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A simple mathematical model of simultaneous combined action of environmental agents has been proposed to describe the 
synergistic interaction of microwave and high ambient temperature treatment on animal heating. The model suggests that 
the synergism is caused by the additional effective damage arising from an interaction of sublesions induced by each agent. 
These sublesions are considered to be ineffective if each agent is taken individually. The additional damage results in a 
higher body temperature increment when compared with that expected for an independent action of each agent. The model 
was adjusted to describe the synergistic interaction, to determine its greatest value and the condition under which it can be 
achieved. The prediction of the model was shown to be consistent with experimental data on rabbit heating. The model 
appears to be appropriate and the conclusions are valid.

Keywords: Mathematical Model, Optimization, Microwave; Hyperthermia; Synergistic Interaction; Rabbit; Body Temperature

1. INTRODUCTION1)

It was found that an ambient temperature had a profound 
effect on the thermoregulatory responses of various ani-
mals [1–6] and men [7,8] exposed to microwaves. In these 
experiments, the ambient temperature either exerts a mi-
crowave action or both these agents can interact with each 
other in a synergistic manner. However, none of these pa-
pers enables us to optimize the synergistic interaction and 
demonstrate the existence of the greatest synergistic effect. 
In our previous paper [9] an extensive number of ex-
perimental data have been published for rabbit heating si-
multaneously exposed to microwave radiation and high 
ambient temperatures. As mentioned in the paper, the 
widespread use of radio‐frequency electromagnetic radia-
tion (RFR) has greatly increased the possibility of ex-
posure of both occupational and general population to RFR 
combined with various environmental factors including a 
higher ambient temperature. The interaction of these 
agents is of important from theoretical and practical per-
spectives [9]

It was shown that a number of general features of the 
synergistic interaction revealed with unicellular organisms 
[10–14] are also expressed for animals exposed to micro-
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waves at a higher environmental temperature. A new con-
cept of the synergistic interaction and a simple mathemat-
ical model based on this conception has been suggested to 
predict and optimize the synergy when hyperthermia was 
simultaneously applied together with ionizing radiation, 
ultrasound, ultraviolet light and some chemical agents [15–
18]. The model suggests that a synergism is expected from 
some additional effective damage arising from the inter-
action of the sublesions induced by both agents. These sub-
lesions are considered as ineffective when each agent is 
used individually. The model predicts the dependency of 
the synergistic interaction on the ratio of the effective dam-
ages produced by each agent applied as well as the greatest 
value of the synergy and the conditions under which it can 
be achieved. As the model was not based on a particular 
nature of effective damage or sublesions responsible for 
the synergy and the mechanism of their interaction was not 
elucidated, it would be of interest to adopt this model for a 
description, optimization and prognosis of the synergistic 
effects between microwave and an ambient temperature on 
rabbit heating. Therefore, this study, as a succeeding work 
of our previous paper  [9], was designed to implement the 
following purposes: (a) to adopt a mathematical model to 
describe the synergistic interaction between microwaves 
and high ambient temperature; (b) to test the validity of the 
proposed model for rabbit heating.
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2. MATHEMATICAL MODEL

The availability of a number of common features of syn-
ergistic effect display [9–14] indicates the existence of a 
certain general idea regarding the mechanism of syner-
gistic interaction, which would not be dependent of the ob-
ject, biological test and agents applied. It is assumed that 
thermal radiosensitization may be displayed by the in-
hibition of the repair of sublethal and potentially lethal 
damages on a cellular level for mammalian [19, 20] and 
yeast cells [13, 21]. These data indicate that the mechanism 
of synergistic interaction of heat and ionizing radiation 
may involve the inhibition of cell capacity to recover dam-
age resulted from the combined action of both modalities. 
It was shown that the synergistic interaction of heat and 
ionizing radiation is not related to the impairment or dam-
age of the recovery capacity per se but to the production of 
irreversible damages, which cannot be repaired [13, 22]. 
Similar results have been observed for yeast cell simulta-
neously exposed to UV light and hyperthermia [23]. As the 
synergistic effects are not related with the direct damage of 
recovery process itself, it is not excluded that synergism 
would be expected to result from some additional lethal le-
sions arising from the interaction of sublesions induced by 
both modalities. Then such an interaction can be consid-
ered as an alternative explanatory mechanism of pro-
duction of irreversible damages. This hypothesis was put 
forward and applied by many authors [15–18, 24–26]. 
Therefore, it is of interest to apply such a hypothesis for the 
description of synergistic interaction of environmental 
temperature and microwaves.

