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1. INTRODUCTION

Rayleigh-Bénard convection in a horizontal layer of fluid
confined between two parallel plates, with the bottom plate
heated and the top one cooled, has been studied extensively
for over a century. It is well known that the horizontal
layer of fluid confined within isothermal walls becomes
unstable above a Rayleigh number of 1708 and convective
motion sets in the form of steady convective rolls of an
aspect ratio (width to height) of about two [1]. With a
larger Rayleigh number the flow undergoes a sequence
of instabilities and eventually transforms into a turbulent
state above a Rayleigh number of about 107 [2, 3].

For the fundamental purpose of convection heat transfer,
i.e. the enhancement of the heat transfer rate, the selection
of a working fluid is significant and it should be chosen
carefully for its purpose. For example, air is used in most
engineering applications due to a convenience of access.
Nonetheless, other types of fluid such as distilled water and

liquid metal are used in unique environments in closed-loop
systems to enhance heat transfer. Many investigations about
natural convection with different Prandtl numbers have
been carried out for a couple of decades. In geophysical
applications, a high Prandtl number case is adequate for the
simulation of the motion of Earth's mantle [4]. Nakano et
al. [5] performed a numerical simulation of transient natural
convection for low Prandtl numbers in a shallow rectangle.
Pesso and Piva [6] investigated the influence of the Prandtl
number on the average Nusselt number in the laminar
regime and showed that the average Nusselt number
increases with an increasing Prandtl number, and this is
more evident at a high Rayleigh number. The turbulent
convective flow was analyzed by Verizicco and Camussi
[7] to define the effect of a Prandtl number in a cylindrical
cell. Simitev and Busse [8] focused on Prandtl number
dependency on a convection-driven flow in a rotating
spherical geometry with an electrically conducting fluid
in the high Prandtl number region.

The natural convection in a horizontal enclosure heated from the bottom wall, cooled at the top wall, and having a square
adiabatic body in the center is studied. Three different Prandtl numbers (0.01, 0.7 and 7) are considered for the investigation of
the effect of the Prandtl number on natural convection. Adiabatic boundary conditions are employed for the side walls. A two-
dimensional solution for unsteady natural convection is obtained, using an accurate and efficient Chebyshev spectral
methodology for different Rayleigh numbers varying over the range of 103 to 106. It had been experimentally reported that the
heat transfer mode becomes oscillatory when Pr is out of a specific Pr band beyond the critical Ra. In this study, we
reproduced this phenomenon numerically. It was found that when Ra=106, only the case for intermediate Pr (=0.7) reached a
non-changing steady state and the low and high Pr number cases (Pr=0.01 and 7) showed a periodically oscillatory fashion
hydrodynamically and thermally. The variation of time- and surface-averaged Nusselt numbers on the hot and cold walls for
different Rayleigh numbers and Prandtl numbers are presented to show the overall heat transfer characteristics in the system.
Further, the isotherms and streamline distributions are presented in detail to compare the physics related to their thermal
behavior. 
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It is important to consider natural convection in
complicated geometries in a variety of engineering/
industrial fields, such as the cooling systems of electronic
devices, nuclear reactors, and steel-making processes. For
example, an accurate understanding of stratified natural
convection phenomena is very important in designing
and optimizing the heat removal system of a fast sodium
reactor. Thus, Choi and Kim [9] analyzed the turbulent
natural convection in a shallow enclosure with elliptic
blending second-moment closure. A driving mechanism
of the energy transport in the passive auxiliary feed-
water system (PAFS) of the PWR is another example of
the natural convection [10]. The melting pool in the reactor
vessel during severe accidents is another application. These
phenomena could hardly be a turbulent regime and both
experimental and numerical researches were investigated
[11, 12]. Of a variety of geometrical applications, an
enclosure with a laterally thermal gradient has been
widely studied as a practical example. Vahl Davis [13]
numerically analyzed the two-dimensional natural
convection in a square enclosure having a lateral thermal
gradient. The study was limited to Rayleigh numbers
ranging from 103 to 106 known as a moderate range of
Ra. After that, many investigations having an obstacle in
the enclosure started to be introduced. Most of them dealt
with cases having laterally thermal gradients because of
their simplicity, i.e., no oscillating thermal behavior, no
change of convective circulating direction and so on. One
of the earliest systematic numerical investigations of an
enclosure with obstacles was performed by House et al.
[14] who considered the influence of a centered conducting
body on natural convection within an enclosure. For a
given Ra and Pr, it was found that the case with a thermal
conductivity ratio of less than unity (one) enhances the
heat transfer. Deng and Tang [15] defined a heat function
for the visualization of heat and fluid flow in an air-filled
square cavity over a wide range of Ra = 103-106. Mezrhab
et al. [16] considered a radiation-natural convection
interaction in a differently-heated cavity with a centered
body. Recently, the development of numerical schemes
such as an immersed-boundary method makes the
simulations more realistic, i.e., more complicated geometry
such as an arbitrary location of the square/circular
cylinder [17, 18]. Meanwhile, Ha et al. [19] numerically
investigated a natural convection in a horizontal enclosure
with a vertical thermal gradient at a moderate range of
Rayleigh numbers. They analyzed the effect of thermal
boundary conditions on a bluff body within the enclosure.

