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ABSTRACT. Medical imaging techniques have evolved to expand our ability to visualize new
contrast information of electrical, optical, and mechanical properties of tissues in the human
body using noninvasive measurement methods. In particular, electrical tissue property imaging
techniques have received considerable attention for the last few decades since electrical proper-
ties of biological tissues and organs change with their physiological functions and pathological
states. We can express the electrical tissue properties as the frequency-dependent admittivity,
which can be measured in a macroscopic scale by assessing the relation between the time-
harmonic electric field and current density. The main issue is to reconstruct spectroscopic
admittivity images from 10 Hz to 1 MHz, for example, with reasonably high spatial and tem-
poral resolutions. It requires a solution of a nonlinear inverse problem involving Maxwell’s
equations. To solve the inverse problem with practical significance, we need deep knowledge
on its mathematical formulation of underlying physical phenomena, implementation of image
reconstruction algorithms, and practical limitations associated with the measurement sensitiv-
ity, specificity, noise, and data acquisition time. This paper discusses a number of issues in
electrical tissue property imaging modalities and their future directions.

1. INTRODUCTION

We may consider a biological tissue as a three-dimensional array of cells embedded in an
extracellular matrix. A cell is composed of intracellular fluid and organelles surrounded by
a cell membrane having a complex structure of phospholipid bilayer with protein channels.
Electrical conductivity and permittivity values of a biological tissue or organ are affected by
its composition and structure of extracellular matrix, cellular structure, amounts of intra- and
extra-cellular fluids, concentration and mobility of ions in those fluids, temperature and other
factors.

Biological tissues and organs exhibit distinct electrical properties depending on their phys-
iological functions and pathological states [21, 18, 19, 57]. Physiological functions including
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breathing, blood flow and perfusion, neural activity, gastric motility and so on alter the con-
ductivity and permittivity values of associated tissues or organs. They also differ for various
pathological states such as ischemia, bleeding, inflammation, tumor, necrosis and others.

In this paper, we denote the admittivity γ = σ + iωε where σ is the conductivity, ε is the
permittivity, and ω is the angular frequency. There have been numerous studies to measure or
image the admittivity distributions inside the human body since they provide valuable diagnos-
tic information [115, 35, 102, 103]. Considering that they are passive material properties, we
should probe them in such a way that the probing produces some measurable physical quanti-
ties that provide quantitative information about the admittivity. One method is to inject dc or
ac current through surface electrodes and measure the induced voltage. The other is to use an
external coil to produce a time-harmonic electromagnetic field inside the body and measure the
effects of the induced eddy current by using sensing electrodes and/or coils. In both cases, an
electric field is produced inside the body and the admittivity value determines the relation, that
is, Ohm’s law, between the electric field and the resulting current density. Without generating
electric current, it is not possible to sense the electrical tissue property.

Noninvasive methods to measure the admittivity should rely on voltage or current measure-
ments on the surface or magnetic field measurements inside or outside the human body. Since
these measurements are strongly affected by the geometry as well as the material property, we
end up measuring the impedance (or admittance) with resistance (or conductance) and reac-
tance (or susceptance) terms including the overall effects of the material property, the bound-
ary geometry and the electrode or coil configuration. Under the influence of a time-harmonic
electric field, the intracellular and extracellular fluids behave as resistors, whereas the mem-
branes appear as leaky capacitors to produce reactance terms. It is often desirable to measure
an impedance spectrum over a wide range of frequency instead of one impedance value at a
fixed frequency since the admittivity of a biological tissue changes with frequency.

Once we measure the impedance or trans-impedance values, we have to carefully analyze
and interpret them since they reflect how the electrical tissue property has been seen by a cho-
sen measurement method at a given scale. It is very important to understand internal current
pathways since they are closely related with the sensitivity of the measurement. To extract any
useful diagnostic information from the measured data or reconstructed images of the admittiv-
ity distribution, we need to understand a mapping between the physiology or pathology and the
admittivity for a given application study.

To maximize the amount of extracted information, we may perform the spectroscopic ad-
mittivity imaging. This requires current injections at multiple frequencies and voltage mea-
surements at those chosen frequencies. To visualize fast changes of a physiological function,
it is desirable to use a parallel data acquisition system for a high temporal resolution and adopt
a time-difference imaging approach. To detect pathological states of tissues or organs, we may
use a frequency-difference approach or a recently developed vibration-difference approach [3]
since a previously acquired time-referenced data is not usually available in these cases. In any
application study, there must be a clear link between a voxel value and its physiological or
pathological origin.
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To understand a voxel value produced by a spectroscopic admittivity imaging method, we
need to analyze the effects of the adopted measurement method on the value. We will con-
sider four different definitions of the admittivity: pointwise admittivity, effective admittivity,
apparent admittivity, and equivalent admittivity [104, 62]. Using electrodes or coils of finite di-
mensions, the reconstructed or measured admittivity value becomes an ensemble average of all
pointwise admittivity values within a voxel or a local region. Therefore, in this paper, we will
consider the effective admittivity of a voxel, which depends on a chosen measurement scale. It
changes with frequency because the voxel can be viewed as a mixture of a three-dimensional
array of cells with conductive fluids and capacitive membranes.

To find the admittivity value which is a passive material property, we probe the domain and
measure the relation between current, voltage and/or magnetic flux density. Since they include
the effects of the domain geometry and electrode or coil configuration as well as the admittiv-
ity distribution, we obtain an impedance or admittance value from the measured relation seen
by the probing and sensing methods. To extract the admittivity information from the obtained
admittance value, we need to remove the effects of the domain geometry and sensor configu-
ration. This requires an accurate computational model of the domain and sensor configuration,
but its construction is hindered in most practical applications primarily due to lack of the accu-
rate geometrical information. Therefore, there remains some effects of the probing and sensing
methods in the extracted admittivity value, which we should call the apparent admittivity.

With the concepts of the effective admittivity and the apparent admittivity, we develop a
spectroscopic admittivity imaging method, where the mapping between the effective admittiv-
ity in a region with a finite size and the reconstructed value in a corresponding voxel is clearly
defined. Once we have established such a mapping for a designed admittivity imaging system,
we have to consider the second mapping, which is between the effective admittivity value and
its physiological or pathological origin. This second mapping is highly dependent on a chosen
application and one can find a large amounts of literatures for numerous applications.

