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BEST CONSTANT IN ZYGMUND’S INEQUALITY AND

RELATED ESTIMATES FOR ORTHOGONAL HARMONIC

FUNCTIONS AND MARTINGALES

Adam Osȩkowski

Abstract. For any K > 2/π we determine the optimal constant L(K)
for which the following holds. If u, ũ are conjugate harmonic functions

on the unit disc with ũ(0) = 0, then∫ π

−π
|ũ(eiϕ)|

dϕ

2π
≤ K

∫ π

−π
|u(eiϕ)| log+ |u(eiϕ)|

dϕ

2π
+ L(K).

We also establish a related estimate for orthogonal harmonic functions
given on Euclidean domains as well as an extension concerning orthogonal
martingales under differential subordination.

1. Introduction

The motivation for the results obtained in this paper comes from a classical
problem of comparing the sizes of a harmonic function and its conjugate. To be
more specific, let p ≥ 1 and suppose that u is a real-valued harmonic function
on the open unit disc D ⊂ C, satisfying

||u||p = sup
0<r<1

(∫ π

−π

∣∣u(reiϕ)∣∣p dϕ

2π

)1/p

< ∞.

Let ũ denote the harmonic conjugate of u, normalized so that ũ(0) = 0. A
classical theorem of M. Riesz (see [13] and [14]) states that if 1 < p < ∞, then
for some Cp depending only on p we have

(1.1) ||ũ||p ≤ Cp||u||p.

The optimal values of the constants Cp were determined by Pichorides [12]
and, independently by Cole (unpublished; see Gamelin [8]): we have Cp =
cot(π/(2p∗)) for 1 < p < ∞, where p∗ = max{p, p/(p − 1)}. For p = 1 the
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inequality (1.1) does not hold with any finite C1, but, as shown by Zygmund
[17], there are absolute K, L ≥ 0 such that

(1.2) ||ũ||1 ≤ K||u||L logL + L,

provided u belongs to the class LlogL. The latter amounts to saying that

||u||L logL = sup
0<r<1

∫ π

−π

∣∣u(reiϕ)∣∣ log+ ∣∣u(reiϕ)∣∣ dϕ
2π

< ∞.

This has been strenghtened by Pichorides in [12]. He showed that for any
K > 2/π there is L < ∞ depending only on K for which (1.2) is valid, while
for K ≤ 2/π the inequality fails to hold, no matter how large L we take. A
further result in this direction is due to Essén, Shea and Stanton [7]. Using
Cole’s argument, which transferred the problem of proving a given inequality
for conjugate harmonic functions to the problem of constructing an appropriate
subharmonic majorant, they proved the existence of absolute constants C1,
C2 > 0 for which

(1.3)

∫ π

−π

|ũ| ≤ 2

π

∫ π

−π

|u| log(e+ |u|)+ 4

π

∫ π

−π

|u| log log(e+ |u|)+C1||u||1+C2.

Here, as above, the integration is with respect to the normalized Lebesgue’s
measure. Moreover, they showed that the constant 2/π is the best possible,
and 4/π cannot be replaced by a constant less than 2/π. See also [6] for a
related estimate, in which both constants are equal to 2/π, but the error term
is somewhat different.

In the present paper, we come back to (1.2) and determine the optimal value
of the constant L = L(K) for any K > 2/π. Throughout, Φ,Ψ : R → [0,∞)
will be given by

Φ(t) =

{
|t| if |t| ≤ 1,

exp(|t| − 1) if |t| > 1

and Ψ(t) = |t| log+ |t|, with the convention 0 log+ 0 = 0. One of our main
results can be stated as follows.

Theorem 1.1. For any K > 2/π, the optimal value L(K) of the constant L
in (1.2) is given by

L(K) = K2

∫ ∞

0

Φ(t)

cosh(πKt/2)
dt.