Many investigations have observed the effect of the
existence of a bluff body and its thermal boundary condition.
However, there is little information about natural
convection with vertical thermal gradients for various
Prandtl numbers. In this study, the thermal fluid flow and
corresponding heat transfer rate with vertical thermal
gradients will be considered for various Prandtl numbers.
In order to observe the effect of the Prandtl number, we

have chosen the values to be 0.01, 0.7 and 7. Further, a
moderate range of Rayleigh numbers (Ra = 103-106) have
been applied. In this range, the flow can reach an invariant
steady state or a chaotic/periodic oscillating state as a final
state according to Ra and Pr. Even though many practical
applications show three-dimensional thermal behavior,
this study focuses on a two-dimensional calculation since
the range of the Rayleigh number did not show any
dominant three-dimensional characteristics. In this study,
these indistinct situations depending on Ra and Pr were
successfully simulated and the corresponding thermal
fluidic physics are discussed in full by comparing their
isotherms, streamlines, the transitions of the average
Nusselt number, and so on.

2. NUMERICAL METHODOLOGY

The system consists of a horizontal layer of fluid heated
from the bottom and cooled from above. The fluid layer
has height L, within which a square body with sides of
length W, is centered and has an adiabatic thermal boundary
condition. The bottom wall is kept at a constant high
temperature of Th, whereas the top wall of the fluid layer
is kept at a constant low temperature of Tc. The left and
right side walls are assumed to be insulated. The geometry
is assumed to be invariant along the z direction and thus
the system represents a two-dimensional shape. The fluid
properties are also assumed to be constant, except for the
fluid density in the buoyancy term, which follows the
Boussinesq approximation. The gravitational acceleration
acts in the negative y-direction. Thus, in the present study,
we observe the fluid flow and thermal fields for the natural
convection in an enclosure with different Prandtl numbers.

We solve the continuity, Navier-Stokes and energy
equations in their non-dimensional forms defined as

The dimensionless variables in the above equations are
defined as

In the above equations, ρ and T represent the density and
dimensional temperature, respectively. α is the thermal
diffusivity. The superscript * in equation (2) represents
the dimensional variables. u, p, t and θ are the non-
dimensional velocity, pressure, time and temperature,
respectively. k2 in (1b) is the unit vector normal to the
isothermal wall (= n̂·δi,2, δ : kronecker delta) The above
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non-dimensionalization results in two dimensionless
parameters:

where v, g and β are the kinematic viscosity, gravitational
acceleration and volume expansion coefficient, respectively.
In the simulations reported here the Prandtl number has
been taken to be 0.01 corresponding to that of a liquid
metal, 0.7 to air and 7 to water. 

For the boundary conditions, the velocities are set to zero
for all solid walls. The temperature boundary conditions
and the conditions at the fluid/body interfaces are as follows:

where n is the vector normal to the boundary. For all
simulations, the fluid in the interior is initially assumed
to have Tc. 

A spectral multi-domain methodology is used for the
spatial discretization along the x and y directions (Streett
and Macaraeg [20]). In this technique, the overall
computational domain is subdivided into a number of
smaller rectangular subdomains. Within each subdomain
a local spectral Chebyshev discretization is defined. Fig.
1b shows the computational geometry involving 8
subdomains in the x-y plane, with each subdomain
resolved by a 51x51 grid system. The grid points are the
Gauss-Lobatto points corresponding to the Chebyshev
expansion within each subdomain and are therefore non-
uniformly distributed. 