Let N1 and N2 be the yield of some hypothetical effective 
damage produced by microwaves and ambient temper-
ature, respectively, which resulted in an increase of the rec-
tal temperature. The synergistic interaction takes place 
when the combined action of two agents exceeds the sum 
of their individual effects. With the use of this definition, it 
might be reasonable to assume that some additional effec-
tive damage has arisen during the simultaneous action of 
these modalities. The model suggests that the additional 
damage may be formed due to the interaction of some sub-
lesions induced by both agents. These sublesions are sup-
posed to be ineffective after each agent is applied 
separately. We believe here that the effective damage re-
sulting in the rabbit heating and the sublesions responsible 
for the synergy can be presented by real molecular damage 
as well as by a disturbance of a regulator mechanism which 
can be estimated quantitatively. Let p1 and p2 be the mean 
numbers of the sublesions that arise for one effective dam-
age induced by microwaves and an ambient temperature, 
respectively. Then the whole number of the effective dam-
age N∑ may be given as

321 NNNN ++=S ,                                                       (1)

where N3 is the yield of an additional effective damage 
responsible for the synergism. As soon as the nature of an 

effective damage and sublesions can not be established at 
this stage, for simplicity sake, we suggest that one sub-
lesion induced by microwaves interacts with one sublesion 
from an ambient temperature to produce an additional ef-
fective damage and the number of sublesions is directly 
proportional to the number of effective damage. In accord-
ance with these suggestions, it can be written that 

}.;min{ 22113 NpNpN =                                             (2)

This equation shows that the amount of additional dam-
age is determined by the minimal value of the sublesions 
produced by the modalities analyzed. Then the synergistic 
enhancement ratio k can be defined as the ratio of the effec-
tive damage produced after a combined action to the sum 
of damage produced by each agent applied separately, i.e. 

.
21

321

NN
NNNk

+
++

=
                                                      (3)

Taking into account Eqs. 2 and 3, one can write
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or, after some mathematical simplification, we have
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The last equation shows that the synergistic enhance-
ment ratio should increase first with N2/N1, and then reach 
a maximum, which should be followed by a decrease. It 
means that for a constant ambient temperature there an op-
timal power flux density for maximizing the synergy 
should exist. Besides, Eq. 5 shows that for any fixed values 
of p1 and p2, the synergism depends only on the ratio N2/N1, 
which is the ratio of the effective damage produced by 
each of the acting agents applied alone. We can believe 
that within a certain exposure time, where the temperature 
increment is linearly related to the duration of an exposure, 
N1 should be in direct proportion to an increment of the 
rectal temperature ∆T(RFR + 22℃) induced by micro-
waves only and N2 should be in direct proportion to the 
corresponding value of ∆T(30℃) induced by an ambient 
temperature only. If this is the case, we can write 
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It means that the ratio N2/N1 can be estimated by the ra-
tio of a rabbit heating rate induced by an ambient temper-
ature to that produced by microwaves. 

If the number of sublesions from microwaves is less or 
equal to the number of sublesions induced by an ambient 
temperature, i.e. p1N1 ≤ p2N2, then k (Eq. 5) may be ex-
pressed as 
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From here, parameter  p1 may be represented by
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In contrast, if p2N2 ≤ p1N1, then k (Eq. 6) may be ex-
pressed as
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From here, parameter p2 may be represented by
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A curious feature of Eqs. 5, 6‐10 is that they do not in-
clude an absolute amount of the damage produced by mi-
crowaves (N1) and an ambient temperature (N2) which 
would not be evaluated directly but only their ratio N2/N1 
that can be, under the suggestion made here, found using 
Eq. 6. 