In fact, we shall prove much more and establish a probabilistic counterpart
of the theorem above. Let (Ω,F ,P) be a complete probability space filtered
by a nondecreasing family (Ft)t≥0 of sub-σ-algebras of F . In addition, assume
that F0 contains all the events of probability 0. In what follows, X = (Xt)t≥0,
Y = (Yt)t≥0 will be two real valued martingales adapted to (Ft)t≥0. Let
[X,Y ] denote the quadratic covariance process between X and Y (for details,
see e.g. Dellacherie and Meyer [5]). Following Bañuelos and Wang [1] and
Wang [16], we say that Y is differentially subordinate to X, if the process
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([X,X]t − [Y, Y ]t)t≥0 is nondecreasing and nonnegative as a function of t. We
say that X and Y are orthogonal, if the process [X,Y ] is constant. Under
the assumption of differential subordination and orthogonality, Bañuelos and
Wang [1] proved the following fact, which is a probabilistic version of Riesz’s
inequality (1.1). We use the notation ||X||p = supt≥0 ||Xt||p for 1 ≤ p ≤ ∞.

Theorem 1.2. Assume that X, Y are orthogonal martingales such that Y is
differentially subordinate to X. Then

||Y ||p ≤ cot

(
π

2p∗

)
||X||p, 1 < p < ∞,

and the inequality is sharp.

This inequality has some further applications to Riesz transforms. See also
[2], [3], [9] and [10] for other related results on orthogonal martingales.

Our contribution in this direction is the following version of Theorem 1.1.

Theorem 1.3. Let X, Y be orthogonal martingales such that Y is differentially
subordinate to X and Y0 = 0. Then for any K > 2/π we have

(1.4) ||Y ||1 ≤ sup
t≥0

E|Xt| log+ |Xt|+K2

∫ ∞

0

Φ(t)

cosh(πKt/2)
dt

and the inequality is sharp.

This theorem allows us to obtain the extension of (1.2) to the case when
the harmonic functions are defined on Euclidean domains. Suppose that d is a
fixed positive integer, D is an open connected subset of Rd and let u and v be
real-valued harmonic functions on D. Following Burkholder [4], we say that v
is differentially subordinate to u, if

(1.5) |∇v(x)| ≤ |∇u(x)| for x ∈ D.

The functions u, v are said to be orthogonal if

(1.6) ∇u(x) · ∇v(x) = 0 for x ∈ D,

where the dot · is the standard scalar product in Rd. Note that if d = 2, D is
a unit disc of R2 and u, v satisfy Cauchy-Riemann equations, then (1.5) and
(1.6) hold; thus, these two conditions extend the classical setting of conjugate
harmonic functions.

Fix a point ξ ∈ D and let D0 be a bounded connected subdomain of D,

satisfying ξ ∈ D0 ⊂ D0 ∪ ∂D0 ⊂ D. Denote by µξ
D0

the harmonic measure on
∂D0 with respect to ξ and let

||u||p =

[
sup
D0

∫
∂D0

|u(x)|pdµξ
D0

(x)

]1/p
, 1 ≤ p < ∞,

and

||u||L logL = sup
D0

∫
∂D0

|u(x)| log+ |u(x)|dµξ
D0

(x),
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where the supremum is taken over all D0 as above.
The generalization of Zygmund’s inequality is as follows.

Theorem 1.4. Suppose that u, v are orthogonal harmonic functions on D, v
is differentially subordinate to u and v(ξ) = 0. Then

(1.7) ||v||1 ≤ K||u||L logL + L(K)

and the constant L(K) is the best possible.

A few words are given about the organization of the paper and the method
of proof. In the next section, using certain special superharmonic functions,
we establish the inequality (1.4) and show how it leads to (1.7). In the proof
of (1.4), we base on a duality-type argument and the theory of optimal stop-
ping (see also [10]). Section 3 is devoted to the sharpness of (1.2), which, in
turn, implies that the constant L(K) is also the best possible in the preceding
estimates (1.4) and (1.7).

