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A NOTE ON SPACES WHICH HAVE COUNTABLE

TIGHTNESS

Woo Chorl Hong

Abstract. In this paper, we introduce closure operators [·]c and [·]a on

a space and study some relations among [·]c, [·]a and countable tightness.
We introduce the concepts of a strongly sequentially closed set and a
strongly sequentially open set and show that a space X has countable
tightness if and only if every strongly sequentially closed set is closed if

and only if every strongly sequentially open set is open. Finally we find a
generalization of the weak Fréchet-Urysohn property which is equivalent
to countable tightness.

1. Introduction

All spaces under considered here are always assume to be infinite and T1.
Our terminology is standard and follows [3] and [12].

Let X be a topological space. For each subset A of X, we use A for the
closure of A in X. Let N denote the set of all natural numbers and (xn) a
sequence of points of a set.

We recall that a space X has countable tightness [1, 2, 6, 7, 10] (also called
closure countable [12] or c-space [9]) if and only if for each subset A of X and
each x ∈ A, there exists a countable subset C of A such that x ∈ C. A space
X is sequential [1, 2, 4, 7, 10] if and only if for each subset A of X which is
not closed in X, there are x ∈ A \ A and a sequence (xn) of points of A such
that (xn) converges to x in X.

Obviously, a countable space as well as a space in which every subspace is
separable has countable tightness. It is clear that every first countable space
is sequential and every sequential space has countable tightness. But, the
converses need not be true in general (see [4, 7, 10]).

The function [·]seq from the power set P(X) of X into P(X) itself defined
by for each subset A of X, [A]seq = {x ∈ X : (xn) converges to x in X for
some sequence (xn) of points of A} is called the sequential closure operator on
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X [2]. A space X is Fréchet-Urysohn [1, 2, 7, 10] (also called Fréchet [4, 5] or
closure sequential [12]) if and only if for each subset A of X and each x ∈ A,
there exists a sequence (xn) of points of A such that (xn) converges to x in X.

It is well-known that the sequential closure operator [·]seq satisfies the Kura-
towski topological closure axioms except for idempotency in general, for each
subset A of a space X, A ⊂ [A]seq ⊂ A, and X is Fréchet-Urysohn (sequential)

if and only if for each subset A of X, [A]seq = A (resp. for each subset A of X
which is not closed in X, [A]seq \A ̸= ∅). See [2, 7].

S. P. Franklin [4, 5] studied properties of sequential spaces and Fréchet-
Urysohn spaces, introduced a sequentially open set and a sequentially closed set
and showed that a spaceX is sequential if and only if every sequentially open set
in X is open if and only if every sequentially closed set in X is closed. F. Siwiec
[10] noted several properties of spaces which have countable tightness. V. I.
Malykhin and G. Tironi [8] introduced the weak Fréchet-Urysohn property and
showed the weak Fréchet-Urysohn property is strictly stronger than countable
tightness. Recently, the author [7] showed some relations among generalized
metric spaces and a space which has countable tightness.

In this paper, we study some properties of spaces which have countable
tightness. We introduce closure operators [·]c and [·]a on a space and show
that [·]c is a topological closure operator on X, [·]c = [·]a and a space X has
countable tightness if and only if for each subset A of X, [A]c = A if and only
if for each subset A of X which is not closed in X, [A]c \A ̸= ∅. We also show
that for a space (X,T) with a topology T, we have the following:

(1) (X,T[·]c) has countable tightness, where T[·]c is the topology for X in-
duced by [·]c.

(2) If (X,T) does not have countable tightness, then T & T[·]c and T[·]c = D,
where D is the discrete topology for X if and only if every countable subset of
X is closed in (X,T).

(3) T[·]c is the smallest countable tight expansion of T; that is, if a space
(X,T∗) has countable tightness and T ⊂ T∗, then T[·]c ⊂ T∗.

We introduce the concepts of strongly sequential closedness and strongly se-
quential openness which are stronger than sequential closedness and sequential
openness, respectively and show that X has countable tightness if and only if
every strongly sequentially closed set in X is closed if and only if every strongly
sequentially open set in X is open.

Finally we find a generalization of the weak Fréchet-Urysohn property which
is equivalent to countable tightness.

2. Results

We begin by introducing closure operators [·]a and [·]c on a space X. Recall
that a sequence (xn) of points of a space X accumulates to a point x in X [3]
if and only if for each open set U in X containing x and each m ∈ N, there
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exists n ∈ N such that m ≦ n and xn ∈ U ; that is, for each open set U in X
containing x, (xn) is frequently in U .

Definition 2.1. (1) The function [·]a : P(X) → P(X) defined by for each
subset A of a space X, [A]a = {x ∈ X : (xn) accumulates to x in X for some
sequence (xn) of points of A} is called the a-closure operator on X.

