xiu∞}∂xi{ρ`1}(u` − u∞)dx.

(We used the fact that ρ`1 = 1 on Ω`1 . In the last integral i runs from 1 to m since ρ`1 is
independent of X2). It is well known that for some constant Cp one has

Cp|a− b|p ≤ (|a|p−2a− |b|p−2b)(a− b) ∀a, b ∈ R (2.18)
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and thus from (2.17) we derive easily

Cp

∫
Ω`1+1

|∂xi(u` − u∞)|pρ`1dx ≤
∫

Ω`1+1\Ω`1
|∂xiu`|p−1|∂xiρ`1 ||u` − u∞|dx. (2.19)

Since ρ`1 = 1 on Ω`1 and u∞ is independent of X1 it implies that

Cp

∫
Ω`1

|∂xi(u` − u∞)|pdx ≤
∫

Ω`1+1\Ω`1
|∂xi(u` − u∞)|p−1|∂xiρ`1 ||u` − u∞|dx. (2.20)

(Note that in the last integral i is running from 1 to m). Using the equivalence of norms in Rn
and (2.9) we derive easily∫

Ω`1

|∇(u` − u∞)|pdx ≤ C
∫

Ω`1+1\Ω`1
|∇X1(u` − u∞)|p−1|u` − u∞|dx (2.21)

where C = C(p,m, n) is a constant depending on p, m and n, | | is the euclidean norm,
∇X1 = (∂x1 , ..., ∂xm) is the gradient in X1. Using then the Young inequality

ab ≤ aq

q
+
bp

p

with q = p
p−1 we arrive to∫

Ω`1

|∇(u` − u∞)|pdx ≤ C
∫

Ω`1+1\Ω`1
|∇X1(u` − u∞)|p + |u` − u∞|pdx. (2.22)

By the Poincaré inequality we have for a.e. X1 ∈ `ω1∫
ω2

|(u` − u∞)|p(X1, X2)dX2 ≤ C(ω2)

∫
ω2

|∇X2(u` − u∞)|p(X1, X2)dX2 (2.23)

for some constant C(ω2), ∇X2 = (∂xm+1 , ..., ∂xn) is the gradient in X2. Integrating in X1 we
derive ∫

Ω`1+1\Ω`1
|(u` − u∞)|pdx ≤ C(ω2)

∫
Ω`1+1\Ω`1

|∇X2(u` − u∞)|pdx. (2.24)

Thus going back to (2.22) we get for some constant C∫
Ω`1

|∇(u` − u∞)|pdx ≤ C
∫

Ω`1+1\Ω`1
|∇(u` − u∞)|pdx (2.25)

which leads to ∫
Ω`1

|∇(u` − u∞)|pdx ≤ C

C + 1

∫
Ω`1+1

|∇(u` − u∞)|pdx. (2.26)

Starting from `1 = `
2 and iterating this inequality [ `2 ]-times where [ ] denotes the integer part of

a real we get ∫
Ω `

2

|∇(u` − u∞)|pdx ≤
( C

C + 1

)[ `
2

]
∫

Ω `
2+[ `2 ]

|∇(u` − u∞)|pdx. (2.27)
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Setting γ = C
C+1 < 1 and noticing that

`

2
− 1 < [

`

2
] ≤ `

2
(2.28)

we obtain ∫
Ω `

2

|∇(u` − u∞)|pdx ≤ γ `2−1

∫
Ω`

|∇(u` − u∞)|pdx. (2.29)

We try now to evaluate the right hand side integral above. Taking v = u` in (2.8) we get easily
using in particular the Poincaré inequality :∫

Ω`

|∂xiu`|pdx =

∫
Ω`

fu`dx

≤ |f |q,Ω` |u`|p,Ω`
≤ |f |q,Ω`C(ω2)

∣∣|∇X2u`|
∣∣
p,Ω`

≤ C(ω2)|f |q,Ω`
∣∣|∇u`|∣∣p,Ω`

(2.30)

and thus, by equivalence of the norms in Rn∣∣|∇u`|∣∣pp,Ω` ≤ C|f |q,Ω`∣∣|∇u`|∣∣p,Ω`
⇒
∣∣|∇u`|∣∣pp,Ω` ≤ C|f | p

p−1

q,Ω`
= C

( ∫
`ω1

∫
ω2

|f(X2)|qdx
)

≤ C`m|f |
p
p−1
q,ω2

(2.31)

where C = C(ω1, ω2,m, n). Similarly taking v = u∞ in (2.10) we derive∣∣|∇u∞|∣∣pp,ω2
≤ C|f |

p
p−1
q,ω2

and thus ∣∣|∇u∞|∣∣pp,Ω` ≤ C`m|f | p
p−1
q,ω2 .