A two-step time-split scheme is used to advance the
flow field. First, the velocity is advanced from time level
‘n’ to an intermediate level in the two-step time-split
procedure by solving the following advection-diffusion
equation

where u* is the intermediate level velocity and NL represents
the nonlinear buoyancy terms. In the advection-diffusion
step, the nonlinear buoyancy terms are treated explicitly
using the third-order Adams-Bashforth scheme. The
diffusion terms are treated implicitly using the Crank-
Nicholson scheme. Then a Poisson equation for pressure
is solved fully implicitly as given below:

The final divergence-free velocity field at ‘n+1’ is obtained

with the following pressure-correction step

The above correction guarantees zero divergence at all
the points where the pressure Poisson equation (5b) is
satisfied. After obtaining the velocity field, the temperature
field is advanced in a similar manner with the third-order
Adams-Bashforth scheme for the advection term (denoted
below as AD) and the Crank-Nicholson scheme for the
diffusion term

The above numerical scheme thus requires the solution
of a Helmholtz equation for each component of the
intermediate velocity (5a), a Poisson equation for pressure

(3)

(5a)

(5d)

(5b)

(5c)

(4)

Fig. 1. Schematic and Grid Distribution of the System.



(5b) and a Helmholtz equation for the temperature field
(5d). In the context of the present spectral multi-domain
technique these elliptic equations are solved using a
patching technique [21]. The influence matrix technique
was also applied to solve the resulting discretized linear
system [22].

Once the velocity and temperature fields are obtained,
the local, surface-averaged, time-averaged, and time-and-
surface-averaged Nusselt numbers are defined as

where L is the horizontal extent of the computational
domain and tp is the period of time integration. The above
quantities are separately computed for the top cold and
the bottom hot walls. 

The present multi-domain spectral methodology and the
computer code used here have been thoroughly validated
by comparing the results with those of de Vahl Davis [13],
House et al. [14] and Le Quere [23] for a vertical enclosure
and with those of Lipps [2] for a horizontal enclosure.
For Rayleigh numbers 103, 104, 105 and 106 the benchmark
results on the surface-averaged Nusselt number obtained
by de Vahl Davis [13] are 1.118, 2.243, 4.519 and 8.800,
respectively. The corresponding results obtained with the
present code using nine subdomains with 31 31 grid points
resolving each subdomain are respectively, 1.118, 2.246,
4.525 and 8.821, yielding less than a 0.25% difference,
even for the highest Rayleigh number considered. The
problem of natural convection in a vertical enclosure with
an interior conducting body studied by House et al. [14]
was also considered with the present code. The Nusselt
number at the hot wall obtained by House et al. [14] for

Ra=105 with two different body-to-fluid thermal
conductivity ratios of 0.2 and 5.0 are respectively, 4.324
and 4.624, for a dimensionless body size of 1/2. Again the
errors are less than 0.15%. Table 1 shows a summary of
these benchmark values. In addition, this code was validated
against other physical examples such a turbulent flow in
a stirred tank and cross-flow past a circular cylinder with
fins [24, 25]. 

3. RESULTS AND DISCUSSION

Ra=103

When the Rayleigh number is 103, the thermal motion
of the fluid reaches a steady state. One can notice that this
solution is dominated by conduction rather than convection
regardless of the Prandtl number. It is well established
that in a pure Rayleigh-Bénard convection in a horizontal
layer, the fluid flow becomes unstable above a critical
Rayleigh number of about 1708. Without a body, it is
expected that the thermal field shows conduction
characteristics exactly and isotherms are orthogonal to
the gravitational direction. Fig. 2 shows the isotherms for
Ra=103 and Pr=0.7. Since the other cases for Pr have quite
similar characteristics to the case of Pr=0.7, the isotherms
for those cases are omitted in the present paper. The
isotherm is not exactly orthogonal to the gravitational
direction in the whole domain because of the inner body,
and a negligibly small convection stream is detected.
Kelly and Pal [26] and Lee et al. [27] noted this kind of
appearance which is detected only below the critical
Rayleigh number as a quasi-steady conduction state.
Despite this nearly non convective heat transfer mode,
the surface-averaged Nusselt number is estimated to be
0.77 in this calculation, as depicted in Fig. 13. This is
because the spacing between the isotherms is wider because
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Table 1. Comparison of the Surface-averaged Nusselt Number Obtained from the Present Calculation with those Obtained from
de Vahl Davis [9], House et al. [10] and Le Quere [15].

