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Abstract   Observer design for system with unknown input was carried out. First, Kalman filter was 

considered to estimate system state with White noise. With the results of Kalman filter design, state 

observer, controller properties, including controllability and observability, and the Kalman filter structure 

and algorithm were also studied. Kalman filter algorithm was applied to Position and velocity measurement 

based on Kalman filter with white noise, and it was constructed and achieved by programming based on 

Matlab programming. Finally, observer for system with unknown input was constructed with the help of 

Gershgorin’s disc theorem. With the designed observer, system states was constructed and applied to 

system with unknown input. By simulation results, estimation performance was verified. In this project, 

state feedback control theory, observer theory and relevant design procedure, as well as Kalman filter 

design were understood and used in practical application.
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1. Introduction
State feedback control provides better performance 

than unit feedback controller. Observer design has been 

studied to provide good performanceby way of state 

feedback [1]. Practically, when systems are affected by 

external disturbance or unknown inputs, more 

considerate approach is needed to design observer. To 

overcome the drawback because of unknown input, 

observer design method with unknown inputs was 

considered. In order to design state feedback controller, 

state observer is needed. In modern control system, 

observer design is a quite popular and fundamental 

concept. Since the state variable, which is with the 

function of describing the features of the dynamic 

behavior of the inner system cannot be measured 

directly and sometimes it has no actual physical 

meaning and just an abstract mathematically variable, 

the idea about state observer was put forward along 

with the desire of measuring it. The observer design 

has wide applications in field of flight control system, 

weather forecast, etc. One approach of constructing 

these observers is based on Kalman filter.However, lots 

of systems contain external disturbance or 

measurement noise, hence it make difficult to design 

observer. Hence, designing of observer for system with 

unknown inputs is very important for system with 

unknown input. Researches on observer design for 

system with unknown input have been reported by 

numerous researchers [2]. In this literature, we 

emphasized on designingan observer with unknown 

input for linear systems. The specific component for 

constructing anobserver is chosen to be Kalman filter. 

The design procedure mainly experienced two stages, 

firstly, constructing a normal Kalman filter model. 

Secondly, adding the unknown input into the model to 

construct an observer. In the following chapter, state 
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estimation and observer theory will be briefly 

introduced. Then the controller properties will be 

presented, which can indicate the observer characters. 

Following that the detailed deduction of linear 

minimum variance estimation and its application into 

Kalman filter were proposed. Next five basic formulas 

for Kalman filter algorithm of discrete linear system 

was introduced, as well as the Kalman filter control 

system structure. A practical model for predicting the 

velocity and position was constructed by programming 

based on the algorithm of Kalman filter, firstly without 

unknown input and then adding it. Also, discussions 

about this project and the expected future work are 

illustrated. Finally, conclusions are followed. In the next 

chapter, observer design with unknown input was 

considered. In Chapter 3, two dimensional moving 

element was considered as an illustrative example. 

Finally, conclusions are followed in Chapter 4.

2. Observer for system with unknown 
input

2.1 System with unknown input

Observer design for linear and nonlinear system has 

been carried out by numerous researchers [2]. In 

general, for linear systems, the dynamic behavior, 

which is the "Inaccessible system state x", can be 

described by the continuous-time finite-dimensional 

linear system model, which is shown by equation (1) 

and (2).

The system matrixes A, B and C are all known and 

in this model, they are time invariant. 

Kalman filter, which is also known as linear 

quadratic estimation (LQE), is an algorithm that uses a 

series of measurements observed over time, containing 

noise (random variations) and other inaccuracies, and 

produces estimates of unknown variables that tend to 

be more precise than those based on a single 

measurement alone. The basic thought involved in 

Kalman filter is to utilize the state space model of the 

signal and noise, plus the estimated value of previous 

moment and the observed value at present moment to 

obtain the optimal estimated value of the present 

moment. The estimation algorithm applied in the 

Kalman filter is linear minimum variance estimation. 

Kalman filter computes the mean and the covariance 

matrix recursively for a linear system [1]. Generally, 

Kalman filtering follows a fixed operation process, that 

is ‘forecast—actual measurement—amendment’. And 

Kalman filter owns three fundamental properties, which 

are the average value of estimated state value equals to 

the actual one;the variance is minimum. In one cycle of 

the recursion of Kalman filtering algorithm, there are 

time updating (error calibration) and state updating 

(prediction of state variable). All the properties that 

appear in the algorithm of Kalman filter will be 

revealed by the five basic formulas below. 