2. Proof of (1.2) and (1.4)

Suppose that K > 2/π is a fixed number. Let H = R2
+ = R× [0,∞) denote

the upper halfplane and introduce the harmonic function U : R× (0,∞) → R,
given by the Poisson integral

(2.1) U(α, β) = K

π

∫ ∞

−∞

βΦ
(∣∣ 2

Kπ log |t|
∣∣)

(α− t)2 + β2
dt.

It is easy to check that U satisfies

(2.2) lim
(α,β)→(t,0)

U(α, β) = KΦ

(∣∣∣∣ 2

Kπ
log |t|

∣∣∣∣) for t ̸= 0.

Let ϕ(z) = ie−iπz/2 be the conformal mapping, which maps the strip S =
[−1, 1]× R onto H. Define U : S → R by the formula

U(x, y) =

{
U(ϕ(x, y)) if |x| < 1,
KΦ(|y|/K) if |x| = 1.

Clearly, U is harmonic in the interior of S. By (2.2), it is continuous on this
strip.

Lemma 2.1. The function U enjoys the following properties.
(i) U(x, y) = U(x,−y) = U(−x, y) for all (x, y) ∈ S.
(ii) For any x ∈ (−1, 1) and y ∈ R we have Uyy(x, y) ≥ 0 and Uxx(x, y) ≤ 0.
(iii) For any x ∈ [−1, 1] we have U(x, 0) ≤ U(0, 0) = L(K).
(iv) For any (x, y) ∈ S, U(x, y) ≥ KΦ(|y|/K).

Proof. (i) This is an immediate consequence of the following properties of U :
for all α ∈ R and β > 0,

U(α, β) = U(−α, β) = U

(
α√

α2 + β2
,

β√
α2 + β2

)
,
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which can be established by substituting t := −t and t := 1/t in (2.1).
(ii) It suffices to prove the first estimate, then the second follows immediately

from the harmonicity of U . We have, after the substitution t = s exp(πy/2),

(2.3) U(x, y) =
K

π

∫ ∞

−∞

cos(π2x)Φ
(∣∣ 2

Kπ log |s|+ y
K

∣∣)(
s− sin(π2x)

)2
+ cos2(π2x)

ds.

Since for any s ∈ R, the function y 7→ Φ
(∣∣ 2

Kπ log |s|+ y
K

∣∣) is convex, the claim
follows.

(iii) Since Uxx ≤ 0, (i) implies that x 7→ U(x, 0) is nonincreasing on [0, 1].
Thus, for all x ∈ [−1, 1],

U(x, 0) ≤ U(0, 0) = U(0, 1) = 2K

π

∫ ∞

0

Φ(| 2
Kπ log t|)
t2 + 1

dt

=
4K

π

∫ ∞

1

Φ( 2
Kπ log t)

t2 + 1
dt

= K2

∫ ∞

0

Φ(t)

cosh(πKt/2)
dt.

(iv) Fix y ∈ R and apply Jensen’s inequality in (2.3), with respect to the
convex function t 7→ KΦ(|t+ y|/K). We get

U(x, y) ≥ KΦ

(∣∣∣∣∣
∫ ∞

−∞

2

Kπ
log |s| · 1

π

cos(π2x)(
s− sin(π2x)

)2
+ cos2(π2x)

ds+
y

K

∣∣∣∣∣
)
,

which is the claim, since the integral inside is equal to 0. □
In what follows, we will need the following auxiliary fact. Recall that for

any real martingale X, there exists a unique continuous local martingale part
Xc of X satisfying

[X,X]t = |X0|2 + [Xc, Xc]t +
∑

0<s≤t

|△Xs|2

for all t ≥ 0. Here △Xs = Xs − Xs− denotes the jump of X at time s.
Furthermore, we have that [Xc, Xc] = [X,X]c, the pathwise continuous part
of [X,X]. Here is Lemma 2.1 from [3].