It can be easily shown mathematically that under the 
condition

2112 // ppNN =                                                            (11)

the highest synergistic effect will be observed which is giv-
en by 
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One can see that the highest synergistic effect doesn’t 
depend on the ratio of N2 / N1 and is determined only 
through the free parameters of the model p1 and p2. By 
knowing experimental values of k1 and k2, obtained from 
two experiments which satisfy the requirements of Eq. 7 
and Eq. 9, one can estimate the basic model parameters p1  
and  p2 using Eq. 8 and Eq. 10, respectively. Then using 
Eq. 5 one can predict the k values for any N2 / N1 ratio, the 
highest synergy (Eq. 12) and condition (Eq. 11) at which it 
can be achieved. Eq. 11 can be rewritten as

2211 NpNp = .                                                             (13)

This equation means that the highest synergy should be 
expected when an identical number of sublesions is pro-

duced by both agents used in combination. It is of interest 
that the dependency of the synergy on the power flux den-
sity follows from Eq. 13. Indeed, let Eq. 13 holds for some 
flux power density and ambient temperature. Then for any 
higher ambient temperature a smaller time is needed to ob-
tain  N2 which results in a smaller value of N1. Then to pre-
serve Eq. 13 one must increase N1 which can be done only 
by an increase in the power flux density. Analogously, the 
whole relationship between the synergy and the power flux 
density should be shifted to higher intensities with an in-
crease in the ambient temperature. 

Thus, the considered model predicts the following non‐
trivial results. First, for every constant ambient temper-
ature, the synergy should be observed only within a certain 
range of the power flux density that could be different for 
various biological objects and test effects. Second, within 
this range, there is a specific power flux density that max-
imizes the synergistic effect. Any deviation of microwave 
intensity from the optimal one would result in a reduction 
in the synergy. Third, the relationship between the synergy 
and the power flux density should be shifted to higher in-
tensities with an increase in the ambient temperature. It is 
curiously that quite such rules have been described in our 
previous paper [9]. So our next purpose is to apply this 
model to experimental results.

3. THE VALIDITY OF THE MODEL

Taking into consideration the results published in our 
previous paper [9], we estimated rabbit heating rates for 
different conditions of exposure to microwaves and am-
bient temperatures (22 and 30°C). Under conditions of ex-
periment, the first temperature (22°C) was the room 
temperature. We used ambient temperature of 30°C be-
cause of two thoughts [9]: first of all, this temperature may 
exist at a working place of microwave equipments; sec-
ondly, in accordance with literature [3,4], it is an upper 
limit of relatively comfort temperature both for rabbit and 
slightly‐dressed man. It is worth to add that rabbits used in 
this study were Shinella rabbits with body masses of 2.5 to 
3.2 kg both males and females at an age of 60 days. They 
were housed individually at an ambient temperature of 
22°C, with a relative humidity of 50% under natural 
lighting. Rabbit chow and water were provided ad libitum. 
Animals were pre‐handled and gentled for 10 days prior to 
exposure. 

Table 1 summarizes the following parameters: power 
flux density and the corresponding specific absorption rate, 
hating rates (dT/dt) at 22, 30 and 38°C, N2/N1 ratio calcu-
lated by Eq. 6 and the experimental values of the syner-
gistic enhancement ratio (k). The last values have been al-
ready published [9]. It is evident that the increase in the 
ambient temperature from 20°C either to 30°C or 38°C in 
most cases would greatly enhance the rabbit heating be-
cause of rabbit’s reduced ability to dissipate the heat ac-
crued from RFR exposure. 
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Power flux 
density,
mW/cm2

Specific absorption 
rate, W/kg

dT/dt
RFR at 22 °C,

°C/hr

dT/dt
RFR at 30 °C,

°C/hr

dT/dt
RFR at 38C °C,

°C/hr
N2 / N1

Synergistic enhancement ratio, k

experiment theory

0 0 0 0.067 0.7 – – ‐
10 0.75 0.033 0.6 ‐ 2.0 6.0 6.0
15 1.12 0.067 1.1 ‐ 1.0 8.2 8.8
20 1.5 0.23 1.7 ‐ 0.61 12.1 10.8
30 2.25 0.74 3.3 ‐ 0.09 4.1 4.1

100 7.5 6.9 7.6 ‐ 0.01 1.1 1.2
100 7.5 ‐ ‐ 14.4 0.1 1.9 ‐

Table 1. Heating Rate (dT/dt) and Synergistic Enhancement Ratio (k) after Different Conditions of Rabbit Exposure.