(2) The function [·]c : P(X) → P(X) defined by for each subset A of a space
X, [A]c = {x ∈ X : x ∈ C for some countable subset C of A} is called the
c-closure operator on X.

We have directly that for each subset A of a space X, A ⊂ [A]seq ⊂ [A]a ⊂
[A]c ⊂ A and for each countable subset C of X, [C]c = C.

Lemma 2.2. Let X be a space. Then we have
(1) [·]c is a topological closure operator on X.
(2) [·]c = [·]a.

Proof. (1) It is obvious that [·]c satifies the Kuratowski topological closure
axioms except for idempotency and for each subset A of X, [A]c ⊂ [[A]c]c.
Hence it suffices to show that for each subset A of X, [[A]c]c ⊂ [A]c. Suppose
that there exists a subset A of X such that [[A]c]c ⊈ [A]c and let x ∈ [[A]c]c \
[A]c. Then since x ∈ [[A]c]c, there exists a countable subset Cx of [A]c such
that x ∈ Cx. Either Cx \A is finite or infinite. If Cx \A is finite, then obviously
x ∈ [A]c, which is a contradiction. If Cx \ A is infinite, then Cx ∩ ([A]c \ A) is
countably infinite. Let Cx ∩ ([A]c \ A) = {xn : n ∈ N}. Then for each n ∈ N,
since xn ∈ [A]c, there is a countable subset Dn of A such that xn ∈ Dn. Thus,
we have

Cx = Cx ∩A ∪ Cx ∩ ([A]c \A) ⊂ Cx ∩A ∪ (∪{Dn : n ∈ N})

⊂ Cx ∩A ∪ (∪{Dn : n ∈ N}) = Cx ∩A ∪ (∪{Dn : n ∈ N})

⊂ (Cx ∩A) ∪ (∪{Dn : n ∈ N}).

Note that (Cx ∩ A) ∪ (∪{Dn : n ∈ N}) is a countable subset of A and

x ∈ (Cx ∩A) ∪ (∪{Dn : n ∈ N}). It follows that x ∈ [A]c, which is also a
contradiction.

(2) Obviously, for each subset A of X, [A]a ⊂ [A]c.
Conversely, let x ∈ [A]c. Then, by the definition of [·]c, there exists a

countable subset C of A such that x ∈ C. Since X is T1, C ∩ U is infinite for
each open set U in X containing x. Hence, let C = {xn : n ∈ N}, considered as
a sequence, the sequence (xn) accumulates to x in X. Thus we have x ∈ [A]a.

□

Theorem 2.3. Let X be a space. Then the following statements are equivalent:
(1) X has countable tightness.
(2) For each subset A of X, [A]c = A.
(3) For each subset A of X which is not closed in X, [A]c \A ̸= ∅.



300 WOO CHORL HONG

Proof. (1)⇔(2) It is obvious.
(2)⇒(3) Let A be a non-closed subset of X. Then A \A ̸= ∅ and hence, by

condition (2), [A]c \A ̸= ∅.
(3)⇒(2) Suppose it is not. Then there exists a space X which does not have

countable tightness and satisfies condition (3). Hence there exists a subset A

of X such that A \ [A]c ̸= ∅. Clearly, [A]c = A and so [A]c is not closed. By
condition (3), [[A]c]c \ [A]c ̸= ∅. This contradicts Lemma 2.2(1). □

From Theorem 2.3 and Lemma 2.2(2), we have immediately the following
corollary and hence omit the proof.

Corollary 2.4. Let X be a space. Then the following statements are equivalent:
(1) X has countable tightness.
(2) For each subset A of X, [A]a = A.
(3) For each subset A of X which is not closed in X, [A]a \A ̸= ∅.

Theorem 2.5. Let (X,T) be a space with a topology T. Then we have
(1) (X,T[·]c) has countable tightness, where T[·]c is the topology for X induced

by [·]c.
(2) If (X,T) does not have countable tightness, then T & T[·]c and T[·]c = D,

where D is the discrete topology for X if and only if every countable subset of
X is closed in (X,T).

(3) If (X,T) does not have countable tightness, then T[·]c is the smallest
countable tight expansion of T.

Proof. (1) It follows from Lemma 2.2(1) and Theorem 2.3.
(2) It is obvious that if (X,T) does not have countable tightness, then T &

T[·]c .

Let C be a countable subset of (X,T). Then clearly [C]c = C and hence, by
hypothesis; T[·]c = D, C = C. Thus C is closed in (X,T).

Conversely, suppose that there exists a space (X,T) such that every count-
able subset of X is closed in (X,T) and T[·]c ̸= D. Then there exists x ∈ X
such that {x} /∈ T[·]c . Since X \ {x} is not closed in (X,T[·]c), [X \ {x}]c = X

and hence there exists a countable subset Cx of X \ {x} such that x ∈ Cx.
By hypothesis, Cx = Cx. Thus we have x ∈ Cx ⊂ (X \ {x}), which is a
contradiction.