Since we focus on the first mapping in this paper, we briefly mention the second mapping
through a simple example. Considering the oranges in figure 1, we can expect different admit-
tivity spectra for the ripe and rotten ones. As the orange is rotten, there occur changes in its
cells and compositions, which should be expressed as different effective admittivity values. In
the orange juice, the orange vesicles are all crushed and their membranes are destroyed. We can
expect that the admittivity spectrum of the orange juice will reveal less frequency dependent
behavior compared with that of the fresh orange vesicles. Similar but a lot more complicated
phenomena occur in biological tissues and organs. In this paper, we simply refer to a few his-
tological images of biological tissues in figure 1. We can infer from these simple and intuitive
examples that spectroscopic admittivity imaging provides valuable diagnostic information in
its biomedical applications.

In this paper, we will fist briefly review how current flows through a biological tissue. To
explain the frequency-dependent changes of the tissue admittivity called the dispersion, we
will introduce a few biophysical phenomena such as polarization and relaxation. We will
clarify the concepts of the admittivity to describe how to understand reconstructed and mea-
sured values. We will deal with three different types of systems. The first is to measure
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FIGURE 1. (left) Electrical impedance spectra can distinguish among differ-
ent tissue structures of oranges such as ripe oranges, rotten oranges, vesicles
oranges, and oranges juice. (left-top) On the right side of this muscle tissue
from a young mouse are healthy, new cells created to replace damaged tissue.
(left-bottom) Muscle tissue from an old. These photos are extracted from UCBerkeley
News(16 June 2008). Photos courtesy of Morgan Carlson and Irina Conboy, UC Berkeley.

impedance values or spectra of tissue samples, body segments, or whole body such as bio-
electrical impedance analysis (BIA)[51, 80], electrical impedance spectroscopy (EIS)[59, 52],
electrical impedance plethysmography (IPG)[34, 72], impedance cardiography (ICG)[23, 7],
and electrical impedance myography (IMG)[87, 88]. The second is to produce cross-sectional
images of the admittivity distribution inside the human body from boundary electrical mea-
surements and it is called electrical impedance tomography (EIT)[115, 35, 102]. The third
type reconstructs cross-sectional images of the admittivity distribution from internal mag-
netic field measurements. Magnetic resonance electrical impedance tomography (MREIT)
[119, 101, 103, 78] and magnetic resonance electrical property imaging (MREPT)[43] belong
to this type.

2. FUNDAMENTALS OF ADMITTIVITY

If a sinusoidally varying current I0 sin(ωt) of the amplitude I0 mA at the angular frequency
ω is applied to a sample using a pair of electrodes E+ and E−, the resulting current density J
is dictated by

∇ · J = 0 in Ω,
1

|E±|

∫

E±
J · nds = I0 sin(ωt), J · n|∂Ω\(E+∪E−) = 0 (2.1)

where ∂Ω denotes the boundary of the sample Ω, n the unit outward normal vector and E±
the electrodes. Since the time-varying field varies periodically and sinusoidally with time, it
is convenient to work with the phaser notation. For the time-varying electric field E, current
density J, magnetic field H, and magnetic flux density B, we denote their phasors as E, J, H,
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and B:

E(r, t) = Re{E(r) eiωt} J(r, t) = Re{J(r) eiωt}
H(r, t) = Re{H(r) eiωt} B(r, t) = Re{B(r) eiωt}

We summarize Maxwell’s equations for the time-varying and time-harmonic fields:

Name Time-varying Field Time-harmonic Field
Gauss’s law ∇ ·E = ρ/ε ∇ ·E = ρ/ε

Gauss’s law for magnetism ∇ ·B = 0 ∇ ·B = 0

Faraday’s law of induction ∇×E = − ∂
∂tB ∇×E = −iωB

Ampére’s circuital law ∇×H = J + ∂
∂tD ∇×H = J + iωD

> In the free space, ε = ε0 = 8.85× 10−12 and µ = µ0 = 4π × 10−7.

Writing H = 1
µ∇×A via Helmholtz decomposition, Faraday’s law of induction gives

∇× (E + iωA) = 0 in Ω.

Hence, there exist a scalar potential uω satisfying −∇uω = E(r) + iωA which is dictated by

∇ · (γω∇uω) = −iω∇γω ·A in Ω. (2.2)

with the boundary conditions

(uω + z±γω ∂uω∂n )|E± = constant, γω
∂uω
∂n |∂Ω\(E+∪E−) = 0∫

E+ γω
∂uω
∂n ds = I = −

∫
E− γω

∂uω
∂n ds

(2.3)

where z± is the contact impedance of E±.

2.1. Conduction. We consider a homogeneous electrolyte with positive and negative ions.
Under the influence of an externally applied electric field, the mobile charges in the electrolyte
experience the Coulomb forces acting on them. The forces make them move in the same
and opposite directions, respectively, of the applied electric field. The movements of these
charges constitute an electrical current and the induced internal current density subject to the
ion conduction is proportional to the applied electric field as

J(r) = σ(r)E(r)

where σ is the pointwise conductivity, which is determined by the concentrations and mobil-
ities of the ions at the infinitesimal point r. For the homogeneous electrolyte, the pointwise
conductivity should be same everywhere in the solution.

We now consider a heterogenous domain such as a biological tissue with cells, extracellular
matrix, intra- and extra-cellular fluids. Theoretically, we may express the pointwise conductiv-
ity as a scalar function of the position. If we consider a local region with a finite dimension of
micrometer, millimeter, or centimeter, then we should use the concept of the effective conduc-
tivity, which will be more rigourously treated later in this paper. We can intuitively understand
that the effective conductivity will be affected by the tissue structure. For example, at low
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frequency, cell membranes are insulators and current can flow around them. As cell swelling
occurs, the extra-cellular space within the region decreases and this results in a reduce effective
conductivity. If cells are densely packed, the effective conductivity becomes smaller for the
same reason. If cells are tightly packed along the horizontal direction and the gaps between
cells in the vertical direction are bigger, then the effective conductivity will be different de-
pending on the direction of the applied electric field. This means that we should consider the
anisotropy as well as the inhomogeneity in the effective conductivity.

