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1. INTRODUCTION

The pipe bends and elbows are considered to be critical
components in the piping systems of nuclear power plants
because they are incorporated into the piping systems to
allow modification of isometric routing and reduce anchor
reaction forces. In addition, the pipe bends and elbows
can absorb substantial thermal expansion and seismic
movement through the energy dissipation incurred as a
result of local plastic deformation. Therefore, they can
maintain the integrity of the piping system under transiently
loading conditions [1-2]. On the other hand, care must be
taken to ensure that the collapse load is avoided. Therefore,
it is essential to accurately estimate the safety margin for
the collapse of pipe bends and elbows under various ranges
of operating conditions.

On the other hand, the pipe bends and elbows in nuclear
power plants face a variety of degradation mechanisms.
In particular, wall-thinning degradation is considered to
be an important degradation mechanism in carbon steel
elbows [3]. The wall-thinned defect is caused mainly by
flow-accelerated corrosion, which reduces the failure
pressure, load-carrying capacity, deformation ability, and
fatigue resistance of pipe bends and elbows. Therefore,

as mentioned above, it is essential to examine the effect
of wall-thinned defects on the failure behavior of pipe
bends and elbows and to accurately estimate the collapse
loads of wall-thinned bends and elbows under a range of
loading conditions. 

To train and test the data-based models, the collapse
moment-related data should be provided. The data was
obtained by finite element analyses (FEAs) under various
loading conditions and defect geometries as follows: the
thinning defect locations of extrados, intrados, and the
crown; bend radius; bend angle; wall thickness at the
thinning defect; thinning length; thinning angle; internal
pressure; and bending modes of closing and opening. 

In previous studies, data-based models, such as the
support vector regression (SVR) and fuzzy neural network
method (FNN), were applied successfully to the estimation
of collapse moments [4-5]. On the other hand, uncertainty
analysis was not performed for the developed models. This
paper will build on the SVR method, which shows the better
performance of the two models, to analyze the uncertainty
of the collapse moment estimates and will use analytical
uncertainty analysis methods to predict the prediction
interval (PI). In addition, this paper deals partly with the
SVR method used to estimate the collapse moments.

The development of data-based models requires uncertainty analysis to explain the accuracy of their predictions. In this
paper, an uncertainty analysis of the support vector regression (SVR) model, which is a data-based model, was performed
because previous research showed that the SVR method accurately estimates the collapse moments of wall-thinned pipe bends
and elbows. The uncertainty analysis method used in this study was an analytic uncertainty analysis method, and estimates
with a 95% confidence interval were obtained for 370 test data points. From the results, the prediction interval (PI) was very
narrow, which means that the predicted values are quite accurate. Therefore, the proposed SVR method can be used effectively
to assess and validate the integrity of the wall-thinned pipe bends and elbows.
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2. COLLAPSE MOMENT CALCULATION USING
FINITE ELEMENT ANALYSES

This study employed the collapse moment calculated
using the twice-elastic slope method, as illustrated in Fig. 1
[6-7]. Carbon steel bends with an outer diameter (Do) of
400mm and a nominal thickness (tnom ) of 20mm were
used. The bend angles (φ) were 30o, 60o, and 90o, and the
bend radius ratios (Rb/Rm) were 3 and 6, respectively
(refer to Fig. 2). The bends and elbows were connected
to straight pipes with lengths equal to ten times the mean
radius (Rm) to allow free ovalization of the end section of
the bends. The wall-thinning defects were located at the
intrados and extrados centerlines as well as at the crown
of the pipe bends and elbows. The axial and circumferential
shapes of the defects were circular. 

Nonlinear three-dimensional finite element analysis
(FEA) was carried out to evaluate the collapse moment
of wall-thinned pipe bends. Fig. 3 depicts the finite element
meshes used in the analysis. Twenty node solid elements
with a reduced integration order were used to model the
bend and pipes. Considering geometrical symmetry, one-
fourth of the bend is modeled for the intrados and extrados

wall-thinning defects, and half of the bend is modeled for
a crown wall-thinning defect [4-5]. In FEA, various loading
conditions and defect geometries were considered, as
summarized in Table 1. The combined internal pressure
and bending loads were considered as an applied load. A
range of internal pressures from 0 to 20MPa was used, and
the in-plane bending of either the closing- or opening-mode
was applied at a constant internal pressure.

The deformation behavior of an elbow under a bending
load is governed by its geometry, including the bend
radius, bend angle, and radius/thickness (R/t). Therefore,
the collapse behavior of a local wall-thinned elbow is
also affected by these geometrical parameters. The R/t of
an elbow is dependent on the safety class and operating
pressure of the piping system, and elbows with R/t values
of 10 to 30 are typically used in the secondary piping
system of a NPP, at which local wall-thinning is more

324 NUCLEAR ENGINEERING AND TECHNOLOGY,  VOL.44  NO.3  APRIL 2012

KIM et al.,  Uncertainty Analysis of Data-based Models for Estimating Collapse Moments of Wall-Thinned Pipe Bends and Elbows

Fig. 1. Illustration of the Collapse Moment Definition [5].