Lemma 2.2. If X and Y are semimartingales, then Y is differentially subor-
dinate and orthogonal to X if and only if Y c is differentially subordinate and
orthogonal to Xc, |Y0| ≤ |X0| and Y has continuous paths.

Now we are ready to establish the following estimate, which can be regarded
as a dual to (1.4).

Theorem 2.3. Suppose that X and Y are orthogonal martingales satisfying
the conditions ||X||∞ ≤ 1, Y0 ≡ 0 and such that Y is differentially subordinate
to X. Then for any K > 2/π,

(2.4) K sup
t≥0

EΦ(|Yt|/K) ≤ L(K).
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The inequality is sharp.

Proof. Let t ≥ 0 be fixed. Since U is of class C∞ in the interior of the strip S,
we may apply Itô’s formula to obtain

U(Xt, Yt) = U(X0, Y0) + I1 + I2 +
1

2
I3 + I4,

where

I1 =

∫ t

0+

Ux(Xs−, Ys)dXs +

∫ t

0+

Uy(Xs−, Ys)dYs,

I2 =

∫ t

0+

Uxy(Xs−, Ys)d[X
c, Y ]s,

I3 =

∫ t

0+

Uxx(Xs−, Ys)d[X
c, Xc]s +

∫ t

0+

Uyy(Xs−, Ys)d[Y, Y ]s,

I4 =
∑

0<s≤t

[
U(Xs, Ys)− U(Xs−, Ys)− Ux(Xs−, Ys)∆Xs

]
.

(2.5)

Note that we have used above the equalities Ys− = Ys and Y = Y c, which are
due to the continuity of paths of Y . By Lemma 2.1(iii) we have U(X0, Y0) ≤
L(K). The term I1 has zero expectation, by the properties of the stochastic
integrals. We have I2 = 0 in view of the orthogonality of X and Y . The
differential subordination together with Lemma 2.1(ii) imply

I3 ≤
∫ t

0

Uxx(Xs, Ys)d[X
c, Xc]s +

∫ t

0

Uyy(Xs, Ys)d[X
c, Xc]s = 0.

Finally, we have that I4 ≤ 0, by the concavity of U(·, y) for any fixed y ∈ R:
see Lemma 2.1(ii). Therefore, by the last part of that lemma,

(2.6) KEΦ(|Yt|/K) ≤ EU(Xt, Yt) ≤ L(K)

and it suffices to take supremum over t to obtain (2.4). The optimality of the
constant L(K) on the right will follow from the sharpness of (1.2): see Remark
3.1 in Section 3 below. □

Let us turn to the logarithmic estimate (1.4). It will be studied by means of
the following optimal stopping problem. Fix K > 2/π and let B = (B(1), B(2))
be a two-dimensional Brownian motion starting from (0, 0). Introduce the
function V : R2 → (−∞,∞] by

(2.7) V (x, y) = supEG(x+B(1)
τ , y +B(2)

τ ),

where G(x, y) = |y|−K|x| log+ |x| and the supremum is taken over all bounded
stopping times of B. As we shall see, V is the special superharmonic function
on which the proof of (1.4) will be based. The interesting fact is that we will
not find the explicit formula for V ; fortunately, we will manage to extract all
the required properties directly from the definition (2.7). This is done in the
following lemma.
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Lemma 2.4. (i) For any x ∈ R, we have V (x, 0) ≤ L(K).
(ii) The function V is finite on R2.
(iii) The function V is a superharmonic majorant of G.
(iv) For any fixed x ∈ R, the function V (x, ·) is convex.
(v) For any x ∈ R and y1, y2 ∈ R we have

|V (x, y1)− V (x, y2)| ≤ |y1 − y2|.

Proof. (i) Fix a bounded stopping time τ and let t ≥ 0. We have

E
∣∣∣B(2)

τ∧t

∣∣∣ = EB(2)
τ∧t sgnB

(2)
τ∧t.