Going back to (2.29) we get

{∫
Ω `

2

|∇(u` − u∞)|pdx
} 1
p ≤

(e `2 ln γ

γ

) 1
p
{∫

Ω`

|∇(u` − u∞)|pdx
} 1
p

≤ C|f |
1
p−1
q,ω2`

m
p e

`
2p

ln γ

≤ Ce−α`,

(2.32)

for any α < − ln γ
2p . This completes the proof of the theorem.

�
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Remark 2.2. In the case p = 2 we have obtained at the same time the proof of Theorem 1.1.
Note that in the case of the p-Laplace operator i.e. when

−∆pu = −∂xi{|∇u|p−2∂xi}

the technique above does not work since all the derivatives are involved in the operator (see
(2.20)).

3. PERIODIC PROBLEMS

In the two sections above we considered a function f constant in some directions. A natural
generalization is to consider a f which is periodic – in one direction or several. For instance if
we consider (1.3) with f periodic in x1 does it force u` to converge toward a periodic function?
The answer is yes and we refer the reader to [8] for a proof and some generalizations. What we
would like to do in this section is to prove that this works also in a parabolic framework. We
consider again the simple case of Ω` given by (1.1) and a function

f = f(x1, x2)

periodic in x1 with period P -i.e. we assume

f(x1 + P, x2) = f(x1, x2) a.e. x.

We denote by C the period cell

C = (0, P )× (−1, 1)

where it is enough to define f and we assume that

f ∈ L2(C).

We define

C1
0,per(C) = {v ∈ C1(C) : v(.,±1) = 0, v(0, .) = v(P, .)},

V = H1
0,per(C) = the closure of C1

0,per(C) in H1(C),

i.e. V = H1
0,per(C) is the set of H1(C)-functions periodic in x1 and vanishing on the part

of the boundary of C contained in the straight lines x2 = ±1. It is clear that H1
0,per(C) is a

Hilbert space when equipped with the Dirichlet norm( ∫
C
|∇u|2dx

) 1
2 . (3.1)
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Clearly f ∈ V ′ the dual of V and for u0 ∈ L2(C) there exists a unique u∞ (this notation will
be clear later) solution to

u∞ ∈ L2(0, T ;V ) , ∂tu∞ ∈ L2(0, T ;V ′),

∂t(u∞, v) +
∫
C ∇u∞ · ∇vdx =

∫
C fvdx ∀v ∈ V in D′(0, T ),

u∞(0, .) = u0.

(3.2)

(T is a positive number). We suppose from now on that u∞ and u0 are extended by periodicity
P on the whole strip R× (−1, 1). For ` > 0 we set

Ω` = (−`P, `P )× (−1, 1) , V` = H1
0 (Ω`).

We suppose V` equipped with the Dirichlet norm - i.e. defined by (3.1) with C replaced by Ω`.
Then f ∈ V ′` and there exists a unique u` solution to

u` ∈ L2(0, T ;V`) , ∂tu` ∈ L2(0, T ;V ′` ),

∂t(u`, v) +
∫

Ω`
∇u` · ∇vdx =

∫
Ω`
fvdx ∀v ∈ V` in D′(0, T ),

u`(0, .) = u0.

(3.3)

Then we have :

Theorem 3.1. When ` → +∞, u` → u∞ with an exponential rate of convergence. (i.e. the
periodicity of f forces u` to be periodic at the limit).

We will need the following lemma:

Lemma 3.1. Let u∞ be the periodic extension of the solution to (3.2). Then for every Ω ⊂
R× (−1, 1) bounded, it holds

∂t(u∞, v) +

∫
Ω
∇u∞ · ∇vdx =

∫
Ω
fvdx ∀v ∈ H1

0 (Ω) in D′(0, T ). (3.4)

Proof. For z ∈ Z we denote by Cz the translated of C = C0 the reference cell i.e.

