
1. Introduction

Increased number of spectral bands in

hyperspectral data provides abundant information on

earth surface by capturing the signature of a ground

object in narrow spectral bands over contiguous

spectral ranges. Not only it helps differentiating

ground objects through characteristic wavelengths,

but also allows investigation on more complex

natural phenomena that are often nonlinearly related

to the spectral information. For example, according to

reflectance models such as PROSPECT (Jacquemoud

and Baret, 1990) and SAIL (Verhoef, 1984), the

spectral responses of leaf and canopy are nonlinearly

related to biophysical conditions such as water

contents, leaf inclination, scattering and bidirectional

reflectance. In such cases, linear dimension reduction

methods may fail to precisely relate the spectral

changes to the nonlinear factors.

A series of nonlinear feature extraction methods,

namely manifold learning, emerged in machine

learning community, and have been used for

representation of nonlinearity in data. The concept of

manifold learning can be explained effectively using
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an example of Swiss roll data shown in Fig. 1. The

samples scattered in the three dimensional space has a

nonlinear structure that has intrinsic dimensionality of

two. We call such nonlinear space in the lower

dimension supported by data samples “manifold”.

While the shortest distance between two samples in

the original space is along the straight line (Fig. 1(a)

dotted line), the measure that better explains the

variance of the data is the distance along the data

manifold (Fig. 1(a) solid line). To obtain manifold

coordinates in which the nonlinearity is removed,

manifold learning methods usually redefine

similarity/dissimilarity between samples so that they

can be the measure on the manifold. Optimization

procedures are then employed in computing a

mapping of original samples to the lower dimensional

space which best explains the similarity/dissimilarity.

Recently developed manifold learning methods

include isometric feature mapping (Isomap)

(Tenenbaum et al., 2000), locally linear embedding

(LLE) (Roweis and Saul, 2000), Laplacian

eigenmaps (LE) (Belkin and Niyogi, 2003), kernel

PCA (KPCA) (Schölkopf et al., 1997), and some of

the methods have also been applied to hyperspectral

data. In Bachmann et al. (2009), an airborne

hyperspectral data set was first transformed to

manifold coordinates through the proposed scalable

Isomap approach, and the derived manifold

coordinates were used for construction of a look-up

table to estimate bathymetry. The paper shows that

the use of manifold coordinates improved the

estimation compared to other linear methods such as

minimum noise fraction (MNF) transform (Green et

al., 1988). Another application of manifold learning

is land cover classification through weighted k-

nearest neighbourhood (k-NN) classification (Ma et

al., 2010). They first observed that local manifolds

are computed by redefining the weights between the

local samples, and the weights can be used to

improve the regular k-NN method that computes the

weight in the Euclidean space. The study shows that

the proposed method outperforms the regular k-NN

method in classification of hyperspectral data over

agricultural area.

In most manifold learning methods, however,

spatial context of the remote sensing data are often

overlooked, which can be useful if used properly. For

example, the MNF transform finds an improved set

of coordinates by estimating noise statistics from

adjacent samples under the assumption that the

adjacent pixels are from the same object and the

difference accounts for the noise. In the 2-

dimensional array of remote sensing data, spatial

proximity of a sample pair is often correlated to

spectral similarity, and the correlation can be used to

remove the local variation which is unique for

regions.

In this paper, we propose a novel approach to

incorporate spatial proximity into the manifold

learning framework of KPCA. KPCA is used because

the formulation is flexible so that most of the other

manifold learning methods can be recast to KPCA by

adopting different kernel matrices (Ham et al., 2004).

In the proposed method, decaying spatial proximity is

first modelled via a heat kernel whose function value

decreases exponentially as the distance increases. The

spatial proximity is then combined to the spectral

similarity which is computed from the spectral values

of the two samples. However, the direct sum or
Fig. 1.  (a) Swiss roll data in three dimensional space and 

(b) its manifold coordinates in two dimensional space.

(a) (b)



multiplication of the spatial proximity and the

spectral similarity is not a viable strategy because 1)

if we use the direct sum, the effect of the spatial

proximity varies significantly depending on the

original spectral similarity, and 2) if we use the direct

multiplication, the product of the two becomes zero

for the sample pairs that are spatially far even when

they are spectrally identical. To avoid these problems

and implement normalized way to incorporate the

spatial proximity, we consider the interaction

between the spectral and spatial similarity by

combining a shifted spatial proximity with the

original spectral similarity.

Parameter selection is a critical step for the success

of the proposed method. Many researchers use a

simple grid search to find out an optimal parameter

set because the grid search is relatively less sensitive

to local minima and thus pertinent to the given

problem where the convexity of the parameter space

is not presumed. However, the grid search may

require many trials and errors to find out a proper

parameter ranges, size of grid, and the interval

between grid points. To handle the problem, we have

used the intelligent grid search (IGS) method

proposed by Kim and Crarwford (2010) for the

parameter tuning of the proposed kernel method. IGS

first evaluates the parameters at the grid points, search

for optimal grid points based on the results of the

current grid , and move on to the next grid that have

new grid location and grid interval.