2.2. Polarization, relaxation, and dispersion. Biological tissues contain a lot of water molecules,
which are electric dipoles. There exist other molecules with zero net charge but with polar
structures. A medium with this kind of molecules is called the dielectric. Under an externally
applied electric field, they experience no translational force to make them move. However,
they may experience torques to make them rotate. Rotations of such molecules in the dielectric
under the applied electric field is called the polarization.

The dielectric response or polarization of polar molecules inside a biological tissue depends
on the frequency of the applied electric field.

The electric charge movement inside the biological material in response to an externally
applied electric field is influenced by the frequency dependent dielectric properties of the ma-
terials. Under an external field applied to the dielectric material, the movement of the free
charges inside the material is controlled by its conductivity (σ). Under an alternating filed ex-
citation, the biological tissue display extremely high dielectric constants at low frequencies, and
as the excitation frequency increases, the dielectric constants of the tissues decreases [104, 56].
The frequency dependent electric and dielectric properties of biological tissue such as conduc-
tivity, permittivity and admittivity all are highly influenced by the the dielectric phenomena
of the materials such as dielectric polarization, dielectric relaxation and dielectric dispersion
[104, 56].

The polar molecules in a dielectric medium without any electric field applied on it, generally,
are in a random orientation and as soon as an external electric field is applied the electric field
polarizes the material by orienting the dipole moments of polar molecules. The orientation
of the polar molecules in a dielectric medium due to an external electric field is called the
dielectric polarization. Thus the dielectric polarization may be defined as the electric field
induced disturbance (shift from average equilibrium positions) of the charge distribution in a
region [104, 56].

Due to the so-called interfacial polarization, a heterogeneous mixture composed of two
phases which differ from each other in dielectric constant and electrical conductivity shows
a dielectric dispersion [27] which is the dependence of the permittivity of a dielectric material
on the frequency of the external electric field applied on the medium. Thus the dielectric dis-
persion in biological tissues can be assumed to depend upon the permittivity of tissue material
with applied electric field frequency [104, 56]. Hence, in other words, a significant change in
dielectric properties over a frequency range, is called a dielectric dispersion [104, 50].
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In a dielectric media under an external electric filed, the rate of change of the dielectric
properties dose not match with the rate of change of the applied electric field [104]. There-
fore, as there is always a lag between the variation in an applied electric field and changes
in polarization, the electric permittivity of the biological media is found as a complex-valued
function of the frequency of the applied electric field. The term dielectric relaxation in a bi-
ological medium, means the delay or lag in its response to create the dielectric polarization
following the application of electric field across the tissue sample [104, 111]. In other words,
the dielectric relaxation of a biological material, can be defined as the lag (momentary delay)
in the dielectric constant which is usually caused by the delay in molecular polarization with
respect to a change in applied electric field [104].

Schwan [92, 93] conducted a number of studies on the properties of biological tissue and
cell suspensions over a large frequency range, and observed that the dielectric properties of
biological tissues are characterized by three major dispersions:

• α dispersion: The α dispersion is found between the frequency range of 10 Hz ≤
ω
2π ≤10 kHz and this dispersion is associated with tissue interfaces such as membranes
[92].
• β dispersion: The β dispersion is observed between 10 kHz ≤ ω

2π ≤10 MHz. The
β dispersion arises, principally, from interfacial polarization (Maxwell-Wagner effect)
[30] of cell membranes [50] and it is caused by the polarization of cellular membranes
and polarization of protein and other organic macromolecules [92].
• γ dispersion: The γ dispersion in biological tissues is observed [110] between ω

2π ≥10
GHz. It is caused by the reorientation of water molecules.

Figure 2 shows each of these dispersions.

2.3. Effective admittivity. As a most simple case, we consider a cylindrical object filled
with a homogeneous material including both mobile and immobile charges. The cylinder
has a cross-sectional area S and a vertical height L. When we apply a sinusoidal current
I(t) = <{Ieiωt} between the top and bottom surfaces, the resulting potential difference can
be expressed as V (t) = <{V eiθeiωt}. Then, the effective admittivity is expressed as

γω = σω + iωεω =
L

S

I

V eiθ

Most biological tissues are resistive at low frequencies of less than 10 kHz but the capacitive
term (imaginary part) is not negligible beyond 10 kHz [20].

For a three-dimensional heterogeneous body, the effective admittivity is defined by Ohm’s
law in the sense of the ensemble average of the fields. The effective admittivity at point r
describes the linear relationship between the ensemble mean current density and the ensemble
mean electrical field over the voxel ♦r containing r:

∫

♦r

J(r′)dr′ = −γω(r)

∫

♦r

E(r′)dr′ for all pairs of the fields (E,J).

Hence, the effective admittivity γω(r) depends on the size of the voxel.
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(a) (b)

(c)

(d) (e) (f) (g)

FIGURE 2. Dielectric properties of biological tissues and the frequency vari-
ation of bioelectric impedance with tissue health

We defined the effective admittivity at a macroscopic scale as an ensemble average of the
pointwise admittivity values via homogenization. The pointwise conductivity and permittiv-
ity are assumed to be isotropic and independent of ω, whereas the effective conductivity and
permittivity depend on the frequency ω, and it can be approximately represented by a 3×3 sym-
metric matrix. Obtaining most of the frequency-dependent behavior of the effective admittivity,
we may increase the amount of the measurable information and, therefore, the distinguishabil-
ity among different functions and states. We may measure the effective admittivity spectra of
biological tissues or organs for their tissue characterizations.