Theoretically expected values of the synergistic en-
hancement ratio are inserted in Table 1 and presented by 
solid line in Fig. 1, where the synergistic enhancement ra-
tio k of a simultaneous action of microwaves and a high 
ambient temperature (30°C) is shown as a function of the 
ratio N2 / N1 for rabbits heating. One can see that the theo-
retically predicted interaction (solid line), calculated by 
means of Eq. 5, corresponds fairly well with the ex-
perimental data (circles). The solid lines were calculated 
with the following values for the basic model parameters: 
p1 = 15,5, p2 = 37. This set of parameters was obtained 
from a real experimental value of the synergistic effect for 
the power flux densities of 10 and 30 mW․cm-2 and the cor-
responding Equations (8 and 10). It can be inferred that the 
synergy occurred only within a definite ratio of the effects 
(N2 / N1) produced by each agent. It is also apparent that 
there is an optimal ratio of N2 / N1 which results in the 
greatest synergistic interaction. It follows from the model 
that the highest synergistic effect, kmax = 12, should be ex-
pected (Eq. 12) under N2 / N1 = 0.42 (Eq. 11). Fig. 1 dem-
onstrates that a good agreement exists between these pre-
dicted values and the experimental data. It means that the 
model presented here can be used to predict and optimize 
the synergistic effect between radio‐frequency electro-
magnetic radiation and an environmental temperature for 
rabbit heating. Thus, the first and the second consequences 
of the model hold fairly well. 

To test the third conclusion indicating that the relation-
ship between the synergy and the power flux density 
should be shifted to higher intensities with an increase in 
the ambient temperature, a change in the rectal temperature 
exhibited by rabbits exposed to RFR at 100 mW․cm-2 and 
38°C was measured. As can be seen (Table 1), for this 
power flux density there was only a negligible difference 
in the efficiency of rabbit heating both at the comfort 
(22°C) and higher temperature (30°C): the synergistic en-
hancement ratio k = 1.1. Microwave exposure of rabbits at 
an ambient temperature of 38°C was more effective. As 
was estimated, the heating rate was 0.7 and 14.4°C․hr-1 
when animals were exposed to the high temperature alone 
(38°C) and combined with microwaves at an exposure in-
tensity of 100 mW․cm-2. For this particular case, it might 
also be thought that the first value is proportional to N2, 
while the second one – to the sum of  (N1 + N2 + N3). It
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Fig. 1. The experimental (solid circles) and theoretical (solid lines) 
dependencies of the synergistic enhancement ratio of a 
simultaneous action of microwaves (7 GHz) and high ambient 
temperature (30°C) on the ratio of N2/N1 for rabbits heating. 

gives N2/N1= 0.1 (Eq. 6) and k = 1.9 (Eq. 5). 
Fig. 2 qualitatively demonstrates the relationships be-

tween the synergistic enhancement ratio and the power 
flux density after a simultaneous action of microwave ex-
posure and an ambient temperatures (30°C, curve 1), and 
38°C (curve 2) for rabbit heating. The only experimental 
point obtained for rabbits exposed to an exposure intensity 
of 100 mW․cm-2 and an ambient temperature of 38°C, 
shows that the synergistic enhancement ratio was in-
creased for these conditions of irradiation. It was shown 
that a further investigation of the synergy for lower in-
tensities of the microwaves delivered at 38°C was difficult 
because the animals did not sustain this high environ-
mental temperature for a long time [9].

The increase in the ambient temperature from 30 to 
38°С led to a 10.5‐fold increase in the heating rate caused 
by these temperatures (0.067 and 0.7°C․hr-1, respectively). 
At an ambient temperature of 30°С the greatest synergy 
was observed at 20 mW․cm-2, when the heating rate due to 
microwaves only (exposure at 22°С) was 0.23°C․hr-1. 
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Fig. 2. The relationships between the synergistic enhancement ratio and 
the power flux density after a simultaneous action of microwave 
exposure and ambient temperatures (30°C, curve 1), and 38°C 
(curve 2) for rabbit heating.

Assuming the basic parameters of the model could be un-
changed and taking into account Eqn. 11, one can conclude 
that to keep the same greatest synergistic effect (k = 12.1) 
observed in the experiments we must provide a 10.5‐fold 
increase in the amount of damage produced by RFR alone, 
i.e. heating rate should be 2.4°C․hr-1. The data presented in 
Table 1 shows that this heating rate due to microwaves 
alone could be observed at about 40 mW․cm-2.  It is evident 
that the results obtained are in accordance to the third con-
sequence from the model indicating that the relationship 
between the synergy and the power flux density should 
shifted to higher intensities with an increase in the ambient 
temperature. 

