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1. Introduction

The plasticity of materials which undergo irreversible

deformations and exhibit rate effects is called as

viscoplasticity. Thus, it is defined as rate dependent

plasticity or time dependent plasticity in which

crystallographic slip is dominant during deformation

processes. These models are appropriate and often

required to analyze properly the behavior of materials

subjected to transient loading. Also, viscoplasticity can

be applied to creep, which is described as low strain

rate, time dependent irreversible deformation for long

term response, whether the process is controlled by

diffusion or affected by diffusion.

Viscoplasticty is referred to the mechanical response

of solids involving time dependent, irreversible strains

(Lemaitre, 2001). For viscoplasticity, elastic strain and

the strain hardening rule are the same as those in

plasticity. Rate independent plasticity models mentioned

in the previous section, cannot describe time dependent

inelastic behavior of material, such as strain rate effect,

stress rate for ratchetting, and hold time. Thus, these

viscoplasticity models have been developed to consider

the character of rate dependence and to establish

correlation with experimental results.

Bodner and Partom (1972) started to establish a

viscoplastic theory. Their unified theory described an

approach that inelastic behavior of plasticity and

viscoplasticity was not separated. M iller, (1976),

Robinson et al. (1976), Hart (1976), Krempl (1979)

studied this theory, and Chaboche (1977) developed a
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viscoplastic constitutive model with nonlinear kinematic

hardening, and Chaboche and Rousselier (1983) applied

this model to the 316 stainless steel. Ellyin and Zia

(1991) then used this viscoplasticity model for stainless

steel 304 and 316. McDowell (1992) developed

viscoplastic nonlinear kinematic hardening model under

thermomechanical cyclic conditions, while Tanaka

(1994) developed a viscoplastic constitutive model

under nonproportional loading.

Chaboche and Rousselier (1983) used their

viscoplasticiy model for the simulation of ratchetting.

Ohno and Wang (1993) combined a modified

Armstrong-Frederick model and viscoplastic equation.

Tanaka and Yamada (1993), and Abdel-Karim and

Ohno (2000) continued with this study. This

rate-dependence of ratchetting has been done by Kang

and Gao (2004), Yaguchi and Takahashi (2000),

Yaguchi and Takahashi (2005), and Kang et al. (2006).

For rate independent models, the stress-strain

response is assumed to be independent of the rate of

loading, whether loading is strain-controlled or

stress-controlled. The rate of loading may become a

major issue to understand structures during earthquake

excitation or under blast or high velocity impact. In

some cases, the rate effect on structures under strong

earthquake excitation cannot be ignored when

attempting to understand inelastic behavior of structures.

In this study, numerical simulation by cyclic

visocoplasticity models is introduced and analyzed.

Finally, the analytical results by ABAQUS (Hibbit,

Karlsson and Sorensen, 2008) are compared with

experimental results as a means to evaluate and verify

the model.

2. Constitutive model

In plasticity, consistency conditions are used to

enforce the load point to stay on the yield stress

during plastic deformation. In contrast to this, the load

point may lie outside the yield surface because of its

viscosity and overstress in viscoplasticity. The total

strain at a given stress can be decomposed into three

parts (elastic, viscoplastic, and thermal components) for

the classical viscoplastic approach or four parts (adding

a plastic strain rate) for combined rate independent and

rate dependent response. Thus, for these two cases,

one may write
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Since viscoplastic and plastic strains are not

independent, the term inelastic strain is mostly used.

The elastic strain is given by the stress tensor with

usual linear elastic equations. That is,

e
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and, thus, the elasto-inelastic relation is written as
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where
eC is the elastic constitutive matrix,

ee& is

the elastic strain increment,
vpe& is the viscoplastic

strain increment,
pe& is the plastic strain increment,

Te& is the thermal strain increment, and
Ine& is

the inelastic strain increment. The viscoplastic strain

rate is computed from the normality hypothesis
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where g is the flow potential, which in general is

function of stress, temperature and state variables.

