
J. Korean Math. Soc. 50 (2013), No. 2, pp. 425–444

http://dx.doi.org/10.4134/JKMS.2013.50.2.425

SOME HYPERBOLIC SPACE FORMS WITH FEW

GENERATED FUNDAMENTAL GROUPS

Alberto Cavicchioli, Emil Molnár, and Agnese I. Telloni

Abstract. We construct some hyperbolic hyperelliptic space forms wh-

ose fundamental groups are generated by only two or three isometries.
Each occurring group is obtained from a supergroup, which is an extended

Coxeter group generated by plane reflections and half-turns. Then we
describe covering properties and determine the isometry groups of the

constructed manifolds. Furthermore, we give an explicit construction of

space form of the second smallest volume nonorientable hyperbolic 3–
manifold with one cusp.

1. Introduction

A complete connected Riemannian n–manifold of constant sectional curva-
ture, briefly called a space form, can be considered as an orbit space Xn/G,
where Xn is one of the classical spaces Sn, Rn, and Hn (spherical, Euclidean,
and hyperbolic n–space, respectively) and G is an isometry group acting dis-
continuously and freely on X. With regards to the general theory, we refer for
example to the monograph [26] by J. A. Wolf. For hyperbolic space forms, see
Burago’s appendix to the Russian translation of the book, where basic results
of G. D. Mostow, G. A. Margulis and W. P. Thurston are also presented. We
refer also to [22] for a more recent monograph on the topic. A closed n–manifold
Mn is said to be hyperelliptic if it has an orientation-reversing involution τ such
that the quotient space Mn/〈τ〉 is homeomorphic to the n–sphere Sn. In this
case, τ is called a hyperelliptic involution. If a manifold can be equipped with a
geometric structure, then τ is assumed to be an isometry. Three–dimensional
hyperelliptic manifolds are objects of special interest because of their relation
with the Knot Theory. If M3 is a hyperelliptic 3–manifold with a hyperel-
liptic involution τ , then M3 is the 2–fold branched covering of the 3–sphere
S3 branched over a link (in particular, a knot) L. The covering is given by
the action of τ and each point of L has branching index 2. In other words,
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M3 is the 2–fold covering of a π–orbifold O = S3(L) with underlying space S3

and singular set L with singular angle π at each point of L. In [14], it was
shown that in any of the eight three–dimensional geometries, there exists a 3–
manifold with a geometric hyperelliptic involution. If M3 is a closed hyperbolic
3–manifold, then by Mostow’s Rigidity Theorem, a hyperelliptic involution is
equivalent to an isometric hyperelliptic involution. Even in the hyperbolic case
a hyperelliptic involution is, in general, not unique. Many examples of hyperel-
liptic 3–manifolds (also admitting one, two, or three hyperelliptic involutions)
were constructed by several authors (see for example [23] and its references).
Notice that the structure and the fixed point set of a hyperelliptic involution
is unknown, even in the simplest cases. In this paper, we construct some hy-
perelliptic hyperbolic 3–manifolds to illustrate the difficulties in developing a
classification of the fixed point loci for hyperelliptic transformations of such a
class of manifolds. However, the main motivation of the paper is to describe
a concrete geometric method for determining explicitly the branch set of a
hyperelliptic involution from a combinatorial representation (as a polyhedral
scheme or a Heegaard diagram) of the considered manifold. In fact, we com-
bine techniques of algebraic and geometric topology to find an explicit form for
such an involution in some interesting examples, giving a geometrical as well
as an algebraic description of it. In more detail, we construct four examples of
hyperbolic 3–space forms, denoted by M2, M , M5, and M ′. The manifolds M5