(3) Suppose that there are a space (X,T) which does not have countable
tightness and a topology T∗ for X such that T ⊂ T∗ & T[·]c and (X,T∗) has
countable tightness. Then clearly there exists a subset A of X such that [A]c &
A

∗ ⊂ A, where A
∗
is the closure of A in the space (X,T∗). Let x ∈ A

∗ \ [A]c.
Then since (X,T∗) has countable tightness and x ∈ A

∗
, there exists a countable

subset C of A such that x ∈ C
∗
. Since T ⊂ T∗, C

∗ ⊂ C and so x ∈ C. Thus
x ∈ [A]c, which is a contradiction. □

Recall that a subset A of a space X is sequentially closed [4] if and only if no
sequence of points of A converges to a point not in A. A subset U of a space X
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is sequentially open [4] if and only if each sequence of points of X converging
to a point in U is eventually in U . It is well-known that a space X is sequential
if and only if every sequentially closed set in X is closed if and only if every
sequentially open set in X is open (see [4, 10]).

Definition 2.6. Let X be a space and A ⊂ X.
(1) A is a strongly sequentially closed set in X if and only if no sequence of

points of A accumulates to a point not in A.
(2) A is a strongly sequentially open set in X if and only if each sequence of

points of X accumulating to a point in A is frequently in A.

It is obvious that every closed (open) set is strongly sequentially closed
(strongly sequentially open) and every strongly sequentially closed (strongly
sequentially open) set is sequentially closed (resp. sequentially open). But, by
the following examples we know that the converses need not be true in general.

Note that A is a sequentially closed (strongly sequentially closed) set in X
if and only if A = [A]seq (resp. A = [A]c).

Example 2.7. Let X = [0, ω1] be the space of ordinals with the ordinary order
topology, where ω1 is the first uncountable ordinal. Then X is a Hausdorff
compact space, but does not have countable tightness [7, 11]. Clearly, X \{ω1}
is not closed. Note that C ⊂ X \{ω1} for each countable subset C of X \{ω1}.
Hence [X \ {ω1}]c = X \ {ω1} and so [X \ {ω1}]seq = [X \ {ω1}]c = X \ {ω1}.
Thus X \ {ω1} is sequentially closed as well as strongly sequentially closed.

Example 2.8. Let X = {(0, 0)} ∪ (N× N). We define a topology T for X by
for each (m,n) ∈ X \ {(0, 0)}, {(m,n)} ∈ T and (0, 0) ∈ U ∈ T if and only
if for all but a finite number of integers m, the sets {n ∈ N : (m,n) /∈ U}
are each finite. Hence each point (m,n) ∈ X \ {(0, 0)} is isolated and each
open neighborhood of (0, 0) contains all but a finite number of points in each
of all but a finite number of columns (see Arens-Fort space in [11]). Then X
is a Hausdorff space which has countable tightness and there is a unique non-
isolated point (0, 0) in X, but not sequential [7, 11]. Note that there does not
exist any sequence of points of N×N converging to (0, 0). Hence it is clear that
{(0, 0)} is sequentially open in X, but not strongly sequentially open. Also
it is clear that N × N is sequentially closed in X. On the other hand, since
(0, 0) ∈ N× N = X, by Lemma 2.2(2), we have that there exists a sequence
(xn) of points of N × N such that (xn) accumulates to (0, 0) /∈ N × N. Thus
N× N is not strongly sequentially closed in X.

Example 2.9. Let X = {z} ∪ R, where R is the set of all real numbers and
z /∈ R. We define a topology T for X by for each x ∈ R, {x} ∈ T and z ∈ U ∈ T
if and only if R \ U is countable. Then X is Hausdorff and z is a unique non-
isolated point in X [7]. Clearly, {z} is sequentially open in X as well as strongly
sequentially open in X, but not open.

Lemma 2.10. Let X be a space and A ⊂ X. Then we have
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(1) [A]c is a strongly sequentially closed set in X.
(2) A is strongly sequentially closed in X if and only if X \ A is strongly

sequentially open in X.

Proof. (1) By Lemma 2.2(1), [[A]c]c = [A]c and hence it holds.
(2) Suppose that there exists a strongly sequentially closed subset A of X

such that X \ A is not strongly sequentially open in X. Then since A is a
strongly sequentially closed set in X, [A]c = A and hence X \ [A]c is not a
strongly sequentially open set in X. We have that there exists a sequence (xn)
of points of X such that (xn) accumulates to a point x ∈ X \ [A]c and (xn)
is not frequently in X \ [A]c. It follows that there is a sequence (yn) of points
of [A]c which accumulate to x. Hence, x ∈ [[A]c]a. By Lemma 2.2(1) and (2),
[[A]c]a = [[A]c]c = [A]c and so x ∈ [A]c. This is a contradiction.