Ra Pr Γ(=W/L) k
Present study de Vahl

Davis [13]
House et al

[14]
Le Quere

[23]

Error (%)

Surface-averaged Nusselt Numbers at Hot Wall

103

104

105

106

107

0.7

-

-

-

0.5

0.5

-

-

-

-

-

5

0.2

-

-

1.118

2.246

4.525

4.324

4.631

8.821

16.524

1.118

2.243

4.519

-

-

8.800

-

-

-

-

4.324

4.624

-

-

-

-

-

-

-

8.825

16.523

0

0.13

0.13

0

0.15

0.04

0.0006

(7)



of the existence of an adiabatic body as shown in the
isotherms of Fig. 2.

The thermal field in Fig. 2 shows a top-bottom
symmetry in the horizontal center plane (y=0). Bilateral
symmetry can also be observed on the vertical plane
(x=0). Note that the governing equations given in Eq. (1)
and the boundary conditions of the top and bottom walls
should satisfy the following constraints:

Ra=104

Fig. 3 shows the surface-averaged Nusselt number at
the hot bottom wall at Ra=104. The flow fields undergo
the transient period at the early stage and reach their own
final steady states regardless of the Pr. As shown in the
magnified graph in Fig. 3, the Prandtl number affects the
triggering time to collapse the x- and y-symmetrical
appearance which is shown at Ra=103. With an increasing
Pr, the collapse of the symmetry occurs earlier. Since the
momentum diffusion is more dominant than the thermal
diffusion as the Pr increases, the convective motion of
the fluid in the enclosure is triggered earlier. Thus, the
rapid increase of the surface-averaged Nusselt number
occurs earlier as Pr increases as shown in Fig. 3(b). On
the other hand, for the case of a small Prandtl number
(Pr=0.01), the viscous diffusion is so weak that the
convection mode does not appear immediately, but the
quasi-steady conduction mode is maintained for a long
time. For the cases of Prandtl numbers 0.7 or larger, the
surface-averaged Nusselt number oscillates slightly just
before reaching a steady state. It seems like a kind of
overshooting phenomenon to be settled in an invariant

steady state. For Pr=0.01, the interaction between the
momentum and thermal fields is weak because the thermal
fields are fully developed in the conduction mode for a
long period in advance. The oscillatory transient (or
overshooting) phenomenon before the final steady state
is actually expected to be formed by the balancing process
between the thermal and hydrodynamic motivations. In
cases of extremely small Prandtl numbers, such as
Pr=0.01, the thermal fields develop early and stand in the
quasi-steady conduction mode as shown in Fig. 3. Thus,
when the convective motion is initiated, the oscillatory
behavior to balance the effects from both motivating
sources does not occur.

To show a detailed scenario about the formation of a
circulating roll cell, Fig. 4 represents an isotherm progression
for Pr=0.7. The cases for other Prandtl numbers (Pr=0.01
and 7) are not presented in this paper, because they show
a very similar developing pattern with only a different
triggering time and a difference in the overshooting
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Fig. 3. Surface-averaged Nusselt Number at the Hot Bottom
wall at Ra=104.Fig. 2. Distribution of the Isotherms for Pr=0.7 at Ra=103. 

(8a)

(8b)
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phenomenon before reaching a steady state. At first, the
plume from the hot bottom wall rises inside the enclosure
(Figs. 4(a)-(d)) and makes the flow fields symmetrical to
the y-axis. For Pr=0.01, this quasi-steady state shown in
Fig. 4(d) maintains up to t≈10 due to the weak viscous
diffusion. However, the increased buoyant force makes this
symmetric field hydrodynamically or thermally unstable.
Thus, this symmetric isotherm is broken (Fig. 4(e)) by the
circulating flow around the body (Figs. 4(f)-(h)). The
circulating direction can be bifurcated either way due to a
tiny perturbation or instability. When the flow field reaches

its steady state, it shows the diagonal symmetry (Fig. 4(i)).