and M ′ are hyperelliptic with 2–generated fundamental groups (see Section 5).
They are obtained from Archimedian solids by pairwise identifications of the
boundary faces. The manifold M2 is hyperelliptic with 3–generated fundamen-
tal group (see Section 3). It is also a space form but its fundamental domain
is “cubic”. In Section 4, a non–compact hyperbolic space form of finite volume
will be constructed which is non–orientable and its fundamental group has two
generators. The first example of such a type was constructed by Gieseking
(1912). In particular, we show that our example is precisely the second small-
est volume nonorientable hyperbolic 3–manifold with one cusp. The unified
method for constructing our hyperbolic space forms is as follows (this is also
illustrated by a simpler case in Section 3): (1) starting with a hyperbolic Cox-
eter group L, take a finite index torsion–free subgroup G of L or an index two
extension of L; (2) determine explicitly a fundamental polyhedron PG for the
G–action in the hyperbolic 3–space H3 (this means that we have a more general
situation than in the constructions known thus far [12, 16, 19]); (3) construct
from the polyhedron PG (together with a pairwise identification of its boundary
faces) a Heegaard diagram for the quotient space form M = H3/G. From a
2–symmetric Heegaard diagram, we describe M as the 2–fold covering of the
3–sphere branched over a well–specified 3–bridge link. Then we completely
determine the isometry group of M . Nowadays, many compact hyperbolic 3–
manifolds with two generators and – at the same time – of Heegaard genus two
are known although complete classifications of neither are given (see e.g. [9]
and [10]). However, the equivalence – between a manifold with a two–generator
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fundamental group and that of a possible Heegaard splitting of genus two, for
compact hyperbolic 3–manifolds – is only a conjecture (not yet proved by our
latest information). The basic classification problem of two–generator hyper-
bolic space forms is also still open. On the other hand, Heegaard splitting
turns out to be the most appropriate technique for studying the topology of
such space forms.

2. Background on hyperellipticity and Heegaard diagrams

To clarify the reading of the next sections, we briefly recall some defini-
tions and results on hyperellipticity and on the combinatorial representation
of closed connected 3–manifolds via Heegaard diagrams. For more details on
hyperelliptic manifolds, see for example [7]. For basic facts and results on Hee-
gaard diagrams and branched coverings, we refer among others to an excellent
textbook on 3–manifold topology [8] (see also [3]).

2.1) Hyperellipticity. Let us consider the quadratic equation y2 = p(x) for
(x, y) ∈ C2, where p(x) is a polynomial of even degree 2g + 2 (g > 0) whose
coefficients are real numbers. The solution set (locus) of this equation defines
a Riemann surface, which is a 2–fold branched covering of C. The cover is
obtained by projection to the x–coordinate. The branching set corresponds
to the roots of p(x). There is a unique smooth closed Riemann surface Σg of
genus g naturally associated with the above equation. Moreover, there is a
holomorphic map from Σg onto C ∪ {∞} = S2 which extends the projection
to the x–coordinate. All such surfaces are hyperelliptic by construction and
vice versa, that is, any hyperelliptic closed orientable Riemann surface can be
obtained in this way. The hyperelliptic involution τ of Σg flips the two sheets
of the double cover of S2 and has exactly 2g+ 2 fixed points, called the Weier-
strass points of Σg. This involution is unique and lies in the center of the (finite)
isometry group of Σg. Hyperelliptic surfaces are the simplest Riemann surfaces
and have many interesting properties. For example, modular transformations
can be generated by permutations of the branch points. This is significant in
that it simplifies the construction of modular invariants. The dimension of this
set of surfaces, as a subspace of moduli space, can be found as follows. Ana-
lytic mappings of the complex plane into itself (that is, elements of SL(2;C))
can be used to fix three of the Weierstrass points. This leaves (2g − 1) points,
giving (2g−1) complex parameters. There are some common features between
hyperelliptic Riemann surfaces and hyperelliptic 3–manifolds when considering
the Heegaard genus (defined below) instead of the genus. However, in general,
the situation for 3–manifolds is much more complicated. For example, hy-
perelliptic 3–manifolds may have an arbitrarily high number of nonconjugate
hyperelliptic involutions. It is also known that a hyperelliptic involution of a
closed hyperbolic 3–manifold M3 with Heegaard genus 2 may not be in the
center of the isometry group of M3 (see [20], Theorem 1). Moreover, there is
no explicit classification of the fixed point locus for hyperelliptic isometries of
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hyperbolic 3–manifolds. Finally, we observe that few results are known about
the same problem for hyperelliptic manifolds in higher dimensions, some of
them obtained only for the class of hyperelliptic Lefschetz fibrations.