Consider a martingale ζt = (ζtr)r≥0 given by ζtr = E
[
sgnB

(2)
τ∧t

∣∣∣Fτ∧r

]
. There

exists an R2-valued predictable process A = (A
(1)
r , A

(2)
r )r≥0 such that for all r,

ζtr = Eζtt +
∫ τ∧r

0+

AsdBs =

∫ τ∧r

0+

AsdBs

(see e.g. Chapter V in Revuz and Yor [15]). Therefore, using the properties of
stochastic integrals, we may write

E
∣∣∣B(2)

τ∧t

∣∣∣ = EB(2)
τ∧t

∫ τ∧t

0+

AsdBs

= E
∫ τ∧t

0+

(0, 1)dBs

∫ τ∧t

0

AsdBs

= E
∫ τ∧t

0+

A(2)
s ds

= E
∫ τ∧t

0

(1, 0)dBs

∫ τ∧t

0+

(A(2)
s ,−A(1)

s )dBs

= EB(1)
τ∧t

∫ τ∧t

0+

(A(2)
s ,−A(1)

s )dBs

= E
(
x+B

(1)
τ∧t

)∫ τ∧t

0+

(A(2)
s ,−A(1)

s )dBs.

We easily check that Ψ is the Legendre transform of Φ and, consequently, for
any a, b ≥ 0 we have

ab ≤ Ψ(a) + Ψ(b)

(this inequality can also be verified directly). Apply this to a = |x+B
(1)
τ∧t| and

b = |
∫ τ∧t

0+
(A

(2)
s ,−A

(1)
s )dBs|/K, and combine the result with the above chain of

identities. We obtain

E
∣∣∣B(2)

τ∧t

∣∣∣ ≤ KEΨ(|x+B
(1)
τ∧t|) +KΦ

(∣∣∣∣∫ τ∧t

0+

(A(2)
s ,−A(1)

s )dBs

∣∣∣∣ /K) .
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Observe that the martingale

(ηtr)r≥0 =

(∫ τ∧r

0+

(A(2)
s ,−A(1)

s )dBs

)
r≥0

is differentially subordinate and orthogonal to ζt, and starts from 0. Further-

more, we have ||ζt||∞ = ||sgnB(2)
τ∧t||∞ = 1, so, by (2.4), we get

(2.8) E
∣∣∣B(2)

τ∧t

∣∣∣−KEΨ(|x+B
(1)
τ∧t|) ≤ L(K).

This is precisely the desired inequality: it suffices to let t → ∞ and take
supremum over τ .

(ii) Take a bounded stopping time τ and note that the process (B
(2)
τ∧t)t≥0 is

differentially subordinate and orthogonal to (x+B
(1)
τ∧t)t≥0. Therefore, by (2.8),

for any t ≥ 0,

E|y +B
(2)
τ∧t| −KEΨ(|x+B

(1)
τ∧t|) ≤ |y|+ E|B(2)

τ∧t| −KEΨ(|x+B
(1)
τ∧t|)

≤ |y|+ L(K)

and this gives the finiteness of V , since τ was arbitrary.
(iii) To show the majorization V ≥ G, it suffices to consider in (2.7) the

stopping time τ ≡ 0. The superharmonicity can be established using standard
Markovian arguments (see e.g. Chapter I in [11]).

(iv) Fix x, y1, y2 ∈ R and λ ∈ (0, 1). For any bounded τ , we have, using the
triangle inequality,

EG(x+B(1)
τ , λy1 + (1− λ)y2 +B(2)

τ ) ≤ λEG(x+B(1)
τ , y1 +B(2)

τ )

+ (1− λ)EG(x+B(1)
τ , y2 +B(2)

τ )

≤ λV (x, y1) + (1− λ)V (x, y2).