Figs. 4(f)-(h) corresponds to the duration of the rapid
increase and oscillation for the surface-averaged Nusselt
numbers, prior to the final steady state. First, the plumes
that originated from the bottom and top walls form the
roll cell circulating around the inside body and break the
initial symmetrical thermal field in the enclosure. Due to

Fig. 4. Snapshots of the Isotherms for Pr=0.7 at Ra=104.

(8c)



the initiation of the convective motion, the heat transfer is
boosted on both the top and bottom walls; thus the surface-
averaged Nusselt number increases rapidly as shown in
Fig. 3. A circulating direction of the roll cell can be
reversed by any hydrodynamical or thermal instability
(called bifurcation phenomena) [28]. In this study, the
roll cell circulates in a counterclockwise direction.

Fig. 5 shows the isotherms and streamlines of the roll
cells circulating in the enclosure. As is known from the
time history of the surface-averaged Nusselt number, the
flow patterns for Pr=0.7 and 7 are quite similar. Such a
low-Prandtl-number fluid usually has a high Grashof
number and a correspondingly high temperature gradient

can occur [29]. From this, the convective motion inside
the enclosure becomes more active and produces the
secondary vortices detected at each corner of the enclosure
and on the surface of the inside body as shown in Fig. 5(a-2).
On the other hand, in the cases for high Prandtl numbers,
the flow around the body is quite stratified and contacts
the top and bottom walls much more widely. The secondary
vortices at the corners become very weak and vanish. Thus
the resultant surface-averaged Nusselt number at a steady
state for a high Pr is larger than in cases of low Prandtl
numbers as shown in Fig. 3.

Ra=105

Fig. 6 shows the surface-averaged Nusselt number at
the hot bottom wall for Ra=105. When the Prandtl number
is 0.7 or larger, the surface-averaged Nusselt number has
an initially oscillatory transient period until it reaches the
final steady state, which is similar to that for Ra=104 with
the exception of the initial transient period. Due to the
increased buoyant force, the inertial convection of the roll
cell around the body makes the flow field more oscillatory.
From the magnified figure, it is found that as the Pr
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Fig. 5. Distribution of the Isotherms and Streamlines at
Ra=104.

Fig. 6. Surface-averaged Nusselt Number at the Bottom Hot
wall at Ra=105.



increases, the flow goes to its final steady state earlier
because of the larger momentum diffusivity. Unlike those
shown in Fig. 4 (Ra=104), for which the thermal fields
satisfy the x- and y-symmetry prior to break down, the
plume starts to move up or down between the side vertical
walls and the body. After undergoing the oscillatory
duration, the flow fields finally reach a stable state. For
Pr=0.7 it takes more time to reach the final steady state.
The specific scenario to the final state is well described
in Ha et al. [30].

Meanwhile, the flow pattern for Pr=0.01 is different
from those for Pr=0.7 and 7. The flow for Pr=0.01 does not
go to the time-invariant steady state but shows oscillatory
motion with a high frequency which is not shown in Pr=0.7
or larger. According to previous researchers’ findings,
one can notice that such a low Prandtl number tends to
show a time-dependent flow pattern even though its
Rayleigh number slightly exceeds the critical Rayleigh
number and the Nusselt number slowly increases [31, 32].
The initial quasi-steady conduction mode is maintained
until t=0.8 and then the convective flow begins to circulate

around the body. Next, the oscillatory pattern appears and
is continuously maintained. This behavior of the surface-
averaged Nusselt number is quite similar to the results of
Arcidiacono et al. [33] who tested a volumetrically heated
rectangle. 