2.2) Heegaard diagrams. A Heegaard splitting of a closed connected ori-
entable 3–manifold M is a pair (V,W ) of homeomorphic orientable compact
cubes with handles such that M = V ∪W and V ∩W = ∂V = ∂W . The closed
connected orientable surface F = ∂V = ∂W is called the Heegaard surface of
the splitting (V,W ) of M . A classical theorem of Heegaard states that every
closed connected orientable 3–manifold M admits a Heegaard splitting. This
splitting can be constructed as follows. Consider the 1–skeleton of a simplicial
triangulation of M and define V as a regular neighbourhood of it. Then we set
W to be the closure of the complement of V in M . The Heegaard genus g(M)
of M is the smallest integer g such that M has a Heegaard surface of genus
g. Given a splitting (V,W ) of M , let D1, . . . , Dg be a collection of pairwise
disjoint properly embedded discs in W which cut W into a 3–cell. The pairwise
disjoint simple closed curves wi = ∂Di cut F = ∂W into a 2–sphere with 2g
holes. We say that w = {w1, . . . ,wg} is a set of meridians of the handlebody
W . Let v = {v1, . . . ,vg} be a set of meridians of the handlebody V . Then the
triple (F,v,w) is called a Heegaard diagram associated to the splitting (V,W )
of M (or briefly, a Heegaard diagram of M). The diagram can be drawn in
a plane by flattening the above 2–sphere with 2g holes (whose quotient space
is F ). In this case, a set of meridians can be re–obtained by identifying in
pairs the boundaries of the holes, while the other one gives rise to a set of
pairwise disjoint simple arcs connecting the boundaries of the holes. The con-
struction produces a planar graph (together with a pairing of the holes) which
completely represents the manifold M in the sense that M can be recovered
from it (for details, see for example [8], Chap. 5). Of course, there exist many
different Heegaard diagrams representing the same manifold. The equivalence
problem was solved by Singer: two different Heegaard diagrams of the same
3–manifold are related by a finite sequence of certain elementary moves (and/or
their inverses), called Singer’s moves. The first move changes the orientation
on a curve of the diagram (F,v,w) or shifts a curve by isotopy. The second
move substitutes a curve wi of w with a curve w′i after a slight shifting to
make w′i disjoint from wk for i 6= k. The curve w′i is obtained by a connected
sum of the curves wi and wk. This operation is defined similarly for the set
of meridians v. The last move adds a trivial (i.e., unknotted) handle and a
trivial curve to the diagram. It follows that Heegaard diagrams (up to Singer’s
moves) give an adequate representation of the closed connected orientable 3–
manifolds in the sense that all invariants of the represented manifolds can be
obtained from their diagrams via graph–theoretical algorithms. An interesting
open problem in the theory of Heegaard diagrams is the famous conjecture
that the Heegaard genus of a closed connected hyperbolic 3–manifold is equal
to the number of minimal generators for the fundamental group. Any closed
orientable 3–manifold of Heegaard genus two admits an orientation preserving
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involution whose quotient space is S3 and whose branching locus is a 3–bridge
link. Connections between Heegaard diagrams and Branched coverings can be
found for example in [3, 21]. In particular, it is known that every closed con-
nected orientable 3–manifold represented by a 2–symmetric Heegaard diagram
is homeomorphic to the 2–fold covering of the 3–sphere branched over a link.
Following [3], we recall that a Heegaard diagram associated to the splitting
(V,W ) of M is said to be 2-symmetric if it satisfies the following conditions:
(1) there is an orientation–preserving involution ρ of M which sends V onto
V (resp., W onto W ); (2) the orbit space V/ρ (resp., W/ρ) of V (resp., W )
under the action of ρ is a 3–ball; and (3) the image of the fixed point set of ρ
is an unknotted set of arcs in the ball V/ρ (resp., W/ρ). We expect that our
methods and results may be helpful to determine explicitly the branching sets
starting from a combinatorial representation of a hyperelliptic 3–manifold.

Figure 1. The hyperbolic manifold M2 = H3/G2

3. A space form with “cubic” fundamental domain

Consider a Lanner group L as a Coxeter group generated by reflections in
the face planes of the tetrahedron A0A1A2A3 in Figure 1. The Coxeter diagram
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[6, 11] shows also the angular conditions of the mirror planes mi opposite from
the vertices Ai. For instance, m1 and m2 have an angle π/4, and m0 and m2

are perpendicular. This tetrahedron can be realized in H3. We introduce the
half-turn r which changes m0 and m1 to m3 and m2, respectively. So we get a
group N = 〈L, r〉 as a semi-direct product. Now we get a fundamental domain
FN for N by bisecting at edge A1A2 and taking the part with the vertex A0.
The stabilizer of A0 in N , denoted by C0, is just the complete symmetry group
of a cube. Then C0 is generated by reflections m1, m2 and m3 (see Figure 1).
We construct a new concave polyhedron P2 by uniting the C0-images of FN

around A0 as a center. Then P2 becomes a “cube” with six broken faces F , F̄ ,
F1, F̄1, F2, and F̄2 with eight “ordinary” vertices (i.e., the C0-images of A1)
and twelve “additional” vertices in the middle of the broken edges (i.e., the C0-
images of A2). The Schlegel diagram of P2 is described in Figure 1. The point is
that P2 becomes a fundamental domain of the group G2 to be constructed. We
introduce appropriate screw motions s, s1, s2 as generators of G2 pairing the
faces of P2 with each other. In Figure 1, these are indicated by corresponding
arrows. The screw motion s maps the face F onto the face F̄ and P2 onto its
image Ps