Cz = C0 + (zP, 0).

We suppose that v is extended by 0 outside Ω. Then the support of v intersects only a finite
number of cells Cz -see the figure below.

In D′(0, T ) one considers the distribution

A = ∂t(u∞, v) +

∫
Ω
∇u∞ · ∇vdx = ∂t

(∑
z

(u∞, v)2,Cz

)
+
∑
z

∫
Cz

∇u∞ · ∇vdx.
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FIGURE 3.2

(( , )2,D denotes the usual L2(D)-scalar product). Since Cz = C0 + (zP, 0) one has

A = ∂t
{∑

z

(u∞(t, x1 + zP, x2), v(x1 + zP, x2))2,C

}
+
∑
z

∫
C
∇u∞(t, x1 + zP, x2) · ∇v(x1 + zP, x2)dx.

Since u∞ has no jump through the different cells, u∞ and∇u∞ are periodic of period P in
the x1 direction and thus

A = ∂t(u∞,
∑
z

v(x1 + zP, x2))2,C +

∫
C
∇u∞ · ∇

{∑
z

v(x1 + zP, x2)
}
dx.

It is clear that the function ∑
z

v(x1 + zP, x2)

is P -periodic in x1 and vanishes on x2 = ±1 (note that only a finite number of terms in the
sum are different of 0). Thus by (3.2) we have in D′(0, T )

A =

∫
C
f(x1, x2)

∑
z

v(x1 + zP, x2)dx

=
∑
z

∫
C
f(x1 + zP, x2)v(x1 + zP, x2)dx =

∑
z

∫
Cz

fvdx =

∫
Ω
fvdx

(3.5)

since f is periodic in the direction x1. This completes the proof of the Lemma.
�

Proof of the Theorem For `1 ≤ ` − 1 we denote by ρ = ρ`1 the function which graph is
described below (compare to (2.9)).

Clearly one has
(u` − u∞)ρ(x1) ∈ V`
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FIGURE 3.3

and from (3.3), (3.4) one deduces (see [6] for the notation < , >)

< ∂t(u` − u∞), (u` − u∞)ρ > +

∫
Ω`1+1

∇(u` − u∞) · ∇{(u` − u∞)ρ}dx = 0

i.e.
1

2

d

dt

∫
Ω`1+1

(u` − u∞)2ρdx+

∫
Ω`1+1

|∇(u` − u∞)|2ρdx

=

∫
D`1

∂x1(u` − u∞)(∂x1ρ)(u` − u∞)dx

where we have set
D`1 = Ω`1+1\Ω`1 .

Since |∂x1ρ| ≤ 1 we derive by Young’s inequality

1

2

d

dt

∫
Ω`1+1

(u` − u∞)2ρdx+

∫
Ω`1

|∇(u` − u∞)|2dx

≤ 1

2

∫
D`1

∂x1(u` − u∞)2 + (u` − u∞)2dx.

By the Poincaré inequality one has∫
D`1

(u` − u∞)2dx ≤ 2

∫
D`1

∂x2(u` − u∞)2

and thus it holds
1

2

d

dt

∫
Ω`1+1

(u` − u∞)2ρdx+

∫
Ω`1

|∇(u` − u∞)|2dx ≤
∫
D`1

|∇(u` − u∞)|2dx.

This can be written as
1

2

d

dt

∫
Ω`1+1

(u` − u∞)2ρdx+ 2

∫
Ω`1

|∇(u` − u∞)|2dx ≤
∫

Ω`1+1

|∇(u` − u∞)|2dx.

Integrating between 0 and T we obtain (recall that u` = u∞ = u0 for t = 0)
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1

2

∫
Ω`1

(u` − u∞)2(T, x)dx+ 2

∫ T

0

∫
Ω`1

|∇(u` − u∞)|2dx ≤
∫ T

0

∫
Ω`1+1

|∇(u` − u∞)|2dx

which implies

1

2

∫
Ω`1

(u` − u∞)2(T, x)dx+ 2

∫ T

0

∫
Ω`1

|∇(u` − u∞)|2dx

≤ 1

2
{1

2

∫
Ω`1+1

(u` − u∞)2(T, x)dx+ 2

∫ T

0

∫
Ω`1+1

|∇(u` − u∞)|2dx}.