4. DISCUSSION

The data presented here revealed that for a constant am-
bient temperature the effectiveness of the synergistic inter-
action of microwaves and a high ambient temperature is 
observed only inside a certain range of the power flux 
density. Moreover, within this range an optimal value ex-
ists, at which the synergy is the highest one. Both an in-
crease and decrease in the power flux density from this op-
timal value resulted in a decrease of the synergistic effect. 
Qualitatively similar results have been observed for the 
synergy expression for spores radiosterilization [27], bac-
teriophage killing [28], somatic mutations in Tradescantia 
[29], and yeast cell inactivation [30, 10–12]. To describe 
this data, a simple model has been suggested to predict and 
optimize the synergy when hyperthermia is simultaneously 
applied together with ionizing radiation, ultrasound, ultra-
violet light and some chemical agents [15–18]. As the 
model was not based on the particular nature of both dam-
age and sublesion and the mechanism of an interaction be-

tween the sublesions was not defined for certain, in this pa-
per we accommodated this model for the description, opti-
mization and prognosis of the synergistic effects between 
an ambient temperature and RFR for rabbit heating. The 
model suggests that the synergism is expected from some 
additional effective damage resulting in an additional rab-
bit heating and arising from the interaction of the sub-
lesions induced by both an ambient temperature and 
microwaves. These sublesions are considered as in-
effective after each of these agents is taken alone. The 
model is not concerned with the nature both of the effective 
damage and the sublesions and also the mechanism of their 
interaction is not elucidated.

In the proposed model, the synergistic interaction is giv-
en by min{p1N1 ; p2N2}. This means that one sublesion 
caused by microwaves interacts with one sublesion pro-
duced by an ambient temperature. This process is assumed 
to proceed until the very last sublesion of the less frequent 
type is used up. However, it does not mean that the model 
requires some kind of unreal long‐range interaction. To es-
timate the basic parameters of p1 and p2 we have used the 
experimental value of the synergistic enhancement ratio of 
k1 and k2 (Eq. 8 and 10). It means that the model takes into 
consideration only the actual interaction determining the 
synergistic effect. The model appears to be appropriate and 
the predictions are valid. Indeed, it was shown that the 
model describes the experimental data for rabbit heating, 
predicts the greatest value of the synergistic effect, the con-
dition under which it can be achieved as well as the de-
pendency of the synergy on microwave power flux density 
and ambient temperature. From the model standpoint, the 
highest synergy can be obtained for a specific power flux 
density at which an equal number of sublesions are pro-
duced by each of the agents applied in combination. Any 
deviation of the microwave intensity from the optimal one 
resulted in a reduction in the synergy due to a violation of 
this rule. The increase of the synergy with an increase in 
the ratio of N2 / N1 before the maximum of the synergy has 
been achieved (Fig. 1) can be explained by an increase in a 
number of both the effective damages and the sublesions 
produced by an ambient temperature. Conversely, the fall 
of the synergistic effect after the maximum of the synergy 
has already been achieved can be explained by a decrease 
in the amount of the effective damages and the sublesions 
produced by the microwaves. Then it can be expected that 
the greatest synergy would be obtained when an equal 
number of sublesions are produced by an ambient temper-
ature and microwaves. 

In accordance with the considered model the relation-
ship between the synergy and the power flux density 
should be shifted to higher intensities with an increase in 
the ambient temperature and vice versa. Unfortunately, 
this prediction could only be tested for rabbit heating only 
at one experimental condition. Nevertheless, the results 
obtained here are in a qualitative agreement with the model 
prognosis and would be, in principle, useful for further sol-
ution of the problems related with synergistic interaction of 
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environmental agents. 
In conclusion, the widespread and increasing use of 

RFR has greatly increased the possibility of an exposure of 
both an occupational and general population to RFR com-
bined with various environmental factors including a high-
er ambient temperature. The presented mathematical mod-
el, predicting the effectiveness of the interaction of micro-
waves and an ambient temperature, is of important from 
theoretical and practical perspectives. First is the concept 
of the interaction to describe and predict the synergistic 
effect. Second is the concern for an evaluation of a poten-
tially increased health risk to the general public and occu-
pationally exposed population. And third, as these agents 
are being explored for a cancer treatment, there is a possi-
bility to optimize the acting agents to provide the greatest 
synergistic effect.
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