Based on a von Mises yield surface, as is used in rate

independent plasticity, the effective stress, and effective

strain rate become
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respectively. Thus, the viscoplastic plastic strain rate is

written as
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To consider strain hardening, a stress function is

needed to relate the increase in stress with strain. The

may be a quite general function of stress. However,

usually a power law, exponential or hyperbolic function

is postulated. Bodner and Partom (1972) originally used

the following exponential type function, which is

usually best for slip at high velocity:
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where constant C is a scale factor that corresponds to

the maximum inelastic strain rate, n is a controlling

parameter for strain-rate sensitivity, and Z is a state

variable for both the isotropic and kinematic hardening

rule. Ramaswamy and Stouffer (1990) modified the

Bodner equation to include back stress, as in
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where T is absolute temperature, and K2 is the norm

of the difference between the stress and back stress.

Meanwhile, Miller(1976) proposed a sine hyperbolic

type function introducing back stress and drag stress as

follows:

2

2/3

2

Z
sinh

2

3

K

XSK
C

ijij

n

In
ij

-

ú
ú

û

ù

ê
ê

ë

é

÷
÷

ø

ö

ç
ç

è

æ
=e&

(11)

Chaboche (1989) used a modified power law function,

created by adding a second power law to the flow rule

to reduce numerical difficulties. The resulting function

can be written
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In the remainder of this section, some basic

background for viscoplasticity will be introduced with

isotropic and kinematic hardening rules and

comparisons with plasticity. Finally, these viscoplastic

definitions and strain hardening rules will be used for

the formulation of a rate dependent two surface model.

2.1 Viscoplasticity With Kinematic Hardening

Rule

Kinematic hardening rule in viscoplasticity also has

the same concept as in plasticity. Thus, the yield

surface translates in stress space, rather than expanding.

However, now one must consider also the viscous

stress. Thus, the kinematic hardening rule in

viscoplasticity is followed by same procedures in

plasticity and is explained below.

Fig. 1 Von mises yield surface for viscoplasticity with
linear kinematic hardening in stress space and
stress-strain curve (Dunne and Petrinic, 2005)

As shown in Fig. 1, the von Mises yield surface is

translated from the initial yield surface by a linear

kinematic hardening rule. The resulting stress-strain to

explain the form of viscoplasticity is shown in right

figure. The increment in back stress for linear

kinematic hardening and nonlinear kinematic hardening

are given, respectively, by

(13)

(14)

where c and g are material constants. For rate

independent plasticity, the stress is given by combining

the yield stress ( ys ) and the contribution by

linear kinematic hardening

(c / g ). Thus,
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However, for rate dependent plasticity, the stress is

calculated by adding the viscous stress to the above

equation. This viscous stress is used as a power law

function.

Consequently, the stress is given by
m

yvy pYcc &++=++= gssgss // (16)

By rearranging Eq. (16), the effective strain is given

by
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The above equation is the constitutive relation between

effective plastic strain rate and stress for the uniaxial

case, involving some internal variables. For multi-axial

cases, the effective strain rate is written by
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The yield function is given by

yXSJg s--= )( (19)

and with the normality rule, the components of the

plastic strain rate are written by
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Finally, the viscoplastic stress-strain relation is obtained

through Hooke's law by
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Thus, this viscoplastic stress-strain equation with

kinematic hardening rule shows that stresses are

determined at the end of the given step forward in

time with current total strain increment, kinematic

hardening variables, yield stress and a given time.

3. Numerical results for A36 steel subjected to

monotonic loading

Chang and Lee (1987) tested A36 structural steel

under monotonic loading to understand the strain rate

effect. The monotonic loading with the rate of 10 -3/sec,

10 -4/sec, and 10 -5/sec was increased until 2% axial

strain was achieved. Three stress levels corresponding

to the given strain rates were observed, respectively,

32.5 ksi, 30 ksi, and 28.5 ksi, as shown in Fig.2.