Fig. 2. Definition of the Dimensions for Wall-thinned Defects
in Pipe Bends [5].

Fig. 3. Finite Element Model used in FEAs [5].
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likely to occur. As the present results were developed
based on the analysis results of an elbow when R/t =10 ,
the results are applicable to an evaluation of wall-thinned
elbows in a secondary piping system operated at relatively
high pressures, i.e. a high-energy piping system. Moreover,
additional analysis and verification considering various
R/t values will be needed to expand the applicability of
the present results to integrity evaluations of wall-thinned
elbows operated at moderate and low pressures.

The general-purpose FEA program, ABAQUS [8] was
used in this study. A former FEA evaluation showed that
consideration of the geometrical nonlinearity in the FEA
is quite important for a precise determination of a pipe
bend deflection under a range of combinations of closing
and opening modes of bending and internal pressure [9].
Therefore, both geometric and material nonlinearity were
considered in this analysis. The yield stress and ultimate
tensile stress of the specific material of the bend and the
attached pipes were 302MPa and 450MPa, and the
elastic modulus and Poisson ratio were 206GPa and 0.3,
respectively. Fig. 4 shows the true stress-true strain curve
used in the analysis.

3. SUPPORT VECTOR REGRESSION 

3.1 Model Development
In general regression learning problems, the learning

machine is given training data from which it attempts to
learn the input-output relationship. The SVR first maps
the original input data x into high dimensional feature
space by nonlinear mapping. The unknown function is
then solved by determining the coefficients of the basis
function of the linear expansion. Therefore, for a given
set of data {(xi, yi)}N

i=1, where xi is the input vector to an
SVR model, yi is the actual output value, and N is the total
number of data, the support vector approximation can be
expanded as follows:

where φi(x) is called the feature that is nonlinearly mapped
from the input space x, w = [w1 w2 wN]T, and ϕ = [φ1 φ2

φN]T . The support vector weight w and bias b were
calculated by minimizing the following regularized risk
function:

where

Here, parameters λ and ε are defined by the user. The
first term of Eq. (2) characterizes the complexity of the
SVR model, and Lε(x, yi, f ) is called the ε-insensitive loss
function [10]. Note that the parameter λ affects the trade-
off between the approximation error and the weights vector
norm. The loss is equal to zero if the difference between
the estimated f (x) and measured values is less than the
error level ε. For all other estimated points outside the error
level, ε, the loss is equal to the magnitude of the difference
between the estimated value and ε (refer to Fig. 5).
The regularized risk function can be rewritten using the
following constrained form:

where ξ = [ξ1 ξ2 ξN ]T and ξ* = [ξ*
1 ξ*

2 ξ*
N ]T are slack

variables representing the upper and lower constraints on
the outputs of the system, respectively. Both slack variables
have positive values.

The constrained optimization problem can be solved
by applying the Lagrange multiplier technique and the
quadratic programming technique, and the regressionFig. 4. True Stress Versus True Strain Curve used in FEAs [5].

Wall-thinned location of pipe bends

Defect geometry

Load

Extrados, Intrados, Crown

Table 1. FEA Conditions for Wall-thinned Pipe Bends [5].

Bend radius (Rb/Rm)

Bending angle (o)

3, 6

30, 60, 90

0.25, 0.5, 1.0, 1.5, 2.0

0.233, 0.466, 0.699

0.0625, 0.125, 0.25, 0.50

Closing, Opening

0, 5, 10, 15, 20

Ls /Do

(tnom – tp)/tnom

θ/π

Bending mode

Pressure (MPa)

(1)

(4)

(2)

(3)

(5)



function of Eq. (1) is expressed as follows: 

where K(x, xi) = ϕT(xi)ϕ(x) is called the kernel function.
A number of coefficients βi are nonzero only for a subset
of the training data. The training data points, which
correspond to nonzero βi, are called support vectors and
have an approximation error ≥ε. The kernel functions used
in this study were the following radial basis functions:

The kernel function parameter determines the sharpness
of the radial basis kernel function. The bias b is calculated
as in [10]:

where xr and xs are the support vectors.
The two most relevant design parameters for the SVR

model are the insensitivity zone ε and the regularization
parameter λ. An increase in parameter λ penalizes the
larger errors, which leads to a decrease in approximation
error. This can be achieved only by increasing the vector
norm of the weights. On the other hand, an increase in
the vector norm does not ensure good generalization
performance of a model, a condition known as the
overfitting problem. Parameter ε determines the size of
the insensitivity zone. An increase in the insensitivity zone
ε means a decrease in the requirements for the accuracy
of the approximation and it decreases the number of
support vectors, leading to data compression. In addition,
an increase in ε affects the modeling of noisy polluted
data, i.e. an increase in ε causes a noisy polluted portion
of data to be ignored.