2.4. Homogenization and effective admittivity. For a given voxel ♦r, the effective admit-
tivity γω(r) is an ensemble average of the pointwise admittivity γptω = σptω + iωεptω via homog-
enization. We express it as a tensor-valued function, which satisfies roughly

∫

♦r

γptω (r)∇uω(r′)dr ≈ γω(r)

∫

♦r

∇uω(r′)dr (2.4)

for all uω ∈ {u ∈ H1(♦r) : ∇ · (γptω ∇u) = 0 in ♦r}.
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There have been numerous studies on the effective conductivity of a cell suspension both
analytically and numerically [84, 58, 113, 17, 62, 104]. The main issue is to understand the
role of the thin membrane on the frequency-dependent behavior of the complex potential. Nu-
merical approaches using the finite element method (FEM) have suffered from a large amount
of computations due to the presence of the thin membrane.

(a) (b)

FIGURE 3. Effective admittivity measurement of a rectangular tissue sample
in two dimension. Electrical current is injected through the red lines Ixx and
Iyy, while voltages are measured between two opposite surfaces.

Although the concept of effective admittivity has been used widely, it seems that its precise
definition has been overlooked. How can we determine the effective admittivity of a given
cubic region? The effective conductivity for the special case of a strongly dilute suspension
of spherical particles was studied by Maxwell [58] in 1873, Wagner, Poisson[84] in 1826, and
Faraday in 1827. Fricke [17] in 1924 and several scientist studied an expression for effective
conductivity of cell suspensions by considering the capacity due to a polarization at the inter-
phases or the presence in the interphases of thin insulating membranes. All these expression
are based on very special geometry such as sphere or ellipse. In [104], Seo et al provide a
definition of effective admittivity in a way to measure it from boundary current-voltage data.
Let us briefly explain it in two dimensional case. Consider a two-dimensional domain Ω which
can be viewed as a union of voxels Voxel as shown in figure 3. The effective admittivity γef for
a square domain can be given by

[γω]−1 =

(
γxx
ω γxy

ω

γxy
ω γyy

ω

)−1

:=
1

I0

(
V xx(ω) V xy(ω)
V xy(ω) V yy(ω)

)
(2.5)

where the meanings of V xy, V yy, V xx are give in figure 3. In the presence of thin insulating
membranes in the domain as shown in figure 4, the internal current streamlines vary widely
from a low frequency to a hight frequency. Since the voltage difference between two opposite
surfaces will change with frequency, this will in turn affect the effective admittivity. Figure 4
shows how E and J change with frequency.
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(a)

(b)

FIGURE 4. Frequency dependant J and E. (a) Simulation model including
a thin insulating membrane and a solid conductivity anomaly. (b) Computed
current streamlines plotted on the color-coded map of the complex potential.

Recently, Ammari et.al [5] provided a rigorous mathematical analysis on the frequency-
dependent effective admittivity based on the homogenization theory.

Consider a periodic array of membranes Γ in a two-dimensional domain and denote γm =
σm + iωεm on Γ and γ0 = σ0 + iωε0 in Γ+ ∪ Γ−. See figure 5 for the notations. Under the
assumption that the fraction υ = |Γ−|

|Γ+∪Γ−| is small, the frequency-dependent behavior of the
effective admittivity of the medium [5] is given by

γω = (σ0 + iωε0)

(
I + υM

(
I − υ

2
M
)−1

)
+ o(υ2) (2.6)

with the two-dimensional tensor operator

Mij =

(
−d(σ0 + iωε0)

(σm + iωεm)

)∫

1√
υ

Γ
nj

(
I +

d(σ0 + iωε0)

(σm + iωεm)
L 1√

υ
Γ

)−1

[ni] (2.7)
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η

1Γ−

Γ+
Γσm + iωεm

σ0 + iωε0

Γd

(a) (b)

FIGURE 5. Homogenization ( a local average ) for the effective admittivity in
the presence of thin membranes: (a) membrane admittivity γm = σm + iωεm

and background admittivity γ0 = σ0 + iωε0 and (b) periodic array of mem-
branes.

where 1√
υ

Γ is the scaled domain by the scaling factor υ−1/2 and

LΓ[φ](x) =
1

2π

∫

Γ

∂2 ln |x− y|
∂n(x)∂n(y)

φ(y)ds(y), x ∈ Γ. (2.8)

In the special case when Γ is a circle with radius r and thickness d, (2.7) gives the Maxwell-
Wagner-Fricke formula:

M =
2πr3dω(εmσ0 − ε0σm)

(2rσm + σ0d)2 + ω2(2rεm + ε0d)2
I

which gives the Debye relaxation time

τ = (2rσm + σ0d)/(2rεm + ε0d).

To derive the approximation of (2.6), we used the two-scale convergence and homogeniza-
tion by assuming that η ≈ 0 in figure 5. Writing the potential uη as a function of the scaling
factor η, we have the following two-scale convergence roughly:

uη(x) = u0(x) + u1(x,
x

η
) + o(η) ⇒ u0 as η → 0

∇ · ((σω + iωεω)∇u0) = 0

where γω = σω + iωεω is the effective admittivity distribution described in (2.6).



88 TINGTING ZHANG, TUSHAR KANTI BERA, EUNG JE WOO, JIN KEUN SEO

M R I  I m a g e

Saline

V e r y  T hi n  I ns ul a t i ng F i l m  
ha v i ng s m a l l  ho l e s

FIGURE 6. Experimental setup to explain the pointwise, effective and appar-
ent conductivity.

2.5. Apparent and equivalent admittivity. We define the apparent admittivity as an admit-
tivity value measured or seen by a given measurement method. If we could get rid of all
the effects of the domain geometry and sensor configuration from a measured admittance or
impedance value, the apparent admittivity should equal to the effective admittivity. If not, it
may differ from the effective admittivity. For a given measurement method, there may exist
such cases even though the current and voltage data are noise-free. Two objects with different
structures and compositions may have the same effective admittivity values and we call one of
them the equivalent admittivity of the other.

In figure 6, the pointwise conductivity is σpt = σ0(1 + (10−8 − 1)χC) where C repre-
sents the thin insulating OHP film excluding the small holes. When we inject dc current, the
corresponding potential upt satisfies

∇ · ((1 + (10−8 − 1)χC)∇upt) = 0 in Ω.