The roll cell behavior in the oscillatory region is shown
in Fig. 7. Since the oscillation of the surface-averaged
Nusselt number acts like a sinusoidal wave, Figs. 7(a) to
(d) correspond to the maximum/minimum value and
inflection points in the interim. At each state, the flow
field satisfies the diagonal symmetry. When the surface-
averaged Nusselt number is a locally high peak as shown
in Fig. 7(a), the roll cell’s circulation is accelerated and
thus the resulting secondary vortices at the four corner
points and near the surfaces of the inner body are enlarged.
It makes denser isotherms form near the top and bottom
walls. During the transition from the high to low peaks of
the surface-averaged Nusselt number (Fig. 7(a) to Fig. 7(c)),
physics thermally and dynamically interacting between
the main roll cell and the secondary vortices appear. As
the roll cell circulates continuously, it tends to increase its
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Fig. 7. Snapshots of the Isotherms and stream Lines for Pr=0.01 at Ra=105.



size and simultaneously suppresses the secondary vortices.
As a result, the secondary vortices change their shapes, i.e.,
vertically elliptic at the top left and bottom right corners
(Fig. 7(a)) to horizontally elliptic at the top right and bottom
left (Fig. 7(b)). In addition the main roll cell becomes
larger but weaker (lower velocity near the wall surfaces).
Fig. 7(c) shows the thermal distribution when the surface-
averaged Nusselt number is observed to be a low peak.
The intensity of the roll cell decreases and the flow is
stratified in the interior. Therefore, the heat transfer rate
is minimized.

Fig. 8 shows the isotherms and streamlines for different
Pr at Ra=105. Fig. 8(a) is a long-time averaged one only for
the oscillatory range, whereas Figs. 8(b) and (c) is for the
final steady state. For Pr=0.01, the time-averaged roll cell
consists of the almost circular main roll cell and the pairs
of the secondary vortices due to the periodic appearance
of the vertically and horizontally elliptic vortices at each
corner as shown in Fig. 7. For the cases (Pr=0.7 and 7)
having a time-invariant steady solution, the thermal field
is more stratified and the sizes of the secondary vortices
are smaller or nearly disappear as the Pr increases. This
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Fig. 8. Distribution of the Isotherms and Streamlines at Ra=105.



also induces a slightly better heat transfer than the case
of Pr=0.01 having relatively larger secondary vortices.

Ra=106

Fig. 9 shows the surface-averaged Nusselt number at
the hot wall as a function of time for different Prandtl
numbers at Ra=106 and its power spectrum is shown in
Fig. 10. The power spectrum (called the power spectral
density function, PSD) shows the strength of the fluctuations
as a function of frequency. Computation of the power
spectrum is done by computing the autocorrelation function
and then transforming it by the Fourier transform. When
the Prandtl number is 0.7, the flow reaches a steady state
even though it undergoes an initial oscillatory transient
regime, whereas, the cases for Pr=0.01 and 7 do not reach
an unchanged final steady state, as shown in Fig. 9. 

The flow field for Pr=0.01 oscillates with a single
dominant frequency as shown in Fig. 10(a). This thermal
behavior of the low-Prandtl-number fluid has already
been explained in Ref. [33] and dealt with in the previous
explanation for Ra=105. The final thermal-fluidic behavior,

however, for Pr=7 transits from the steady state to a
periodically oscillatory pattern (as shown in Fig. 9) at
Ra=105 with couples of dominant frequencies at Ra=106

(as shown in Fig. 10 (b)). To judge the truth of this non-
monotonic result, that only the case of intermediate Prandtl
number (Pr=0.7) finally goes to the time-invariant steady
state, the grid dependency of the solution was verified.
The fine grid system up to 123 x 123 per unit subdomain
(121,032 in total) was tested so that the same phenomenon
was observed. 

Fig. 11 shows snapshots of the instantaneous isotherms
during the oscillation period for Pr=7. Fig. 11(a)-(j)
correspond to the time of a-j in Fig. 11(k), respectively. The
difference from the case of Pr=0.01 is that a circulating
direction of the roll cell is converted periodically as time
goes by. 

The circulating direction changes every two and half
periods as shown in Fig. 11(k). The time period for the
clockwise circulation is also shorter than the counterclockwise
circulation. However this can be altered according to the
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Fig. 10. Power Spectrum of the Surface-averaged Nusselt
Number at the Hot wall at Ra=106.

Fig. 9. Surface-averaged Nusselt Number at the Hot Bottom
wall at Ra=106.



bifurcation theory [28] and coincides with the case of
Pr=7, which has several dominant frequencies as shown
in Fig. 10(b).