It remains to take supremum over τ to get the claim.
(v) The reasoning is similar to that from the previous part. Let τ be a

bounded stopping time. We have

G(x+B(1)
τ , y1 +B(2)

τ ) ≤ |y1 − y2|+G(x+B(1)
τ , y2 +B(2)

τ ),

so integrating and taking supremum over τ gives V (x, y1)−V (x, y2) ≤ |y1−y2|.
The claim follows from the symmetry of the roles of y1 and y2. □

Now we turn to the martingale version of Zygmund’s inequality.

Proof of (1.4). We may and do assume that

(2.9) sup
t≥0

E|Xt| log+ |Xt| < ∞,

since otherwise there is nothing to prove. Obviously, we will be done if we show
that for any t ≥ 0,

(2.10) E|Yt| ≤ KE|Xt| log+ |Xt|+ L(K).
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We shall proceed as in the proof of (2.4), with U replaced by V . However,
we need some extra effort, since V need not be of class C2 and we cannot
apply Itô’s formula directly. To overcome this difficulty, we make use of the
following approximation argument. Fix δ ∈ (0, 1) and consider a C∞ function
g : R2 → [0,∞), supported on the ball with center (0, 0) and radius δ, satisfying
||gδ||1 = 1. Introduce Gδ, V δ by the convolutions

Gδ(x, y) =

∫
R2

G(x− aδ, y − bδ)g(a, b)dadb,

V δ(x, y) =

∫
R2

V (x− aδ, y − bδ)g(a, b)dadb,

These two functions are of class C∞ and inherit the key properties from G and
V . To be more specific, we have the majorization Gδ ≤ V δ, the function V δ is
superharmonic and we have V δ

yy ≥ 0; thus, V δ
xx ≤ 0 on R2. Now we are allowed

to apply Itô’s formula, which yields

V δ(Xt, Yt) = V δ(X0, Y0) + I1 +
1

2
I2 +

1

2
I3 + I4,

where I1, I2, I3 and I4 are analogous to the terms in (2.5) (simply replace U
by V δ there). If we repeat the reasoning from the proof of (2.4), we get that
EI1 = 0 and I2, I3, I4 are nonpositive. In consequence, we have

EGδ(Xt, Yt) ≤ EV δ(Xt, Yt) ≤ EV δ(X0, Y0) = EV δ(X0, 0).

Now we are going to let δ → 0. To see what happens, note that using parts (i)
and (v) of Lemma 2.4, we get

V δ(x, 0) ≤
∫
R2

[
V (x− aδ, 0) + bδ

]
g(a, b)dadb ≤ L(K) + δ.

Similar reasoning yields

Gδ(x, y) ≥
∫
R2

[
|y| − bδ −K|x− aδ| log+ |x− aδ|

]
g(a, b)dadb

≥ |y| − δ −K

∫
R2

|x− aδ| log+ |x− aδ|g(a, b)dadb.

Consequently, we obtain

E|Yt| ≤ KE
∫
R2

|Xt − aδ| log+ |Xt − aδ|g(a, b)dadb+ L(K) + 2δ.

Since for some absolute c1, c2 we have

|x− δ| log+ |x− δ| ≤ c1|x| log+ |x|+ c2 for x ∈ R, δ ∈ (0, 1),

it remains to use Lebesgue’s dominated convergence theorem and (2.9) to ob-
tain (2.10). □
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Proof of (1.7). Fix a bounded subdomain D0 of D satisfying ξ ∈ D0 ⊂ D0 ∪
∂D0 ⊂ D. Let B = (Bt)t≥0 be an d-dimensional Brownian motion starting
from ξ and let τ denote the first moment B hits the boundary of D0. Consider
martingales X, Y given by Xt = u(Bτ∧t) and Yt = v(Bτ∧t) for t ≥ 0. We have

[X,X]t = u2(ξ) +

∫ τ∧t

0

|∇u(Bs)|2ds,

[Y, Y ]t = v2(ξ) +

∫ τ∧t

0

|∇v(Bs)|2ds,

[X,Y ]t = u(ξ)v(ξ) +

∫ τ∧t

0

∇u(Bs) · ∇v(Bs)ds

and we see that the assumptions on u and v imply that Y0 ≡ 0, Y is differentially
subordinate to X and that X, Y are orthogonal. Therefore, by (1.4),∫

∂D0

|v(x)|dµξ
D0

(x) = ||Y ||1 ≤ K sup
t≥0

E|Xt| log+ |Xt|+ L(K)

= K

∫
∂D0

|u(x)| log+ |u(x)|dµξ
D0

(x) + L(K).