2 along the face F̄ ; the inverse screw motion s−1 acts analogously. The
screw motion si, i = 1, 2, maps the face Fi onto the face F̄i according to the
arrows in Figure 1. We have to guarantee the free action of G2 so that the
identified polyhedron P2 has only points with a ball–like neighbourhood. This
is indeed the case. Let us list the following three arguments.

1) The two face domains around the midpoint A03 and its G2–equivalents
fill a ball–like neighbourhood because the stabilizer C03 of A03 in N is of order
16 and the group C0 ∩ C03 = 〈m1,m2〉 has eight elements. There are three
such equivalence classes.

2) The eight angular domains around the midpoint A12 and its G2–equival-
ents do the same since the stabilizer C12 ofA12 inN is of order 16 and C0∩C12 =
〈m3〉 has two elements. We have three such equivalence classes.

3) All the vertex domains belonging to the G2–equivalence class of A1 ∼ A2,
fill a ball–like neighbourhood again since the stabilizers C1 of A1 and C2 of A2,
conjugated in the supergroup N by r, have the same order as C0.

We mention that each generator of G2 can be expressed by those of the su-
pergroup N . For instance, we have s = rm3m2m1m2m3m2. More importantly,
for each edge equivalence class, we can write the corresponding cycle relation
by the algorithm of Poincaré (see [13, 16, 17, 18, 19]):

edge class 1 : s2s1s2ss
−1
2 s1s

−1
2 s−1 = 1

edge class 2 : ss−1
1 ss−1

2 ss1ss2 = 1
edge class 3 : s1s2s1s

−1s−1
1 s2s

−1
1 s = 1

Then G2 is the group with generators s, s1, s2 with the previously defined re-
lations. The polyhedral 3–cell P2 appears in the hyperbolic 3–space H3 and its
planar faces are paired by isometries that satisfy the above cyclic conditions.
Then the Poincaré Polyhedron Theorem (see, for example, [13]) shows that P2
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is a fundamental region for the discontinuous group of isometries G2 generated
by the identifications of the sides. So G2 presents the hyperbolic compact space
form M2 = H3/G2 by the identified polyhedron P2. The number of generators
of G2 cannot be reduced, and we get Gab

2 = H1(M2;Z) ∼= Z2 ⊕ Z2 ⊕ Z4 by
abelianization to obtain the first integer homology group of M2, as denoted be-
fore. Summarizing, the supergroup N is decomposed in the form N = C0 ∗G2

with G2 acting freely on H3. This means that each element of N can uniquely
be written as n = c0 ∗ g2, n ∈ N , c0 ∈ C0 and g2 ∈ G2.

Theorem 3.1. Let M2 = H3/G2 be the closed (compact and without boundary)
hyperbolic 3–manifold constructed above. The finite presentation

G2 = 〈s, si (i = 1, 2) : s2s1s2ss
−1
2 s1s

−1
2 s−1 = 1, ss−1

1 ss−1
2 ss1ss2 = 1,

s1s2s1s
−1s−1

1 s2s
−1
1 s = 1〉

is geometric, that is, it arises from the genus 3 Heegaard diagram of M2 depicted
in Figure 2. The abelianization of G2 is isomorphic to Z2 ⊕ Z2 ⊕ Z4. In
particular, the Heegaard genus of M2 is 3. The volume of M2 is equal to
(0, 2222292(166) · · · ) · 24 ∼ 5, 3335.