Fig. 12 shows the time-averaged isotherms and
streamlines of Ra=106. The figure for Pr=0.7 is the steady
solution. The solutions for Pr=0.01 and 0.7 basically show
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Fig. 11. Snapshots of the Isotherms and Periodic Change of Averaged Nusselt Number for Pr=7 at Ra=106.



that the pattern is similar to those obtained for Ra=105.
The difference between Fig. 12(a) and Fig. 8(a) is that the
thermal gradients near the isothermal boundary for Ra=106

become denser and the secondary vortices increase their
strength at the corners. Fig. 12(c) shows the long-time
averaged isotherms and streamlines for Pr=7. As shown in
Fig. 11(k), the duration for clockwise and counterclockwise
circulations are not the same and the long-time averaged
solution does not satisfy the x- and y-symmetry but fulfills
the diagonal symmetry in the same manner as the other
two Pr cases for the given Ra.  

Time- and surface-averaged Nusselt numbers
Fig. 13 shows a time- and surface-averaged Nusselt

number at the hot bottom wall as a function of the Rayleigh

number. The time- and surface-averaged Nusselt number
shows the same value for every Prandtl number case for
Ra=103 at which an onset of convective flow does not occur
so that the thermal states are dominantly governed by the
heat conduction. As the Ra increases, the buoyant force
becomes larger than the critical Rayleigh number and then
the convective fluid flow is activated. For the convection
regime, the larger the Pr is, the higher the averaged heat
transfer rate. The values shown are logarithmically linear
to the Rayleigh number in the convection regime.

4. CONCLUSIONS

We investigated thermal convection in a horizontal
enclosure of a fluid layer with an adiabatic obstacle located
in the middle for different viscous properties, using an
accurate and efficient Chebyshev spectral collocation
approach. A multi-domain methodology was employed
to address the geometric complexity introduced by the
adiabatic body in the middle of an enclosure. 

When the Rayleigh number is moderately small
(Ra=104), the flows go to the stable steady state regardless
of their Prandtl numbers. However, the time needed to
break down the initial x- and y-symmetry is affected by
the Prandtl number. As the Prandtl number increases, the
breakdown occurs earlier. 

As the Rayleigh number increases, the stability of the
convective flow becomes dependent on the Prandtl
number. The case of Pr=0.01 shows the roll cell and how
the secondary vortices change their shape periodically but
do not change their directions. The cases of higher Prandtl
number (Pr=0.7 and 7) do not show such oscillatory
behavior untill Ra=105. However, if the Ra increases to
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Fig. 12. Distribution of the Isotherms and Streamlines at
Ra=106.

Fig. 13. Time- and Surface-averaged Nusselt Number at the
Hot and Cold walls as a Function of the Rayleigh Number for

Different Prandtl Numbers.



106, the case of high Prandtl number (Pr=7) also shows
an oscillatory thermal fluidic behavior in which the
circulating direction repeatedly changes from clockwise
and counterclockwise, but in the case of a moderate Prandtl
number (Pr=0.7) not much oscillatory behavior occurs,
that is, there is a specific band of Pr number at which the
flow prior to the transition region is stable. This result
suggests a guideline to understand a heat transport system
using non-unity fluidic medium.

The time- and surface-averaged Nusselt number at the
hot bottom wall is logarithmically linear as the Rayleigh
number increases in a convective regime. For further
general physical consistency, a study for a wide range of
Rayleigh numbers and Prandtl numbers should be conducted
in the near future. It will also be necessary to carry out three-
dimensional calculation for a further range of Rayleigh
numbers, such as for a turbulent regime.

NOMENCLATURE 
AD = advection terms in the Navier-Stokes equation
g = gravity
L = length of the enclosure
n = vector normal to the surface
NL = nonlinear and buoyancy terms in Navier-Stokes

equation
Nu = local Nusselt number (=∂θ/∂n)
Nu = surface-averaged Nusselt number
Nu = time- and surface-averaged Nusselt number

p = dimensionless pressure
pr = Prandtl number (=v/α)
T = dimensional temperature
t = dimensionless time
u = dimensionless velocity
x = dimensionless coordinate vector
α = thermal diffusivity
β = thermal expansion coefficient
v = kinematic viscosity of fluid
θ = dimensionless temperature
ρ = density

Subscripts
* = intermediate step
body = body
c = cold
h = hot
n = present step
p = period
wall = wall

Superscripts
* = dimensional variable
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