3.2 Selection of Training Data
Each dataset was categorized as a training dataset, a

verification dataset, or a test dataset. Appropriate selection
of the training data is quite important because it can affect
the performance of the SVR model. An SVR model can
be well trained when data that includes a great deal of
information is used. In this paper, a subtractive clustering
(SC) scheme was used to select the training dataset [11].
The SC scheme introduces the concept of information
potential. The information potential of each data point
indicates the information quantity, and it is expected that
a data point with high information potential has a large
amount of information. The information potential of each
data point is defined as a function of the Euclidean distances
to all other input data points [11]. 

where a positive constant rα is a radius cluster defining a
particular neighborhood of the cluster. The potential of a
data point to be a cluster center is higher when it is
surrounded by a substantial amount of neighboring data.
After calculating the potential of each data point, the data
point with the highest potential will be the first cluster
center, and a cluster center can be obtained each time. In
general, after determining the ith cluster center ci and its
potential value Pc

i, the potential of each data point is
recalculated for all other data points excluding the effect
of the first cluster center according to the following
equation:

where a positive constant rβ denotes the radius cluster of
the neighborhood. In addition, rβ is normally greater than   rα
to limit the number of clusters generated. When the
potentials of all the data points were recalculated using Eq.
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Fig. 5. Soft Margin Loss Setting for SVR.

(6)

(7)

(8)
(9)

(10)



(6), the data point with the highest potential was selected
as the (i+1)th cluster center. The calculation stops if Pc

i < εPc
i

or specified data is selected; otherwise, the calculation
continues. If the calculation stops at an iterative step Nc, there
are Nc cluster centers. The input/output data positioned in
the cluster centers were selected to train the SVR model.

4. UNCERTAINTY ANALYSIS 

The development of data-based models requires an
uncertainty analysis to explain the accuracy of their
predictions. Through uncertainty analysis, a PI can be
calculated such that the precise value exists inside the PI
at a specified confidence level.

Data-based models have several possible sources of
uncertainty in the predicted values: the selection of training
data, model structure including complexity, and noise in
the input and output variables [12]. Since a data-based
model was developed using a given training dataset, each
possible training dataset selected from the entire population
of data will generate a different model and there will be a
distribution of predictions for a given set of observation
data. In addition, model misspecification occurs when the
model structure is incorrect, thereby introducing bias. To
predict the PIs, this paper uses an analytical uncertainty
analysis method [12-16].

The following regression models of Eq. (6) can be
established from the N training data points {(x1, y1), (x2,
y2), , (xN, yN)}:

where

Here, p is the number of parameters to be optimized.
For a regression model of observation data xo, which is
not part of the training data, the output prediction can be
given by

Using the Taylor series expansion of the output
prediction, the output prediction can be approximated to
the first order as follows:

where

Using Eq. (11) replaced with xo and Eq. (13), the prediction
error can be calculated as follows:

The variance of the prediction error can be expressed as

where

In the SVR model, since the parameter θ is not solved
explicitly and is calculated implicitly with a standard
quadratic programming technique to minimize the
constrained risk function of Eq. (4), the variance-covariance
matrix S cannot be calculated. On the other hand, the
optimized parameters are not expected to be significantly
different from the parameters determined from the
minimization of squared errors. Therefore, if the parameter
is assumed to be estimated properly with the well-known
squared error minimization technique, the variance-
covariance matrix can be estimated as follows [16]:

where

The parameter vector θ in SVR models consists of the
parameters βi and b of Eq. (6). The matrix F is called the
Jacobian matrix of the first order partial derivatives in regard
to the parameters determined from the minimization of
squared errors. 

The variance of the predicted output can be estimated
as follows [16]:

In addition, an estimate with a 95% confidence interval can
be written as

5. APPLICATION TO COLLAPSE MOMENT
ESTIMATION

Overall, the necessary data needs to be obtained to
devise SVR models for estimating the collapse moment
of wall-thinned pipe bends and elbows. Since there is no
sufficient related field data of nuclear power plants, the
FEA data was used to develop SVR models for each
loading condition and defect geometry case. 