Thus, some strain rate sensitivity was observed, which

indicates that the faster strain rate gives higher yield

stress. Also, the higher strain rates gave the longer

plastic plateau. With reference to a strain rate of

10 -5/sec, the yield stress at a strain rate of 10 -4/sec was

increased by 5%, and the yield stress at strain rate of

10 -3/sec was increased by 14%. These experimental

results are compared with the rate dependent kinematic

hardening and two surface models in the next sections.

Fig. 2 Monotonic loading stress-strain response depending
on three different rates of three identical
specimens (Chang and Lee, 1987)

3.1 Numerical Result by Rate Ddependent

Kinematic Hardening Model

The rate dependent kinematic hardening model is

implemented as a user subroutine in the finite element

software ABAQUS. A simplified model of the original

cylinder-type specimen is modeled in ABAQUS, using

four node bilinear axisymmetric elements (CAX4).

Numerical results for steel under monotonic loading by

the rate dependent kinematic hardening model is shown

in Fig. 3. Material properties and material parameters

for the kinematic hardening model are shown in Table

1. Material parameters are determined by adjustment to
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achieve the best analysis results. The initial axial yield

stress is 30 ksi, but a value of 26.1 ksi is used as the

yield stress for this model, because there are viscous

stresses outside the yield surface. The three stress

levels at the given strain rates were simulated as 32.3

ksi, 30ksi, and 28.6 ksi, respectively. Analytical results

do show strain rate sensitivity, indicating that the faster

strain rate gives higher yield stress. Thus, numerical

result by rate dependent kinematic hardening model

gives reasonably good results for analysis of steel

under monotonic loading.

Table 1. Material properties and rate dependent kinematic
hardening model parameters for A36 structural
steel

Fig. 3 Monotonic loading stress-strain response depending

on three different rates of three identical specimens

by rate dependent kinematic hardening model

4. Numerical results of A36 steel subjected to

cyclic loading Type 1 and Type 2

Chang and Lee (1987) also tested structural steel

under cyclic loading to understand the strain rate

sensitivity. The cyclic loading with the rate of 10 -2/sec

and 10 -4/sec was increased until 0.8% axial strain was

attained. The loading history is shown in Fig.4 for the

strain rate of 10 -4/sec and in Fig.5 for the strain rate

of 10 -2/sec. The specimen was loaded cyclically in the

axial direction, with the loading continued until it was

stabilized. The stabilized stress-strain curve is shown in

Fig.6. There is some strain rate sensitivity observed,

which indicates that the faster strain rate gives a higher

yield stress. These experimental results are compared

with the rate dependent kinematic hardening and two

surface models in the next sections.

Fig. 4 Cyclic loading history which is used for strain rate

of 10-4/sec (LoadingType1)

Fig. 5 Cyclic loading history which is used for strain rate

of 10
-2/sec(LoadingType2)

Young's modulus(E):28,500
ksi (196,500MPa)

Poisson's ratio ( u ) :
0.35

Axial initial stress( ys )
: 30ksi (206.84MPa)

Material parameters of sine
hyperbolic function for
kinematic hardening model
(C) : 1.E+2

Material parameters of
sine hyperbolic function
for kinematic hardening
model (B) : 1.E-8

Material parameters of sine
hyperbolic function for
kinematic hardening model
(n) : 5.0

Axial initial stress used in

model ( ys ):26.1 ksi
(180 Mpa)
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Fig. 6 Stabilized cyclic loading stress-strain response

depending on two different rates (10-2/sec and

10-4/sec) (ChangandLee, 1987)

4.1 Numerical Result by Rate Dependent

Kinematic Hardening Model

In this analysis, the four node bilinear axisymmetric

element (CAX4) is also used for steel under cyclic

loading. Numerical results for mild steel under cyclic

loading by the rate dependent kinematic hardening

model are shown in Fig. 7. Material properties and

material parameters for the kinematic hardening model

are shown in Table 1. Analytical results also show

small strain rate sensitivity, suggesting that the faster

strain rate (10 -2/sec; solid line) gives higher yield stress

than the slower strain rate (10-4/sec; dotted line). The

numerical results from the rate dependent kinematic

hardening model gives acceptable results in terms of

maximum stress, but it does not provide a good shape

to the hysteresis loop in the plastic range, after

yielding.