When the film is too thin to be visualized by a given impedance imaging system, we can
perceive only its apparent conductivity. If we use an MREIT system with dc injection current,
we may reconstruct a following conductivity image:

σapprent =

{
σ1 inside the film
σ2 outside the film.

If there is no hole on the insulating film, the entire region inside the film will appear as an insu-
lator. Figure 7 shows the results of MREIT experiments using the setup in figure 6. We can see
that the reconstructed conductivity images should be interpreted as the apparent conductivity
images, of which image contrast of the region inside the film changes with the diameter of the
holes.

2.6. Anisotropic admittivity. The effective admittivity of a biological tissue may be anisotropic.
In particular, biological tissues such as muscles and nerves show strong anisotropic behavior.
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Bz data  &  Reconstructed Conudctivity distribution using MREIT 

Ø of hole Without 
hole Ø 1mm Ø 2mm Ø 3mm Ø 4mm Ø 5mm Ø 6mm Ø 10mm

Conductivity 
change(%) 0 0.94 1.39 1.86 2.36 2.92 3.14 4.35

FIGURE 7. MREIT images (top)Bz images of phantom when the current was
injected along the horizontal direction, (bottom) Reconstructed conductivity
by using harmonic-Bz algorithm in MREIT

The ratio of anisotropy depends on the type of tissue, and the human skeletal muscle may show
the anisotropy of up to one to ten between the longitudinal and transversal direction.

For ease of explanation, we consider the effective conductivity at low frequency ωε ≈ 0.
The following conductivity tensor is a simplified model to explain the anisotropic behavior:

σ =

(
σ11 σ12

σ12 σ22

)
in two dimension & σ =




σ11 σ12 σ13

σ12 σ22 σ23

σ13 σ23 σ33


 in three dimension.

(2.9)
Under the approximations γω ≈ σ and ω∇γω ·A ≈ 0, the identity (2.2) becomes

∇ · (σ∇u) = 0 in Ω. (2.10)

Figure 8 shows numerical simulations for the conductivity phantom containing a thin mem-
brane with two holes. In this case, when dc current is injected horizontally between two elec-
trodes on the left and right, some currents can pass through the holes. However, the vertically
injected current is blocked by the membrane. This means that each current will see a differ-
ent apparent conductivity value. Figure 8 shows how the current streamlines and equipotential
lines vary with frequency. Currents at low frequency can not penetrate the insulating membrane
while they can at high frequency. Therefore, anisotropy disappears at high frequency.

Recently, Lee et al [54] carried out MREIT experiments and theoretical analyses to identify
the conductivity anisotropy in a macroscopic scale. To perceive the anisotropic conductivity
(three unknowns in two dimension and seven unknowns in three dimension), we should inject
currents in several directions. For any two-dimensional current densities Jj , j = 1, · · · , n,
there exist the corresponding equivalent scalar conductivities σj and potentials uj for j =
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Current Model Mesh 1Hz 1kHz 1MHz 1GHz

vertical

horizontal

FIGURE 8. Current streamlines through the insulating membrane with two
holes along the horizontal direction. Color maps are voltage maps. The top
row shows the case of the injection current in the vertical direction and the
bottom row is the case of the horizontal current injection. When comparing the
top images with the bottom images rotated 90 degrees, the difference between
two images can be viewed as the degree of anisotropy. At 1GHz, the top image
is the same as the bottom image rotated 90 degrees, and hence the effective
admittivity at 1GHz is isotropic.

1, · · · , n such that

Jj(r) = −σj(r)∇uj(r) for r ∈ Ω.

To see the connection between the tensor σ in (2.9) and σj in the above identity, we consider
that∇u1 = (1, 0, 0), J1× (1, 0, 0) = 0,∇u2 = (0, 1, 0), and J2× (0, 1, 0) = 0. Then, it must
be σ11 = σ1 and σ22 = σ2.

3. SPECTROSCOPIC BIOIMPEDANCE MEASUREMENT

The electrical impedance of a body tissue has been an interest to the biomedical scien-
tists and researchers to noninvasively assess the tissue health. Bioelectrical impedance anal-
ysis (BIA), electrical impedance spectroscopy (EIS), impedance plethysmography (IPG), and
Impedance cardiography (ICG) use four electrode array to measure the surface potentials to
estimate the small changes in electrical impedance of the body part. In these methods, the
current signal is injected through two driving electrodes (outer electrodes) called current elec-
trodes and the voltages are measured on two sensing electrodes (inner electrodes) named as
voltage electrodes (see the Figure 9).

IPG and ICG measure the electrical impedance of a limb or body part is measured in a
lumped from to assess the blood volume changes to detect the thrombosis and to evaluate the
hemodynamic parameters to diagnose the transthoracic health, respectively. BIA and EIS have
been studied by several research groups to measure the lumped electrical impedance of the
biological tissues.
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FIGURE 9. BIA measurement using four electrodes

Recently, numerous bioimpedance analyzers have been commercialized by several compa-
nies such as RJL Systems Inc., Biospace Inc., Tanita Corporation, Jawon Medical, Omron
Healthcare, and so on. The impedance analyzers manufactured by different companies are
basically the same working principle, but the applications may be different due to their own
specifications.

In this section, we only discuss the commercial system of InBody made by Biospace, Ko-
rea. The InBody is a body composition analyzer which performs the direct segmental multi-
frequency bioelectrical impedance analysis separately and measures the impedance of the
trunk, arms, and legs of our body. The InBody instruments calculates boby composition by
considering the human body (see Figure 10 ) as a structure of five cylinders: right arm, left
arm, thorax, right leg and left leg as shown in the figure which are assumed as the homoge-
nous. Assuming the impedance of these five body parts as Z1, Z2, Z3, Z4 and Z5, a constant
amplitude sinusoidal current is injected to the six combinations of these five body parts and the
six voltage data (V1, V2, V3, V4, V5, and V6,) are collected and to calculate the body composi-
tions. When the current is injected through the right arm and the left arm, the measured voltage
data (V1) gives the algebraic sum of the impedances of two arms (Z1 + Z2). The the measured
voltage data (V2) obtained by injecting the current through the right leg and the left leg , yields
the algebraic sum of the impedances of two legs (Z4 + Z5). When the current signal is injected
through the right arm and the right leg, the measured voltage (V3) calculates the algebraic sum
of the impedances of right arm, thorax and the right leg (Z1 + Z3 + Z4). Similarly, the current
injection through the left arm and the left leg produces a violate data (V4) which provides the
algebraic sum of the impedances of right arm, thorax and the right leg (Z12 + Z3 + Z5). As
shown in the Figure 10, the voltages measured from the current injection through the right arm
and the left leg (V5) and through the through left arm and the right leg (V6) will help us to
estimate the sum of the impedances of right arm, thorax and the left leg (Z1 + Z3 + Z5) and the
sum of the impedance of left arm, thorax and the right leg (Z2 + Z3 + Z4) respectively. Thus
the entire experiments will provide a system of six independent equations of five unknown
variables and hence the system of equation can be easily solved to calculate all the impedance
parameters of five body parts.
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FIGURE 10. Five cylinder based human body model: Impedance measure-
ment of major body limbs using the five cylinder based human body model