Figure 2. A minimal Heegaard diagram of M2 = H3/G2
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4. A non–compact non–orientable hyperbolic space form of finite
volume with two generators

The starting Coxeter group C will have such a fundamental tetrahedron
A0A1A2A3 having the vertices A0 and A3 at the absolute of H3. This fact
can be read off from the Coxeter diagram in Figure 3 (for more details, see
e.g. [24]). Namely, the “stabilizer” C0 = 〈m1,m2,m3〉 of A0 (and that of
A3) is the Euclidean Coxeter group p4m = ∗244 in the usual denotations.
Introducing the half-turn r with axis A03A12, indicated in Figure 3, we get
a supergroup D = 〈C, r〉 again. Bisecting A0A1A2A3 at the edge A0A3, we
have a fundamental domain FD which contains the vertex A1. The stabilizer
C1 = 〈m0,m2,m3〉 of A1 in D is again a Coxeter point group. We unite the C1-
images of FD to get a concave polyhedron PG for the group G to be constructed
(see Figure 3). Now PG has four broken faces (one of them is indicated more
clearly in the upper-left diagram of Figure 3), two “ordinary” vertices (i.e., the
C1-images of A0) and four “additional” vertices (i.e., the C1-images of A3). All
vertices of PG are ends (at the absolute) and will be equivalent under G. They
form a cusp. The (unique!) fixed point free identifications of PG are generated
by screw motions s : S → S and a glide reflection t : T → T indicated in
Figure 3 by corresponding arrows. Here S, S, T and T are the faces of PG

which are to be glued in pairs. We must verify, as before, that the proper
points of the identified polyhedron PG all have ball–like neighbourhoods. At
the same time, we see that G acts freely. According to the one edge class, the
fundamental group G has one defining relation. The space form M = H3/G
is non–orientable because of the generating glide reflection t. In fact, t is an
orientation reversing isometry. Summarizing, we have:

Theorem 4.1. With the above notation, the space form M = H3/G is a non–
compact non–orientable hyperbolic 3–manifold with one cusp and finite volume
1, 8319311884 · · · = 2× (Catalan’s constant). The fundamental group G has the
2–generator presentation

G = 〈s, t : sts−1t−1st−1st = 1〉
by the Poincaré algorithm which corresponds to a spine of the manifold (that
is, a 2–dimensional cell complex with just one 0–cell such that the manifold
collapses onto it). The abelianization of G is isomorphic to Z2 ⊕ Z.

By construction, the space form M = H3/G is precisely the unique nonori-
entable 1–cusped 3–manifold made from two ideal tetrahedra in the census
listed in [4]. Indeed, M is precisely the manifold N21 from [4]. In particular,
the isometry group of M is isomorphic to Z2. It is known that the Gieseking
manifold is the only nonorientable 1–cusped hyperbolic 3–manifold realizing
the minimum volume (which is 1, 0149416064 · · · ). For the proof, see [1]. This
manifold is obtained by identifying the faces of a single ideal tetrahedron; it
has the first integral homology group and the isometry group both isomorphic
to Z2. Now applying Agol’s result [2], we have:
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Figure 3. The hyperbolic manifold M = H3/G

Theorem 4.2. The space form M = H3/G constructed above is the second
smallest volume nonorientable hyperbolic 3–manifold with one cusp. Further-
more, the (hyperbolic) 2–fold unbranched coverings of M are isometric to the
Whitehead link complement and the (−2, 3, 8)–pretzel link complement in the
3–sphere.

Proof. The 2–fold unbranched coverings of M correspond to different epimor-
phisms of H1(M ;Z2) ∼= Z2 ⊕ Z2 onto Z2. These manifolds are orientable
hyperbolic with two cusps, and their volume is equal to 3, 6638623767 · · · = 4×
(Catalan’s constant). So they are homeomorphic to the Whitehead link com-
plement and the (−2, 3, 8)–pretzel link complement in the 3–sphere, as very
recently proved by Agol in [2], Theorem 3.6. �

Finally, we observe that the one–relator group G in Theorem 4.1 is properly
3–realizable in the sense of [5], i.e., there exists a compact 2–polyhedron K

with π1(K) ∼= G whose universal cover K̃ is proper homotopy equivalent to
a 3–manifold. In our case, K is a spine of the space form M (for example,

the spine which corresponds to the finite presentation of G) and K̃ is proper
homotopy equivalent to H3.
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Figure 4. The hyperbolic manifold M5 = H3/G5