Fig. 7 Cyclic loading stress-strain response depending on

two different rates (10-2/sec and 10-4/sec) by rate

dependent kinematic hardening model

5. Numerical results of A36 steel subjected to

cyclic loading Type 3 and type 4

Chang and Lee (1987) also tested structural steel

under Type 3 and Type 4 cyclic loading to understand

the strain rate sensitivity. The cyclic loading with the

rate of 10-4/sec and 5 x 10-3/sec was applied in

ranges 0.6%, 1.2% and 1.5% and the loading history is

shown, respectively, in Fig.8 for the strain rate of

10-4/sec and in Fig.9 for the strain rate of 5 x 10-3/

sec. Fig.10 shows the result for a strain rate of

10-4/sec and Fig.11 shows the result of a strain rate of

5x10-3/sec. Notice that the stresses for strain rate

5x10-3/sec are higher than the stresses for 10-4/sec

(37.5ksi vs. 34ksi at the 0.6% strain, 42.1ksi vs. 39ksi

at the 1.2% strain, and 44.7ksi vs. 39ksi at the strain

1.5% strain). These experimental results are compared

with the rate dependent kinematic hardening and two

surface models the next sections.

Fig. 8 Cyclic loading history with strain rate of

10-4/sec(Loading Type3)

Fig. 9 Cyclic loading history with strain rate of 5 x

10-3/sec(Loading Type4)
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Fig. 10 Cyclic loading stress-strain response with strain

rate of 10-4/sec(ChangandLee,1987)

Fig. 11 Cyclic loading stress-strain response with strain

rate of 5 x 10-3/sec(ChangandLee,1987)

5.1 Numerical Rresult by Rrate Dependent

Kinematic Hardening Model

In the finite element analysis, the four node bilinear

axisymmetric elements (CAX4) are again used for steel

under Type 3 and Type 4 cyclic loading. Material

properties and material parameters for the kinematic

hardening model are shown in Table 1. Numerical

results for steel under cyclic loading obtained from the

rate dependent kinematic hardening model are shown in

Fig. 12 and in Fig. 13. The stresses for strain rate 5 x

10-3/sec are higher than stresses for 10-4/sec (36.9ksi vs.

35.3ksi at 0.6% strain, 41.1ksi vs. 39.5ksi at 1.2%

strain, and 46.8ksi vs. 45.3ksi at 1.5% strain). Thus,

the numerical results from the rate dependent kinematic

hardening model are close in terms of the maximum

stress at each cycle compared with the experimental

data on strain rate effects, but the model gives a linear

shape to the stress-strain response in the plastic range

after yielding.

Fig. 12 Cyclic loading stress-strain response for strain rate

of 10-4/sec by rate dependent kinematic hardening

model

Fig. 13 Cyclic loading stress-strain response for strain rate

of 5 x 10-3/sec by rate dependent kinematic

hardening model

6. Conclusions

In this paper, a rate dependent kinematic hardening

model was used to understand inelastic behavior of

metals subjected to monotonic loading. Two different

types of cyclic loadings were considered and the

numerical solutions are finally compared with

experimental results. The numerical results obtained by

the rate dependent kinematic hardening model does not

give a good shape for the hysteresis loop. However,

this model has good features, including a small number

of parameters and a simple numerical algorithm. Thus,

this model can be used for approximate and fast

analysis of metals.

sec/10 4-=e&
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