All these impedances are measured at two different frequencies and the extracellular wa-
ter and intracellular water are calculated. Using standard formula the body compositions are
calculated from the impedance values measured.

4. SPECTROSCOPIC ADMITTIVITY IMAGING USING EIT

All the methods described in the previous section can be viewed as bioimpedance measure-
ment techniques instead of bioimpedance imaging. Electrical impedance tomography (EIT) is
designed for bioimpedance imaging which aims to produce tomographic images of an admit-
tivity distribution inside an electrically conducting object.

In EIT, we attach E electrodes E1, E2, · · · , EE on the boundary of an imaging domain Ω.
It is equipped with current sources and voltmeters to measure trans-impedances or equivalent
current-voltage data sets. EIT systems can be classified into two types. The first is characterized
as one current source with switching networks. In this case, current is sequentially injected
between a chosen pair of electrodes and there always exists only one active current source. The
second type uses multiple current sources without any switching for current injection. With
this type, one may inject a pattern of current through multiple electrodes using multiple active
current sources. In most EIT systems belonging to both types, voltages between many electrode
pairs are simultaneously measured using multiple voltmeters. Typical examples of the first and
second types are Mk3.5 from Sheffield [116] and ACT3 from RPI [15], respectively. Figure 11
shows examples of EIT system and its use for chest imaging [75, 76, 77].

The typical Electrical Impedance Tomography system takes use of 16 or 32 electrical elec-
trodes Ek, (k = 1, 2, · · · , E) which are uniformly attached on the surface of human body.
When a sinusoidal current I sin(ωt) is applied between two adjacent electrodes Ej and Ej+1,
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(a) (b) (c)

FIGURE 11. (a) and (b) are KHU Mark1 16- and 32-channel multi-frequency
EIT systems, respectively, and (c) is a setup for chest imaging

then the induced time-harmonic potential uj satisfies





∇ · (γ∇uj) = 0 in Ω

(u+ zkγ
∂uj

∂n )|εk = U j,k, k = 1, 2, · · · , E
γ ∂u

j

∂n = 0 on ∂Ω \ ∪E1 εk∫
εk
γ ∂u

j

∂n = 0, for k ∈ {1..E} \ {j, j + 1}
∫
εj
γ ∂u

j

∂n ds = I = −
∫
εj+1

γ ∂u
j

∂n ds

(4.1)

where zk is contact impedance, U j,k is the measured voltage on electrode Ek and n is the unit
normal derivative with respect to boundary Ω. Note that the above boundary value problem has
a unique solution up to a constant [106]. EIT inverse problem is to reconstruct the admittivity
distribution γ from the discrete measured voltage data F(γ):

F(γ) =




V 1,1 V 1,2 · · · V 1,k · · · V 1,E

V 2,1 V 2,2 · · · V 2,k · · · V 2,E

...
...

...
...

... · · ·
V j,1 V j,2 · · · V j,k · · · V j,E

...
...

...
...

V E,1 V E,2 · · · V E,k · · · V E,E



E×E

(4.2)

where F(γ) is a symmetric matrix according to reciprocity theorem and V j,k := U j,k−U j,k+1

is the measured voltage between adjacent electrodes Ek and Ek+1 when electrical current is
injected between electrodes Ej and Ej+1.
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FIGURE 12. Calderon’s problem is to recover γ from Neumann-to-Dirichelt
data {uP |∂Ω : P± ∈ ∂Ω}. Note that t and t̃ are different. The (slow) time t
is used for the time change of the impedance, while the (fast) time t̃ is related
to the angular frequency ω in the time harmonic expression

For the ease of explanation of EIT structure, we consider the simplified version of (4.1) by
identifying each electrodes Ej as points Pj :

{
∇ ·
(
γ(r)∇uPj (r)

)
= 0 in Ω

σ(r) ∂
∂nu

Pj (r) = I(δ(r− Pj)− δ(r− Pj+1)) on ∂Ω

Then, the measure Dirichlet Data can be expressed as the set of vectors (V1, · · · ,VnE ):

k − th comp. of Vj = Vj,k[γ] = uPj (Pk)− uPj (Pk+1).

EIT is based on the following reciprocity principle:

uP (Q+, ω, t)− uP (Q−, ω, t) =
1

I

∫

Ω
γ∇uP · ∇uQdr = uQ(P+, ω, t)− uQ(P−, ω, t)
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Static EIT data depends 
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near boundary.

FIGURE 13. The images are low vectors of the sensitivity matrix S. EIT has
is low sensitivity in any interior region, whereas it has relative high sensitivity
near the driving and sensing electrodes.

Discretizing Ω into np elements as Ω = ∪npn=1qn, the above identity leads to

uPj (Pk, ω, t)− uPj (Pk+1, ω, t)︸ ︷︷ ︸
Vj,k[γ]

≈
np∑

n=1

(
1

I

∫

qn

∇uPj · ∇uPkdr
)

︸ ︷︷ ︸
snj,k

γ|qn (4.3)

Denote the corresponding sensitivity matrix by S whose nth column vector is given by

sn = (sn1,1, · · · , sn1,E , sn2,1, · · · , sn2,E , · · · · · · , snE,1, · · · , snE,E)T .