5. Two hyperbolic Archimedian space forms with 2–generated
fundamental groups

Consider the Lanner group L again (see Figure 4). We introduce the half-
turn changing the mirrors m0 and m1 to m3 and m2, respectively, as in Section
2, but now denote it by r1. We also introduce the half-turn r2 changing m0 and
m2 to m1 and m3, respectively. This means that we extend L by the dihedral
group 222 to get the supergroup P = 〈222, L〉 as a semidirect product. To get
an appropriate fundamental domain FP for P, we put two perpendicular planes
through the third half-turn axis: the first plane contains the axis of r1 and the
second contains the axis of r2. These planes cut off A0A1A2A3, the domain
FP , say, with vertex A0. The stabilizer C0 of A0 in P is 〈m1,m2,m3〉 again.
We unite the C0-images of FP in order to get a new concave fundamental
polyhedron, denoted by P5 in Figure 4, for the group G5 to be constructed.
Combinatorially, P5 becomes the well–known Archimedian solid of symbol (3
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4 3 4). Its “ordinary” vertices are the C0-images of the midpoint A02 and the
“additional” ones are the C0-images of A13. In Figure 4, the generating screw
motions for the group G5 are described also by arrows. For the free action of
G5 on H3, we have to guarantee the ball–like neighbourhoods for each point of
the identified polyhedron arising from P5.

Let us describe the situation:
1) We have good joins as in the midpoints of the corresponding “tetrago-

nal” faces of P5 (these are the C0-images of A03) as in the midpoints of the
associated “trigonal” faces of P5 (which are the C0-images of A01). Namely,
the “ordinary” vertices are mapped onto the “additional” ones and vice versa
for each generator. This important argument was not stated previously for
brevity. Moreover, the argument on the number of the C0-images of FP , say
at A03 and A01, as in Section 2 also hold in this case.

2) Each edge equivalence class consists of four edges of P5, indeed. This is
needed because rectangles occur at them in P5. Let si, i = 1, . . . , 7, denote the
isometry which identifies the faces Fi with F̄i according to the arrows depicted
in Figure 4. We enumerate the corresponding cycle relations.

3) There are six vertex equivalence classes, which are indicated in Figure 4
by A, B, . . . , F . Each of them consists of two “ordinary” vertices and four
“additional” ones, forming a whole ball–like neighbourhood as a consequence
of the conditions above.

label of the edge relation

1 s4s1s4s
−1
3 = 1

2 s6s5s
−1
2 s3 = 1

3 s2s
−1
7 s−1

4 s3 = 1

4 s7s4s
−1
5 s4 = 1

5 s7s4s
−1
3 s2 = 1

6 s7s6s1s2 = 1
7 s7s6s3s6 = 1

8 s6s7s
−1
2 s1 = 1

9 s4s
−1
5 s−1

6 s−1
5 = 1

10 s5s
−1
2 s1s2 = 1

11 s5s6s3s2 = 1
12 s4s1s6s1 = 1

Summarizing, the supergroup P is decomposed in the form P = C0 ∗ G5,
with G5 acting freely on H3. Let M5 denote the closed hyperbolic 3–manifold
H3/G5. What is more important is that from the relations before, we can
express the generators s2, s3, s5, s6 and s7 in terms of s1 and s4. In fact, we
have:

(1) s3 = s4s1s4,
(12) s6 = s−1

1 s−1
4 s−1

1 ,
(7) s7 = s−1

6 s−1
3 s−1

6 = s1s4s1s
−1
4 s−1

1 s−1
4 s1s4s1,
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(8) s2 = s1s6s7 = s1s
−1
4 s−1

1 s−1
4 s1s4s1,

(2) s5 = s−1
6 s−1

3 s2 = s1s4s1s
−1
4 s−1

1 s−1
4 s1s

−1
4 s−1

1 s−1
4 s1s4s1.

So the fundamental group G5 of M5 is generated by s1 and s4. Substituting the
above formulae into the relations, we obtain that Relation (3) is an identity,
Relations (4) and (9) are equivalent to the relation

(s1s4)
3
s1s
−1
4 s−1

1 s−1
4 (s1s4)

2
s−1

1 s−1
4 s−1

1 (s4s1)
2
s−1

4 s−1
1 s−1

4 = 1,

and Relations (5), (6), (10) and (11) are equivalent to the relation

s2
1s
−1
4 s−1

1 s−1
4 s1s4s

2
1s4s1s

−1
4 s−1

1 s−1
4 = 1.

From the relations, we also get

s2 = s1s
−1
4 s−1

1 s−1
4 s1s4s1 = s−1

1 s4s1s4s
−1
1 s−1

4 s−1
1 .

Then G5 admits a 2–generator 2–relator presentation. Of course, the other
two generators, and no less, must also be taken into account. In fact, the
abelianization of G5 is isomorphic to Z2 ⊕ Z8.