Setting

F (`1) =
1

2

∫
Ω`1

(u` − u∞)2(T, x)dx+ 2

∫ T

0

∫
Ω`1

|∇(u` − u∞)|2dxdt

we have obtained

F (`1) ≤ 1

2
F (`1 + 1), ∀`1 ≤ `− 1.

Starting from `1 = `
2 and iterating this inequality [ `2 ]-times one derives

F (
`

2
) ≤ (

1

2
)[ `

2
]F (

`

2
+ [

`

2
]).

Using again (2.28) we get

F (
`

2
) ≤ 2(

1

2
)
`
2F (`) = 2e−

`
2

ln 2F (`).

In order to conclude we need to estimate F (`). Taking v = u` in (3.3) and integrating in t we
get

1

2
|u`|22,Ω`(T )− 1

2
|u0|22,Ω` +

∫ T

0

∫
Ω`

|∇u`|2dxdt =

∫ T

0

∫
Ω`

fu`dxdt

≤
∫ T

0
|f |22,Ω`dt+

1

4

∫ T

0
|u`|22,Ω`

≤
∫ T

0
|f |22,Ω`dt+

1

2

∫ T

0

∫
Ω`

|∇u`|2dxdt.

This leads to

1

2
|u`|22,Ω`(T ) +

1

2

∫ T

0

∫
Ω`

|∇u`|2dxdt ≤
1

2
|u0|22,Ω` +

∫ T

0

∫
Ω`

f2dxdt ≤ C(u0, f, T )`.

The same estimate holds for u∞ so that

F (`) ≤ C`
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for some constant independent of `. It follows that∫
Ω `

2

(u` − u∞)2(T, x)dx+

∫ T

0

∫
Ω `

2

|∇(u` − u∞)|2dxdt ≤ C`e− `2 ln 2 ≤ Ce−α`

for every α < ln 2
2 . This completes the proof of the theorem.

�

4. EXISTENCE RESULTS IN UNBOUNDED DOMAINS

When considering (1.3) there is no reason to assume f independent of x1. Indeed assuming
for instance f ∈ L2(Ω`) for every ` then u` is perfectly defined. The question is then to find
out if u` possesses a limit when `→ +∞. Of course a natural candidate is u∞ solution to −∆u∞ = f(x1, x2) in Ω∞ = R× (−1, 1),

u∞(.,±1) = 0.
(4.1)

Unfortunately the solution to (4.1), if it exists, is not unique. Indeed, for instance the functions

u∞ = Ce
π
2
x1cos(

π

2
x2) (4.2)

all satisfy (4.1) for f = 0. Now the only bounded function of the type (4.2) is obtained when
C = 0. Besides non uniqueness it is also not clear that existence of a solution to (4.1) does
exist. Indeed when

f ∈ H−1(Ω∞)

then certainly the Lax-Milgram theorem provides existence and uniqueness of a solution in
H1

0 (Ω∞) to (4.1) (this solution being 0 when f = 0). But they are many simple functions which
are not in H−1(Ω∞) (see [31]). For instance this is the case for a function f = f(x2) 6= 0.
Indeed consider such a function. If f ∈ H−1(Ω∞) there exists a unique solution to

u ∈ H1
0 (Ω∞) ,

∫
Ω∞

∇u · ∇vdx =< f, v > ∀v ∈ H1
0 (Ω∞).