Then, (4.4) can be expressed as the following system



s1
1,1 p p p
... p p p

s1
1,E p p p
s1

2,1 s2 s3 · · · snp
... p p p

s1
2,E p p p
... p p p
... p p p




︸ ︷︷ ︸
S




γ|q1
γ|q2
γ|q3

...

γ|np




︸ ︷︷ ︸
X

=




V1,1
...

V1,E

V2,1
...

V2,E
...
...




︸ ︷︷ ︸
b

(4.4)

Hence, the inverse problem of solving SX = b is to find a best linear combination of the
column vectors of the sensitivity matrix S which produces the data b. The reconstructed image
relies roughly on truncated SVD. Figure 13 shows images of low vectors of the sensitivity
matrix S and the sensitivity values in the interior region are very close to zero when compared
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FIGURE 14. Images of three eigenvectors of the row space of sensitivity ma-
trix S.

with the sensitivity in the region near the driving and sensing electrodes. Hence, the following
solution would be very sensitive to noise when the pixel size is small:

X = (S∗S)−1S∗b.

To extract any useful impedance information from EIT data, we need to get rid of the boundary
influences. The use of difference data enable us to cancel out the boundary influences.

• Time difference EIT (tdEIT) : ∂
∂tData −→ ∂

∂tγ(r, ω, t)

• Frequency difference EIT (fdEIT) : ∂
∂ωData −→ ∂

∂ωγ(r, ω, t)

Now, for imaging the impedance distribution of a biological tissue with an noticeable dis-
tinguishability the tissue should have a suitable impedance changes which can produce a mea-
surable electrical signal at the boundary say boundary potential or current. Hence, the diseases
or the tissue health abnormalities which produces the measurable impedance changes can be
images by EIT. As for example, the cell swelling, tumor tissue such as Lung carcinoma or
other can be images by EIT as they have distinguishable impedance response compared to the
normal body tissues. In the cell swelling the swelled cells occupy more spaces in the tissue and
reduces the extracellular space which increases the real part of the complex impedance. The
tumor tissues need more amount of blood and oxygen to continue their rapid growth which
reduces the electrical impedance of the tumor.

EIT provides the spatial distribution of the tissue impedance and hence it can be used to
visualize the insulating objects in saline tank as the impedance difference between the saline
solution and insulator produced a measurable boundary voltages. Similarly the vegetable tissue
and insulator or other high resistive materials can be distinguished by frequency difference EIT
as the frequency responses of the insulator or biological tissues are different and measurable
by electronic instruments. But, is it possible to distinguish two different biological tissues in
a saline tank? Is it possible to distinguish the cucumber and carrot tissue samples placed in
a same saline tank? Frequency difference EIT can provide the distinguishable impedance im-
age of cucumber and carrot with a saline background but is it possible to identify the tissues
from their conductivity or resistivity map in difference EIT? The questions drive us to think
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FIGURE 15. EIS studies on vegetables to study the frequency responses of
their bioelectrical impedances

about a more effective and accurate impedance imaging modality such as spectroscopic admit-
tivity imaging of biological tissue which will provide the pixel wise admittivity map with the
spectroscopic information to distinguish the different biological tissues.

5. DUAL-FREQUENCY ADMITTIVITY IMAGING USING MRI

Electrical tissue property imaging methods using MRI such as MREIT and MREPT can pro-
duce conductivity and permittivity images with a pixel size of a few millimeter. The contrast
information from these novel imaging modalities is unique since there is currently no other
method to reconstruct high-resolution conductivity and permittivity images. MREIT aims to
provides conductivity images at dc or frequencies below a few kHz, whereas MREPT produces
both conductivity and permittivity images at the Larmor frequency of 128 MHz at 3 T, for ex-
ample. MREIT relies on measured magnetic field data at low frequencies which are influenced
by the low-frequency conductivity distribution, whereas MREPT relies on acquired B1 maps
which are influenced by both the conductivity and permittivity distributions at the Larmor fre-
quency. Due to the frequency-dependent behavior of admittivity values of biological tissues,
MREIT and MREPT are supplementary each other providing different images of the same ob-
ject in terms of its low- and high-frequency conductivity distributions, respectively. We note
that an MREIT experiment may include steps needed to obtain B1 maps simultaneously. We,
therefore, suggest to develop a method to perform MREIT and MREPT together by properly
manipulating acquired k-space MR data.

MREIT was motivated by the well-known ill-posedness of the image-reconstruction prob-
lem of electrical impedance tomography (EIT). In 1989, a research group at Toronto University
developed a current density imaging (CDI) technique using MRI to visualize the internal cur-
rent density distributions of an object due to an injected current through surface electrodes.
The, from the relation of∇×H + σ∇u = 0, we can recover σ via J-substitution algorithm

∇ ·
(
|∇ ×B|
|∇u|

∇u
)

= 0.

The major drawback of CDI is the requirement of object rotation inside the MRI scanner to
acquire all three components of the induced magnetic flux density, as MRI can measure only the
z-component of the magnetic flux density, where the z-axis is the axial magnetization direction
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of the MRI scanner. Thus, we must rotate the object in order to acquire three components of
the magnetic flux density, which leads to serious technical difficulties. Although there have
been numerous attempts to deal with the requirement of the object rotation since the 1990s,
there remain serious technical difficulties in handling this drawback, which seriously limits
the clinical applicability of this method. In order to reach the stage of animal and human
imaging, we should recover the conductivity distribution using only Bz data to avoid object
rotation. Until 2000, conductivity imaging using only Bz data seemed impossible. According
to Maxwell’s equations, the current density is directly related to the three components B =
(Bx, By, Bz) of the magnetic flux density and the conductivity σ must be computed from
the relationship between the current flux density J and the electrical field E. Hence, most
researchers consider that only Bz data is insufficient for conductivity reconstruction.