Theorem 5.1. The fundamental group G5 of the closed connected hyperbolic
3–manifold M5 = H3/G5 has the balanced presentation

G5 = 〈s1, s4 : s2
1s
−1
4 s−1

1 s−1
4 s1s4s

2
1s4s1s

−1
4 s−1

1 s−1
4 = 1,

(s1s4)
3
s1s
−1
4 s−1

1 s−1
4 (s1s4)

2
s−1

1 s−1
4 s−1

1 (s4s1)
2
s−1

4 s−1
1 s−1

4 = 1〉.
This presentation is geometric and arises from the genus 2 Heegaard diagram
of M5 depicted in Figure 5.

In Figure 6, we show the {4, 6, 8} realization of the 2–generator closed hy-
perbolic space form M5 = H3/G5, constructed uniquely by the starting edge
class marked with bold arrows. This is a nice polyhedron, denoted by FG5 .

The group G5 is now generated by the isometries S1 and S (see Figure 6).
The side pairing of the boundary faces of FG5

is given by matching each pair
of faces labelled by an isometry with its inverse. The face pairing generators
are induced and expressed by S and S1 step-by-step. The three edges in each
class (24 classes) bound 4– and 6–, 6– and 8–, and 8– and 4–gons, guaranteeing
the ball–like neighbourhood to each point.

For the fundamental group of M5, we get a new geometric presentation with
generators S1 and S and relations:

S3
1S
−2(S1S)2S1S

−2 = 1

and

S1SS1S
−2S−1

1 S2S−1
1 S−3S−1

1 S2S−1
1 S−2 = 1.

Setting S−1 = s1s4 and S−1
1 = s1 (with inverse relation s4 = S1S

−1), the first
relation above becomes the inverse of the first relation in the statement of The-
orem 5.1, while the second relation above becomes (up to cyclic permutation)
the second relation in the statement of Theorem 5.1. Let us turn to the starting
motivation. If we take the presentation of G2 from Section 2 (Figure 1) with
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Figure 5. A Heegaard diagram of the hyperbolic manifold
M5 = H3/G5

generators denoted now with primes, s′, s′1 and s′2, and the presentation of G5

as before, then setting

s′ = s4,

s′1 = s6 = s−1
1 s−1

4 s−1
1 ,

s′2 = s−1
2 = s−1

1 s−1
4 s−1

1 s4s1s4s
−1
1 = s1s4s1s

−1
4 s−1

1 s−1
4 s1,

we obtain G2 / G5. Geometrically, this is clear if we study the corresponding
pairings of faces on the boundaries of the polyhedra P2 and P5. Moreover, G2

is of index 2 in G5 since the supergroup N of G2 is a subgroup of index 2 in the
supergroup P of G5. Furthermore, the volume of P2 is two times larger than
that of P5, and hence the volume of M5 is 2,6668. Formally, the three relations
of G2 are consequences of the two relations of G5, which are more tedious to
handle.

Theorem 5.2. The genus 3 hyperbolic closed 3–manifold M2 = H3/G2 is the
2–fold unbranched covering of the genus 2 hyperbolic closed 3–manifold M5 =
H3/G5. Furthermore, we have vol(M2) = 2 vol(M5), where vol(M5) ∼ 2, 6668.
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Figure 6. The {4,6,8} realization of the hyperbolic manifold M5

Figure 7. The 3-bridge link L with three components

The (extended) Heegaard diagram of genus 2, shown in Figure 5, has an
orientation–preserving involution which fixes the marked axis of the ellipses s1
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Figure 8. The link L, up to Reidemeister moves

and s4 and the axis joining the vertices 1 and 15 of the horizontal circle (closed
at the infinity). Then by [3] and [21], the manifold M5 is the 2–fold covering of
the 3–sphere branched over the 3-bridge link L with three components, drawn
in Figure 7. Using the Reidemeister moves in Figure 8, we get:

Theorem 5.3. The hyperbolic closed 3–manifold M5 = H3/G5 is the 2–fold
covering of the 3–sphere branched over the 3-bridge link L with three trivial
components, depicted in Figure 8(d). The link L is chiral, π-hyperbolic and
vol(S3 \L) = 9, 503403931. The symmetry group of L is isomorphic to Z2×Z2,
and the isometry group of M5 is Z2 × Z2 × Z2.