Conversely, suppose that there exists a subset A of X such that it is strongly
sequentially open in X and X \ A is not strongly sequentially closed. Then
clearly X \ A ⫋ [X \ A]c and hence there exist x ∈ A and a sequence (xn)
of points of X \ A such that (xn) accumulates to x in X. Since A is strongly
sequentially open in X, (xn) is frequently in A. This is a contradiction. □

Theorem 2.11. Let X be a space. Then the following statements are equiva-
lent:

(1) X has countable tightness.
(2) Every strongly sequentially closed set in X is closed.
(3) Every strongly sequentially open set in X is open.

Proof. (1)⇒(2) Suppose that there exist a space X of countable tightness and
a strongly sequentially closed subset A of X with A \ A ̸= ∅. Let x ∈ A \ A.
Then, by Corollary 2.4, there exists a sequence (xn) of points of A such that
(xn) accumulates to x. It follows that A is not strongly sequentially closed,
which is a contradiction.

(2)⇒(3) It follows directly from Lemma 2.10(2).
(3)⇒(1) Suppose that there exists a space X which satisfies condition (3)

and does not have countable tightness. Then by Theorem 2.3 there exists a
subset A of X such that A \ [A]c ̸= ∅. By Lemma 2.10(1) and (2), X \ [A]c is
strongly sequentially open in X. Thus by condition (3) [A]c is closed in X and
so A = [A]c, which is a contradiction. □

Recall that a space X is weakly Fréchet-Urysohn [8] if and only if for a
subset A of X and x ∈ X, if x ∈ A \ A, then there exists a countable infinite
disjoint family F of finite subsets of A such that for each neighborhood V of
x, the subfamily {F ∈ F : F ∩ V = ∅} is finite. In [8], V. I. Malykhin and
G. Tironi showed that the following implications hold: sequentiality ⇒ weak
Fréchet-Urysohn property ⇒ countable tightness.

Finally we find a generalization of the weak Fréchet-Urysohn property which
is equivalent to countable tightness.
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Theorem 2.12. A space X has countable tightness if and only if for a subset
A of X and x ∈ X, if x ∈ A \A, then there exists a countable infinite disjoint
family F of finite subsets of A such that for each neighborhood V of x, the
subfamily {F ∈ F : F ∩ V ̸= ∅} is infinite.

Proof. Let x ∈ A \ A. Then since X is T1 and has countable tightness, we
have that there exists a sequence (xn) of distinct points of A such that (xn)
accumulates to x. Now let Fn = {xn} for all n ∈ N. Then, F := {Fn : n ∈
N} is a countable infinite disjoint family of finite subsets of A and for each
neighborhood V of x, {n ∈ N : Fn ∩ V ̸= ∅} is infinite since (xn) accumulates
to x. Thus it holds.

Conversely, let x ∈ A. By Theorem 2.3(2), it suffices to show that x ∈ [A]c.

If x ∈ A, then obviously x ∈ {x} and so x ∈ [A]c. Hence, it remains to prove
the case where x ∈ A \A. In this case, by hypothesis, there exists a countable
infinite disjoint family F = {Fn : n ∈ N} of finite subsets of A such that for
each neighborhood V of x, {n ∈ N : Fn ∩ V ̸= ∅} is infinite. It follows that
∪n∈NFn is a countable subset of A and (∪n∈NFn)∩V is infinite. Thus, x ∈ [A]c
and therefore, X has countable tightness. □

From the definition of weak Fréchet-Urysohn property and Theorem 2.12,
we obtain directly the following corollary and hence omit the proof.

Corollary 2.13 ([8, Proposition 1.4]). Every weakly Fréchet-Urysohn space
has countable tightness.

Remark 2.14. (1) It is well-known that the two properties: Fréchet-Urysohn
property and sequentiality are completely determined by [·]seq. From Theorem
2.3 and Corollary 2.4, we have that [·]c (or [·]a) determines completely countable
tightness. Hence, a question naturally arises in connection with [·]seq and [·]c
(or [·]a): Is there any reasonable generalization of countable tightness which is
completely determined by [·]c (or [·]a)?

(2) From the fact [·]seq does not satisfy idempotence [2, p. 13, Example 13],
we know directly that for sequentially closed sets and sequentially open sets,
Lemma 2.10(2) need not be true in general.

(3) A space X is accumulation complete [10] if and only if each sequence
(xn) of points of X accumulating to a point x of X has a subsequence which
converges to x. It is well-known that a space X being accumulation complete
is equivalent to every countable subspace of X being Fréchet-Urysohn. Thus
we know easily that every accumulation complete space which has countable
tightness is Fréchet-Urysohn (and hence sequential).
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