Firstly, a system of discrete control process should 

be introduced and can be expressed by a linear 

stochastic difference equation (3) and (4). For 

constructing the system, conversion process of physic 

system can be described as a discrete-time stochastic 

process was assumed [2].

where , , , and , , 

 are system state, measured value, are 

noise of process and measurement. In this study,  

and  are assumed to be white Gaussian noise and 

are mutual independent. The covariance of them are set 

to be Q and R, respectively, in order to simplify the 

filtering process, Q and R are supposed to be constant. 
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Fig. 1 displays the structure of the Kalman filter 

control system. Form the figure, it can be easily seen 

that Kalman filter utilizes system state and system 

output to produce the estimated value of system state. 

[Fig. 1] Kalman filter control system structure

After introducing the basic structure of Kalman 

filter, the specific algorithm for it should also be 

known. There are five basic formulas involved, based 

on them, it is easy to achieve computer compiling. 

Firstly, the two time update equations are illustrated 

by formulas (5) and (6). 

: predicting result according to state at k-1

: optimal result of state at k-1 Based on 

formula (5), the system outcome has already been 

updated, however, the covariance of  has not 

been renewed, and we represent it as P.

: covariance of 

: covariance of 

: transposed matrix of matrix A

Then, itcomes the measurement update equations. 

Since that the predicted value of present state has 

been obtained, combined with the measured value, the 

optimal value of present state can be achieved.

In the formula,  is named Kalman Gain. 

Although the optimal estimated value has been 

obtained, it is necessary to renew the covariance of

for ensuring the process of Kalman filtering to 

continue predicting the optimal state value for next 

moment. 

The five equations above commendably illustrate the 

algorithm for the Kalman filtering.

Based on the five equations above, a simple Kalman 

filter can be built by programming. In this filter, 200 

points has been selected. Fig.2 below displays the 

running outcome. 

[Fig. 2] state value, estimated state value and output of 

200-point Kalman filter 

In Fig. 2, the green line stands for system output, 

while red and blue lines represent the actual state value 

and the estimated state value respectively. When 

comparing the red and blue lines, at the very beginning, 

approximate the first 20 points, difference between 

them is relative big. However, as the point number 

increases, these two lines resemble in the trace, which 

indicate that this Kalman filter is of sense. 
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2.2 Construction of Gerschgorin disc

For all systems, there are always some external and 

internal disturbances. For simplification, all these 

disturbances can be considered as an unknown input. 

Then another system was designed, which applies the 

output of the system as the feedback. And the dynamic 

model for the designed observer can be obtained, which 

is shown in below. 

In the equation, ,  and

. 

Since that in the observer parameters,  and 

are all known, so to determine matrix , just the value 

of  and  are needed to be selected. 

should be selected to ensure that matrix  can be 

arbitrarily assigned stable eigenvalues, which is 

equivalent to that all the eigenvalues should be located 

in the left-half plane. 

In our model, matrix  should be of size . We 

assume that: 

Letters all represents for real numbers. 

Thus, matrix F can be expressed as:

Matrix F is of size , which is complicated for 

computing all the eigenvalues, another theorem called 

Gerschgorin disc theorem is introduced for convenient 

calculation of eigenvalues. 

Definition 1 Assume a matrix , for every row 

of the matrix:

If the condition is satisfied, the matrix is said to hold 

stable eigenvalues. 

According to the theorem, the following five 

constraints can be obtained:

The corresponding graph for satisfying these 

constraints can be drawn (Fig. 3).

[Fig. 3] Gerschgorin discs for stable system 

To ensure the stability of the system, just need to 

ensure that all the disk area is located on the left half 

plane. Therefore, this set of constraints can be 

expressed as: 

So based on these, the value of a tojcan be selected 

and there are multiple options. Then matrix F can be 

determined. 

One of the possible options is: 
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Therefore, matrix  can be obtained: 

In this model, since that as the object travels on the 

road, there are some unexpected disturbances affecting 

the motion. These disturbances can be wind, surface 

roughness of road and bad weather, such as snow and 

rain. Since these disturbances are difficult to determine, 

we consider all there unknown disturbances as an 

unknown input to the system for simplification. 

So if the system is introduced with an unknown 

input, then linear system state equations can be 

described as:

In this project, there are two types of unknown input 

considered. The first type is the square root of the 

system state and the second type is the output of 

another dynamic system. 

3. Illustrative Examples 
3.1 Output of dynamic system as unknown 

input

In dealing with the unknown input, we consider it as 

an output of a dynamic system, which can be 

expressed as [6]: 

The original assumption is that the unknown input 

is the linear combination of unit step and unit impulse 

function. The reason is that these two functions are 

commonly used in control systems. And the dynamic 

system above gives a satisfactory approximation of 

this assumption. 

Based on the newly constructed system and the 

previous one which is without unknown input, another 

system can be developed by combing these two.

By assuming that , ,  and

. 