The data provided consist of a total of 3712 input-
output data pairs (x1, x2, , x8, y), which are composed of
1700 extrados defect location cases, 1700 intrados cases,
and 312 crown cases. The characteristic of the collapse
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(14)

(18)

(19)

(11)

(12)

(13)

(15)

(16)

(17)



328 NUCLEAR ENGINEERING AND TECHNOLOGY,  VOL.44  NO.3  APRIL 2012

KIM et al.,  Uncertainty Analysis of Data-based Models for Estimating Collapse Moments of Wall-Thinned Pipe Bends and Elbows

moment differs considerably according to the three wall-
thinned defect locations of the extrados, intrados, and
crown, represented by x1. Therefore, the data can be
classified into the three classes of defect locations and
three SVR models are designed for the three classes,
respectively. The input signals, x2 through x8, indicate the
bend radius, bend angle, and wall thickness at the thinning
defect, thinning length, thinning angle, internal pressure,
and bending modes of closing and opening, respectively.
y is the FEA output, which indicates the collapse moment.
Table 1 lists the ranges of input signals for the SVR models.

It is important to confirm that the proposed algorithm
for the test data that was not used in the training stage.
Therefore, the collapse moment data is divided into the
training and test datasets that are used for the training
and test, respectively. The training dataset comprises
1300 input-output data pairs for the extrados case, 1300
for the intrados case, and 30 for the crown case among the
acquired data, all of which were selected using the SC
scheme. The test dataset comprises 370 data points among
the 3712 acquired data points (refer to Table 2). The
uncertainty of the developed SVR models was analyzed
with the test dataset. 

Table 2 summarizes the estimation results of the collapse
moments by the SVR models. For the training dataset,
the relative RMS errors for extrados, intrados, and crown
defects were 0.3079%, 0.3380%, and 0.1609%, respectively.
For the test dataset, the relative RMS errors for extrados,
intrados, and crown defects were 0.2871%, 0.3518%, and
0.2216%, respectively. The maximum error of the test
data was 1.3423%. These maximum errors are not as
important as the relative RMS errors but are represented
to show that the maximum value could be high under a
specific operating condition.

Fig. 6 shows the errors between the actual collapse
moments and estimated ones and their PIs. The PIs are
quite narrow, which means that the predicted values are
highly accurate. Fig. 7 shows that the estimated collapse
moments are covered well by the PIs with the coverage
probability shown in Table 3. In addition, from Table 3,
the 5 data points among a total of 370 test data points

Table 2. Estimation Accuracy of the Collapse Moments by the SVR Models.

Defect
location Fitness

Number
(No.) of
support
vectors

Training data Test data

No.
Relative

RMS
Error (%)

Relative
maximum
error (%)

No.
Relative

RMS
Error (%)

Relative
maximum
error (%)

Extrados

Intrados

Crown

Total

0.5427

0.5102

0.7233

-

619

634

178

-

1300

1300

250

2850

0.3079

0.3380

0.1609

0.3125

3.4162

2.6821

1.1020

3.4162

170

170

30

370

0.2871

0.3518

0.2216

0.3142

0.8924

1.3423

0.8244

1.3423

Fig. 6. Errors between the Actual Collapse Moment and the
Estimated One for the Test Data and PIs.



miss the PIs of the analytical method. This indicates
98.65% coverage probability, which corresponds to the
estimates that are solved with a 95% confidence level.

In this paper, FEA results and the used input data were
assumed to be accurate. However, FEA results cannot be
accurate, and the field input data may have measurement
errors. Therefore, the uncertainty of the data-based model
can increase when the field data are used.

6. CONCLUSIONS

Data-based modeling methods (SVR, FNN) were
used in previous studies [4-5] to estimate the collapse
moment due to the wall-thinned defects of bends and
elbows in piping systems. Of the two methods, in this
paper, uncertainty analysis was performed only for the
SVR method because the SVR method has good estimation
performance for the collapse moments compared to that
of the FNN method. Three SVR models were developed
for three datasets divided into the three cases of extrados,
intrados, and crown defects. The data for training the
SVR models was selected using a subtractive clustering
scheme because informative data increases the learning
effect. The uncertainty of the SVR models was analyzed
using a test dataset independent of the training data. In the
simulations of the test data, the RMS error was 0.3142%
for the three cases. Estimates with a 95% confidence interval
were obtained for 370 test data points by performing
analytic uncertainty analyses. The PIs were quite narrow,
meaning that the predicted values were accurate. Therefore,
the proposed SVR method can be used effectively to assess
and validate the integrity of wall-thinned pipe bends and
elbows.
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Table 3. Coverage of the PIs.

Defect
location No.

RMS
Error (%) Data number exceeding PI/test data number Coverage Probability (%)

Test data

Extrados

Intrados

Crown

Total

170

170

30

370

0.2871

0.3518

0.2216

0.3142

0/170

3/170

2/30

5/370

100%

98.24%

93.33%

98.65%

Fig. 7. Coverage of PIs for the Test Data.
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