In 2002, Seo et al carefully investigated the nonlinear relationship between the conductivity
and the measured data via the Biot-Savart law, making a key observation that the Laplacian of
Bz data probes changes in the logarithm of the conductivity distribution along any equipotential
curve in each imaging slice [45, 48, 49]. In this method, two different currents are injected into
the body to generate two linearly independent current flux densities. They showed that if the
area of the parallelogram made by these two vector fields is non-zero at every position in the
imaging slice, the spatial change of the conductivity distribution can be precisely reconstructed:

∇2
xy lnσ(r) = ∇xy ·

(
A†(r)

[
∇2Bz,1(r)
∇2Bz,2(r)

])

where A†(r) :=
1

µ0

[
σ ∂u1[σ]

∂y (r) −σ ∂u1[σ]
∂x (r)

σ ∂u2[σ]
∂y (r) −σ ∂u2[σ]

∂x (r)

]−1

Moreover, they used a geometric index theory in mathematics to prove rigorously that the area
of the parallelogram is non-zero when the two pairs of surface electrodes are appropriately
attached. Taking advantage of these mathematical observations, he found a representation for-
mula for the conductivity which leads to the development of a constructive irrotational MREIT
algorithm termed the harmonic Bz algorithm. This representation formula exists in an implicit
form due to the non-linear relationship between the conductivity and the measured data, but it
was designed to use a fixed point theory. In other words, the formula has a contraction mapping
property such that an iterative method can be used. The major drawback of EIT, ill-posedness
is mainly due to the fact that the overall flow of the current density is insensitive to local pertur-
bations in the conductivity distribution. However, the harmonic Bz method takes advantage of
this fact to make the algorithm work. Since then, imaging techniques in MREIT have been ad-
vanced rapidly and now can offer state-of-the-art conductivity imaging for animal and human
experiments. Based on this mathematical analysis, his group successfully carried out animal
and human experiments for the first time.

MREPT is a relatively new MR-based imaging modality to provide both conductivity (σ) and
permittivity (ε) images at MR Larmor frequency (about 128 MHz at 3 Tesla MRI). Using B1
mapping technique, we can measure the positive rotating magnetic field H+ = 1

2 (Hx + iHy)
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which is governed by

−∇2H =
∇γ
γ
× (∇×H)− iωµ0γH

Unfortunately, we cannot measure H− = 1
2(Hx− iHy). Hence, each components Hx, Hy, Hz

are not available. The inverse problems of EPT is to reconstruct the conductivity σ and permit-
tivity ε (at frequency 126 MHz) from the given H+ data and

.−∇2H =
∇γ
γ
× (∇×H)

︸ ︷︷ ︸
refraction term

−iωµ0γH

Hence, H+ = 1
2(Hx + iHy) probes γ = σ + iωε through PDE

−∇2H+(r)︸ ︷︷ ︸
Data

=
1

2
((x̂ + iŷ)× (∇×H(r))) · ∇ ln γ︸︷︷︸

target

−iωµ0 γ︸︷︷︸
target

H+(r).

The conventional methods ignore the refraction term using the assumption of local homogene-
ity of γ to get the following simple form:

−∇2H =
∇γ
γ
× (∇×H)

︸ ︷︷ ︸
refraction term =0

−iωµ0γH

Wen [117] uses this local homogeneity assumption of γ to get

γ(r) =
i

ωµ0

∇2H+(r)

H+(r)
.

Katscher et al [42] performed initial experiments on a standard clinical MRI system: For any
disk Dδ(r0) ⊂ Ω where∇γ ≈ 0,

γ =

∮
∂Dr
∇×H · d`

iµ0ω
∫
Dr

H · dS
.

However, neglecting ∇ ln γ(r) × [∇×H(r)] causes serious artifacts. Seo et al perform error
analysis of this direct reconstruction formula: Denoting γ∗ = 1

iωµ0
∇2H+

H+ , we have

Error = γ − γ∗ =

(
1

iωµ0

∇2H+

H+
− ∇

2H−

iωµ0H−

)[
1−

H+ ∂
∂zH

−

H− ∂
∂zH

+

]−1

where H = (H+ +H−,−iH+ + iH−, Hz).
Hence, we should include the refraction term ∇ ln γ(r)× [∇×H(r)] in the reconstruction

algorithm. In 2003, Song and Seo [107] found that under the assumption of ∂γ(r)
∂z = 0 and

∂H+ 6= 0 in Ω, γ satisfies the following semilinear PDE:

∇2
x ln γ +∇x · (γ fH+) = hH+ on each cross-section, (5.1)
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where

fH+ =
ωµ0H

+

2∂H+
(i, 1) & hH+ = ∂

(
∇2H+

∂H+

)
.

Here, x = (x, y), ∇x =
(
∂
∂x ,

∂
∂y

)
& ∂ = 1

2( ∂
∂x − i

∂
∂y ). Based on this semilinear PDE,

we can apply iterative method. Unfortunately, the sequence may not be convergent due to lack
of compactness; the semi-linear elliptic equation involves the critical Sobolev exponent. This
means that a simple fixed-point iteration may risk non-convergence.

At present, there exist distinct differences between MREIT and MREPT in the use of the
term ∇ log(σ + iωε) × ∇ × H. In terms of their imaging capabilities at present, MREIT
successfully probes the contrast ∇σσ , whereas MREPT has a difficulty in dealing with an in-
homogeneous admittivity distribution especially along edges. On the other hand, MREPT is
advantageous over MREIT in recovering an absolute value of γ inside a locally homogeneous
region. Implementation of MREPT on a clinical MRI scanner is easier since it does not re-
quire any additional instrument while MREIT requires attachments of surface electrodes and a
constant current source.

Future studies for MREIT should overcome a few technical barriers to advance the method
to the stage of routine clinical uses. The biggest hurdle at present is the amount of injection
current that may stimulate muscle and nerve. Reducing it down to a level that does not produce
undesirable side effects is the key to the success of this new bio-imaging modality. To advance
MREPT further, we need to improve the quality of acquired B1 maps in terms of both magni-
tude and phase and devise a way to properly handle the edges of admittivity changes. Consid-
ering the rapid progresses in these relatively new imaging methods, we expect that MREIT and
MREPT will find clinically useful applications in near future and provide unique diagnostic
information.
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