By uniqueness it is easy to show that u is translation invariant in the x1 direction. This implies
that u = u(x2). But this function cannot be in L2(Ω∞) unless u = f = 0. So in order to
establish existence of a solution to (4.1) some new arguments have to be developped. The idea
is that if f is not growing too fast at infinity u` defined by (1.3) is a Cauchy sequence (see also
[43]). We will consider the situation described by the figure below -i.e. Ω is an unbounded
domain contained in the strip R× (−a, a), a > 0. We set

Ω` = (−`, `)× (−a, a) ∩ Ω,

V` = {v ∈ H1(Ω`) : v = 0 on ∂Ω`}
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x1
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FIGURE 4.4

(∂A denotes the boundary of A). Let us denote by V ′` the dual of V` and suppose that f ∈ V ′`
for every ` > 0. Then there exists a unique u` solution to

u` ∈ V` ,
∫

Ω`

∇u` · ∇vdx =< f, v > ∀v ∈ V`. (4.3)

(< > denotes the V ′` ,V` duality). Then we have :

Theorem 4.1. Suppose that for some γ > 0 we have

|f |V ′` = O(`γ), (4.4)

where | |V ′` is the strong dual norm in V ′` . Then u` converges toward the unique solution to
u∞ ∈ H1

loc(Ω) , u∞ = 0 on ∂Ω,

−∆u∞ = f in Ω ,
∣∣|∇u∞|∣∣2,Ω` = O(`γ).

(4.5)

Moreover ∣∣|∇(u` − u∞)|
∣∣
2,Ω `

2

≤ Ce−β` (4.6)

for some positive constants C and β.

Proof. For `1 ≤ `− 1 consider the function ρ = ρ`1 defined in the preceding section.

a) Estimate of u` − u`+r for 0 ≤ r ≤ 1

One has clearly
(u` − u`+r)ρ(x1) ∈ V` and V`+r.

Thus from (4.3) one deduces∫
Ω`1+1

∇(u` − u`+r) · ∇{(u` − u`+r)ρ}dx = 0.
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This implies∫
Ω`1+1

|∇(u`−u`+r)|2ρdx

=

∫
Ω`1+1\Ω`1

∂x1(u` − u`+r)∂x1ρ(u` − u`+r)dx

≤
∫
D`1

|∂x1(u` − u`+r)||(u` − u`+r)|dx

≤ ε

2

∫
D`1

{∂x1(u` − u`+r)}2dx+
1

2ε

∫
D`1

(u` − u`+r)2dx

(4.7)

(D`1 has been defined previously, the last inequality follows from Young’s inequality). One
has the Poincaré inequality (without choosing here the best constant)∫

D`1

(u` − u`+r)2dx ≤ 2a2

∫
D`1

{∂x2(u` − u`+r)}2dx

and thus∫
Ω`1

|∇(u` − u`+r)|2dx ≤
ε

2

∫
D`1

{∂x1(u` − u`+r)}2dx+
2a2

2ε

∫
D`1

{∂x2(u` − u`+r)}2dx.

Choosing ε = a we obtain∫
Ω`1

|∇(u` − u`+r)|2dx ≤ a
∫

Ω`1+1\Ω`1
|∇(u` − u`+r)|2dx

i.e. ∫
Ω`1

|∇(u` − u`+r)|2dx ≤
a

a+ 1

∫
Ω`1+1

|∇(u` − u`+r)|2dx.

Starting from `
2 and iterating [ `2 ] times this inequality we get (see (2.28))∫
Ω `

2

|∇(u` − u`+r)|2dx ≤
a+ 1

a

( a

a+ 1

) `
2

∫
Ω`

|∇(u` − u`+r)|2dx

≤ Ce−α`
∫

Ω`

|∇(u` − u`+r)|2dx

(4.8)

with C = a+1
a , α = −1

2 ln(a+1
a ).
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b) Estimate of u`

We just take v = u` in (4.3) to get∫
Ω`

|∇u`|2dx =< f, u` >≤ |f |V ′`
∣∣|∇u`|∣∣2,Ω` .

(We suppose V` normed with the Dirichlet norm |u|2V` =
∫

Ω`
|∇(u)|2dx). It follows that∫

Ω`

|∇u`|2dx ≤ |f |2V ′` = O(`2γ). (4.9)

c) u` is a Cauchy sequence

Combining (4.8) and (4.9) we have∫
Ω `

2

|∇(u` − u`+r)|2dx ≤ Ce−α`2{
∣∣|∇u`|∣∣22,Ω` +

∣∣|∇u`+r|∣∣22,Ω`+r}
≤ C ′e−α`{`2γ + (`+ r)2γ}
≤ C ′`2γe−α`{1 + (1 +

r

`
)2γ} ≤ C2e−2β`

(4.10)

for some constant C when ` > 1 -recall that 0 ≤ r ≤ 1. This can be written as

|u` − u`+r|V `
2

≤ Ce−β`.