A new system can be established:

Taken this model into the practical constant model, 

the position and velocity on X and Y axis, which make 

up a matrix in the form of will be 

extended to . 

From the new matrix, it seems that the unknown 

input has been added to the system; however, it is 

represented as an independent variable. As a result, the 

unknown input does not influence the motion. To 

modify the Matlab code for computing the newly 

designed system with unknown input, it can be noticed 

that there is no change in the motion of the object, both 

the position and the velocity. 

This is a position and velocity measurement design 

and simulation is achieved based on Kalman Filter [3] 

[4] 

The initial condition of the system is set as follow:

∙Sampling time is one second

∙Simulated period is 101 seconds

∙Study objectives are position and velocity on X 

and Y axis, which make up a matrix in the form 

of 
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∙Process and measurement noise are white noise

∙No control quantity—no external input

∙2-dimensional constant velocity system

Value assignment at the beginning time is listed 

below:

The position on X-axis, velocity on X-axis, position 

on Y-axis and velocity on Y-axis at starting time (t=0) 

is set to be: 

And at t=0, the estimated values are assumed:

The matrix parameters for the continuous –time 

state space model are:

Firstly, the controllability and observability should 

be examined to ensure that the system is of sense. 

For the controllability: 

Therefore, this system is controllable. 

For the observability: 

Therefore, this system is observable. 

After checking out the controllability and the 

observability, the simulation process can be carried out. 

3.2 Simulation Results 

The simulation process is achieved based on Matlab. 

The simulation results contain five figures, indicating 

the 2-dimensional practical and tracking position, the 

position error, the practical and tracking velocity of 

X-axis and the velocity error respectively [5].For Fig. 

4, straight line represents the practical position, while 

the green ‘+’symbol indicates the predicted one and 

these two are nearly anastomotic, which proves that 

the Kalman filter model does a commendable prediction. 

[Fig. 4] 2-D practical and tracing positions

In order to simplify the analysis of the model, just 

X-axis has been studied to transfer 2-dimension 

problem into 1-dimension, since that both the situation 

of position and velocity on X-axis and Y-axis are 

similar. 

[Fig. 5] Practical and tracking position on X- axis

From Fig.5, for position on X-axis, practical and 
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predicted ones are almost the same. Based on Fig.4 and 

5, it can be deduced that practical and predicted 

position on Y-axis should also just have tiny 

difference. 

Since that from the Fig. 4 and 5, the difference 

between the practical and predicted data is too tiny to 

identify, the error between these two are plotted 

directly for clear recognition, which is shown in Fig.6. 

At the beginning of the measurement, the difference is 

relative large, astime continues, the error is controlled 

in the range of approximate m, which can be 

regarded as a reliable prediction. The gradually reduced 

difference between the real and the predicted ones is 

owing to the superimposed operation of the Kalman 

filter algorithm. 

[Fig. 6] Position errors on X-axis

Apart from position, the situation about the velocity 

is also plotted, which are shown in Fig.7 and8 

respectively, from Fig. 7, it can be seen that both the 

actual and the predicted velocity fluctuate around 

approximate 40m/sec. And the deviation is about 

3m/sec at the steady state, which is acceptable. When 

noticing Fig. 6, at time equal zero, the tracking velocity 

is zero, which is caused by the initial condition setting 

rather than the system error. 

[Fig. 7] Practical and tracking velocity on X-axis

[Fig. 8] Velocity errors on X-axis

4. Conclusions
State estimation for discrete-time linear system was 

proposed. State estimation could be achieved by 

multiple methods, such as Kalman filter and 

Luenbergerobserver. Kalman filter guarantees small 

account of calculation, low storage and high 

instantaneity. It can be applied for the discrete-time 

linear system and the algorithm for it is linear 

minimum variance estimation.Definition and deduction 

for linear minimum variance estimation was also 

proposed. It is an estimation method that could force 

the variance to be the minimum. It is linear and 

unbiased estimation. Under the condition that the joint 

probability density of the estimated state and the 

observed value are normally distributed, the value for 

minimum variance of estimated state is equivalent to 

the linear minimum variance estimation.Stability, 

controllability and observability for linear system are 

presented and applied to the practical model. For the 
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design procedure, during the first stage, Kalman filter 

was applied to the prediction of position and velocity of 

an object by Matlab programming. It was proposed in 

terms of the track of practical and predicted position, 

the error between them, as well as the velocity. For the 

second stage, two types of unknown input are added, 

which are square root of system state and output of a 

dynamic system respectively. For square root of 

system state, it is of function of changing the uniform 

motion into accelerated one, while for output of a 

dynamic system, it represents the linear combination of 

two commonly used function, namely unit step and unit 

impulse function.
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