It suffices to take supremum over all D0 to complete the proof. □

As we have already mentioned above, the choice d = 2, D = {(x, y) :
x2 + y2 ≤ 1} and ξ = (0, 0) leads to Zygmund’s inequality (1.2) for conjugate
harmonic functions.

3. Sharpness

Clearly, it suffices to prove that the inequality (1.2) is sharp. For each
K > 2/π, we will exhibit a function u for which its (normalized) conjugate ũ
satisfies

(3.1) ||ũ||1 ≥ K||u||L logL + L(K).

Recall that S denotes the strip [−1, 1]×R. We start with the observation that
the mapping G : D → S, given by G(z) = (2/π) log[(iz − 1)/(z − i)] − i, is
conformal and satisfies G(0) = 0. We easily derive that w = ReG and its
conjugate w̃ = ImG have the following behavior at ∂D:

w(eiϕ) =
2

π
log

∣∣∣∣1 + sinϕ

cosϕ

∣∣∣∣ , w̃(eiϕ) = 1{|ϕ|≤π/2} − 1{|ϕ|>π/2}, |ϕ| ≤ π.

Introduce the function u on the unit circle by the formula

u(eiϕ) = Φ′
(∣∣∣∣ 2

Kπ
log

∣∣∣∣1 + sinϕ

cosϕ

∣∣∣∣∣∣∣∣) sgn

(
log

∣∣∣∣1 + sinϕ

cosϕ

∣∣∣∣) , |ϕ| ≤ π,
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and extend it to the whole disc D by the Poisson integral. Recall Ψ defined in
the introduction. We have that

||u||L logL =
1

2π

∫ π

−π

Ψ

(
Φ′
(∣∣∣∣ 2

Kπ
log

∣∣∣∣1 + sinϕ

cosϕ

∣∣∣∣∣∣∣∣)) dϕ

=
2

π

∫ π/2

0

Ψ

(
Φ′
(

2

Kπ
log

1 + sinϕ

cosϕ

))
dϕ,

which, after substitution t = 2
π log

(
1+sinϕ
cosϕ

)
, becomes

||u||L logL =

∫ ∞

0

Ψ(Φ′(t/K))

cosh(πt/2)
dt.

On the other hand, since ||w̃||∞ = 1, we have

||ũ||1 ≥ sup
0<r<1

∫ π

−π

ũ(reiϕ)w̃(reiϕ)
dϕ

2π
=

∫ π

−π

u(eiϕ)w(eiϕ)
dϕ

2π

=

∫ π

−π

Φ′
(∣∣∣∣ 2

Kπ
log

∣∣∣∣1 + sinϕ

cosϕ

∣∣∣∣∣∣∣∣) ∣∣∣∣ 2π log

∣∣∣∣1 + sinϕ

cosϕ

∣∣∣∣∣∣∣∣ dϕ2π
=

∫ ∞

0

Φ′(t/K)t

cosh(πt/2)
dt.

It suffices to use the identities

Φ′(t)t = Ψ(Φ′(t)) + Φ(t), t ≥ 0,

and

K

∫ ∞

0

Φ(t/K)

cosh(πt/2)
dt = L(K)

to complete the proof of (3.1).

Remark 3.1. This example shows that the inequality (2.4) is also sharp. Indeed,
if it were possible to replace L(K) by a smaller constant there, then the same
constant would suffice in (2.8), (2.10) and hence also in (1.2).
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