Thus for t arbitrary we derive then

|u` − u`+t|V `
2

≤ |u` − u`+1|V `
2

+ |u`+1 − u`+2|V `+1
2

+ · · ·+ |u`+[t] − u`+t|V `+[t]
2

≤ Ce−β` + Ce−β(`+1) + · · ·+ Ce−β(`+[t])

≤ Ce−β`{1 + e−β + · · ·+ e−β[t]} ≤ C 1

1− e−β e
−β` = C ′e−β`

(4.11)

independently of t.
Suppose that we choose `0 ≤ `

2 then it follows from above that u` is a Cauchy sequence in
H1(Ω`0). It converges toward u∞ such that u∞ = 0 on ∂Ω`0 ∩ ∂Ω. Moreover, passing to the
limit in t in (4.11) provides (4.6).

d) Limit problem

From above we have ∫
Ω`0

∇u` · ∇vdx =< f, v > ∀v ∈ H1
0 (Ω`0)
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and passing to the limit in ` we get∫
Ω`0

∇u∞ · ∇vdx =< f, v > ∀v ∈ H1
0 (Ω`0).

e) Estimate of
∣∣|∇u∞|∣∣2,Ω`

From (4.11) one has
|u` − u`+t|V `

2

≤ C ′e−β`

i.e.
|u2` − u2`+t|V` ≤ C ′e−2β`.

Passing to the limit in t we obtain

|u2` − u∞|V` ≤ C ′e−2β`

which implies by (4.9)

|u∞|V` ≤ C ′e−2β` + |u2`|V` ≤ C ′e−2β` + |u2`|V2`
≤ C ′e−β` + C ′′(2`)γ = O(`)γ .

(4.12)

f) Uniqueness

Suppose that u∞, u′∞ are two solutions to (4.5). Then one has∫
Ω`

∇(u∞ − u′∞)∇vdx = 0 ∀v ∈ H1
0 (Ω`).

Taking v = (u∞ − u′∞)ρ`1 and arguing as above will lead to∫
Ω `

2

|∇(u∞ − u′∞)|2dx ≤ C2e−2β`.

Letting `→∞ leads to u∞ = u′∞. This completes the proof of the theorem.
�

Remark 4.1. One can replace the assumption |f |V ′` = O(`γ) by |f |V ′` = O(eγ`) for some
small enough γ. Note that we are also recovering here the theorem 1.1.

5. ANISOTROPIC SINGULAR PERTURBATIONS

Let u` the solution to (1.3). Set

v`(x1, x2) = u`(`x1, x2).

Clearly v` is defined on Ω1 = (−1, 1)2. Moreover one has

∂2
x1v`(x1, x2) = `2∂2

x1u`(`x1, x2) , ∂2
x2v`(x1, x2) = ∂2

x2u`(`x1, x2).
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Thus v` is solution to  −
1
`2
∂2
x1v` − ∂2

x2v` = f in Ω1,

v` = 0 on ∂Ω1.
(5.1)

Setting ε = 1
` , v` = wε we see that wε is solution of a problem of the type −ε

2∂2
x1wε − ∂2

x2wε = f in Ω1,

wε = 0 on ∂Ω1.
(5.2)

This is an anisotropic singular perturbation problem i.e. the diffusion in the direction x1 is
much smaller when ε → 0 than in the direction x2. The techniques developed for studying u`
allow to investigate such problems, we refer the interested reader to [9], [10] , [11], [13], [14],
[15].

In a more general framework like in our section 2 we have

Ω1 = ω1 × ω2.

Consider then a matrix A defined as

A(x) =

(
A11(x) A12(X2)
A21(x) A22(X2)

)
.

where A11 is a m×m matrix and A22 is a (n−m)× (n−m) one. Suppose that A is elliptic
and in particular satisfies for some constants λ, Λ

λ|ξ|2 ≤ A(x)ξ · ξ , |A(x)ξ| ≤ Λ|ξ| ∀ξ ∈ Rn, a.e x ∈ Ω1.