Proof. Let τ denote the involution of M5 such that M5/〈τ〉 is topologically the
3–sphere with branch set the 3-bridge link L with branching index 2 on its
components. In the language of orbifolds, the quotient M5/〈τ〉 is a hyperbolic
3–orbifold O(L) whose underlying topological space is the 3–sphere and whose
singular set is L with singular index 2.

The symmetry group Sym(S3,L) of L, which is isomorphic to Iso O(L), is
Z2 × Z2 by SnapPea. Since L has three components, Case 1 in Theorem 1 of
[20] occurs (see also the proof of the theorem on p. 82), i.e., τ is central in
Iso M5. So we have the exact sequence

1 −→ 〈τ〉 ∼= Z2 −→ Iso M5 −→ Iso O(L) = Z2 × Z2 −→ 1,
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which implies the desired result. �

Remark. Since each component Ki of L is trivial, the Z2-branched covering Ni

of L along Ki is the 3–sphere for each i = 1, 2, 3. Let Rij be the 2–fold covering

of Mk
∼= S3 branched over the union of the preimages K̃i, K̃j of Ki, Kj for

i 6= j 6= k, i, j, k ∈ {1, 2, 3}. Then Rij is a closed hyperbolic 3–manifold of
genus 2. Let M denote the (Z2 × Z2 × Z2)-branched covering of L. Then M
is a Z2-covering of R12, R13 and R23 and a (Z2 × Z2)-covering of Ni

∼= S3 for
i = 1, 2, 3. Hence M is hyperbolic and hyperelliptic.

It is proved in [15] that the two–fold unbranched coverings of genus two
3–manifolds are hyperelliptic. As a consequence, we have:

Corollary 5.4. The closed hyperbolic 3–manifold M2 = H3/G2 is hyperelliptic.
The isometry group of M2 is isomorphic to Z2 × Z2 × Z2 × Z2.

The manifolds M2 and M5 are missing in the Weeks census of closed hy-
perbolic 3–manifolds [25]. The reason is that Weeks did not pose himself the
problem of listing the closed hyperbolic 3–manifolds and volumes without gaps.
He intentionally neglected some manifolds whose geometries were close to those
of the corresponding cusped manifolds.

Figure 9. The {4,6,8} realization of the hyperbolic manifold
M ′ = H3/H

In Figure 9, we show the {4, 6, 8} realization of the 2–generator closed hy-
perbolic space form M ′ = H3/H, constructed uniquely by the starting edge
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class marked with bold arrows. The other face pairing generators are induced
and expressed by S and S1 step–by–step. It is only a conjecture that the
other 2–generator 3–space form from the Archimedian solid {8, 6, 4} does not
exist. The fundamental group H ∼= π1(M ′) has a balanced presentation with
generators S1 and S and relations

S1SS
−1
1 SS−1

1 S2(S−1
1 S)2S1S

2 = 1

and

S1SS
−1
1 S−1(S1S

−1)2S−1
1 SS1S

3 = 1.

The abelianization of H is isomorphic to Z2 ⊕ Z10. The above presentation
is geometric and arises from the genus 2 Heegaard diagram of M ′ depicted in
Figure 10.

In particular, M ′ has Heegaard genus 2. This diagram has an orientation-
preserving involution which fixes the marked axis of the ellipses labelled S1 and
S and the axis joining the vertices 2 and 9 of the horizontal circle (closed at
the infinity). Then by [3] and [21], the manifold M ′ is the 2–fold covering of
the 3–sphere branched over the 3–bridge link L′ with three trivial components,
drawn in Figure 11. Following a similar reasoning as the proof of Theorem 5.3,
we obtain the following result:

Figure 10. A Heegaard diagram of the hyperbolic manifold
M ′ = H3/H
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Figure 11. The 3-bridge link L′ with three components

Theorem 5.5. The hyperbolic closed 3–manifold M ′ = H3/H is the 2–fold
covering of the 3–sphere branched over the 3-bridge link L′ with three trivial
components, depicted in Figure 11. The link L′ is chiral, π-hyperbolic and
vol(S3 \L′) = 10, 2758824. The symmetry group of L′ is isomorphic to Z2, and
the isometry group of M ′ is Z2 × Z2.

Finally, note that the volume of the closed hyperbolic 3–manifold M ′ =
H3/H equals that of M5 = H3/G5 but that they are not homeomorphic because
they have different first integral homology groups.
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Università di Modena e Reggio E.

Via Campi 213/B, 41100 Modena, Italy
E-mail address: agneseilaria.telloni@unimore.it