Then a generalization of (5.2) is obtained by setting

Aε(x) =

(
ε2A11(x) εA12(X2)
εA21(x) A22(X2)

)
.

For f = f(X2) ∈ L2(X2) there exists a unique wε solution to
wε ∈ H1

0 (Ω1),∫
Ω1
Aε(x)∇wε · ∇vdx =

∫
Ω1
fvdx ∀v ∈ H1

0 (Ω1)
(5.3)

which converges in a certain sense when ε→ 0 toward w0 solution to
w0 ∈ H1

0 (ω2),∫
ω2
A22(X2)∇X2w0 · ∇X2vdX2 =

∫
ω2
fvdX2 ∀v ∈ H1

0 (ω2),
(5.4)

(see [8], [11]).

Remark 5.1. Correctors for such problems can be found in [12]. Also these anisotropic per-
turbations issues allow to get existence results for exotic problems (see [13], [14]).
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6. SOME CONCLUDING REMARKS

We presented above only a few problems which were addressed in the recent years. Many
other developments occur. The most important achievement being to reach, with relatively sim-
ple techniques, an exponential rate of convergence for the solution of problems set in a domain
of the type Ω` toward a solution set in Ω∞. This gives credit to the numerical analysts’ pioneer-
ing vision. They indeed did not wait for the theoretical results to reduce in their computations
the dimension of the problem.

What can be done for the Dirichlet problem can be extended to the stokes problem in the
case of forces independent of one direction as well as in the periodic case (see [1], [16], [17]).
It would be interesting to extend this to the two dimensional time dependent Navier-Stokes
problem in the spirit of our section 3. Extension in the case of stationary Navier-Stokes problem
is more delicate since uniqueness might fail – the same issue occurs for the higher dimensional
evolution Navier-Stokes problem. Some higher order problems are investigated in [4], [38].
Hyperbolic issues are considered in [5], [35], [40], [41]. Regarding singular perturbations a
self contained study is available in [15] - see also [10], [11], [36], [38], [40].

If λk` denotes the k-th eigenvalue of the problem −∆u` = λk`u` in Ω`,

u` = 0 on ∂Ω`,
(6.1)

where Ω` = `ω1 × ω2 it can be shown that λk` converges when ` → +∞ towards the first
eigenvalue of the problem  −∆X2u∞ = λ1u∞ in ω2,

u∞ = 0 on ∂ω2,
(6.2)

(∆X2 is the usual Laplace operator in ω2) more precisely one has

0 ≤ λk` − λ1 = O(
1

`2
),

when `→ +∞. This is easily extended to general elliptic operators (see [22]) and one has also
convergence of the eigenfunctions. The passage to the Neumann case could appear straight-
forward. It is not so, for instance if one considers for Ω` given by (1.1) the first eigenvalue
problem. −∇ · (A∇u`) = λ1

`u` in Ω`,

u` = 0 on x2 = ±1 , A∇u` · n = 0 on x1 = ±`,
(6.3)

n being the outward unit normal to Ω` one does not have

λ1
` → λ1

as above unless A is a 2 × 2 diagonal matrix. A substantial analysis of this problem and its
generalisations is done in [23], [44].
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As we mentioned already in the case of the p-Laplace operators, exponential rates of conver-
gence are more complicated to reach for nonlinear problems (Cf. also [42]). It can go through
for obstacle problems but remains open in many situation in the framework of variational in-
equalities (see [30], [32], [47]). Some quasi linear problems are investigated in [7] and also
various different norms are considered (i.e. not only the norm of the gradient). To this respect
many results can be extended to reach an exponential rate of convergence.

Since everything extends to the periodic case in the spirit of section 3, many issues remain
open there (see [1], [25], [26]).

As we might have convinced the reader, any problem set in a cylinder or in a generalised
cylinder of the type (2.2) can be analyse the way we did and lead to interesting issues. In the
seventies, one of the first application of the obstacle problem and of variational inequalities was
the so called Dam Problem. It was set and studied widely in two dimensions and the invoked
reason was that one was assuming that the dam at stake was of cylindrical shape and long
enough so that the flow in this porous medium was the same in every cross section of the dam.
A rigorous proof of this assertion is still pending and challenging. (See [2], [3]) for notions on
the problem.
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