The proposed method was applied to two airborne

hyperspectral data sets acquired by SpecTIR and

AVIRIS instrument respectively, and evaluated in

terms of classification accuracy of the land cover

maps. A particular focus is given to the classification

performance of the proposed manifold coordinates

for small sized training samples. The performance of

the proposed method was compared with the PCA

coordinates.

The structure of the article is as following. The

formulation of KPCA and the proposed spatial kernel

PCA (SKPCA) is explained in Section 2, followed by

a brief explanation on the IGS method. Description of

the used data set and experimental design is given in

Section 3. Section 4 provides experiment results, and

the conclusion and future work is presented in

Section 5.

2. Methodology

1) Kernel PCA (KPCA)

In this section, the formulation of KPCA is briefly

explained based on the derivation given by Schölkopf

et al. (1997). Let hyperspectral data xi, i=1,....n, xi

∈?d, for n samples of d dimension. Then the

covariance matrix can be computed as

C = xixj
T.

Principal components are obtained by projecting

the data set on the eigenvectors of the covariance

matrix. KPCA performs similar operation as the

principal components analysis, but in the feature

space F defined by a nonlinear feature mapping,

F : ?d → F.

If we assume the mapped data, F(x1), …, F(xn),

are also centered (we show how to center the data set

in the feature space below), the covariance matrix in

the feature space becomes

C̃ = F(xi)F(xj)T.

Since the eigenvectors of the covariance matrix lie

in the span of the mapped data, the solution to the

eigenvalue problem lV = C̃V can be expressed in the

following form

nS
i=1

1
n

nS
i=1

1
n
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V = aaF(xi),

where the coefficient aa can be obtained from another

eigenvalue problem

lV = KV

aap = Vp,

where K is a kernel matrix defined by Kij : = k(xi, xj)

= (F(xi)·F(xj)), and aap, lp, and Vp are coefficient,

eigenvalue, and eigenvector for the p-th feature. The

final principal components in the feature space can be

computed without evaluating the feature mapping F
explicitly as

(Vp·F(x)) = aai
p(F(xi)·F(x))

= aai
pk(xi, x)

Given a kernel matrix K, we can center the

mapped data, F(xi), …, F(xn), in the feature space

only by using the kernel matrix as follows.

K̂ = K _ eeTK _ KeeT + (eTKe)eeT

where e is a column vector whose elements are all 1.

2) Spatial Kernel PCA (SKPCA)

The spatial coordinates of the data z1, ..., zn∈?2 of

each sample are coupled with the spectral values of

the corresponding sample as in (x1, z1), ..., (xn, zn)

∈?d×?2. For (i, j)-th data pair, (xi, zi), (xj, zj), a

spatial kernel has a form:

s(i, j): = s(zi, zj) = aexp(_ )
where a and b are two free parameters of the heat

kernel.

The key idea of the proposed method is to increase

the similarity between spatially close samples in

proportional to the spectral similarity by multiplying

the spatial kernel s(·,·) to the spectral kernel

r(·,·) after shifting the spatial kernel by 1 as

t(i, j) = r(i, j)·(s(i, j) + 1)

where t(·,·) is the resultant composite kernel. By

adding 1 to the spatial kernel, the spatially far sample

pair can maintain the original similarity which is

derived only from spectral values.

t(i, j) = r(i, j)·(s(i, j) + 1) = r(i, j), when s(i, j) = 0

For spatially close samples, the original spectral

similarity r(i, j) obtains a gain in proportional to the

magnitude of the spatial kernel.

Gain = t(i, j) _ r(i, j) = r(i, j)·s(i, j)

In this study, a linear kernel is used for the spectral

kernel r(·,·), since the focus is not on the

difference in various kernel types, but on the effect of

proposed spatial kernel on the regular setting. Note

that the regular KPCA becomes equivalent to PCA

when linear kernel is used.

3) Intelligent Grid Search for parameter
tuning

Selection of optimal parameters is a critical step for

the success of the proposed method. Although we

have observed that optimal region that produces high

overall class separability can be identified in

parameter space (Kim et al., 2010), actual function of

classification accuracy may neither follow the pattern

nor be convex. Under such condition where several

local optima may exist, we have used intelligent grid

search (IGS) proposed by Kim and Crawford (2010),

which is relatively less affected by non-convexity of

the function.

With a predefined initial interval L and grid size p,

IGS makes a p x p grid for the two parameters a and

b where the interval between the adjacent grid points

are defined by L. For a given grid, classification

accuracies of a validation set are computed at each

ΩΩzi
_ zjΩΩ2

b

1
n2

1
n

1
n

nS
i=1

nS
i=1

1
lp

nS
i=1

Korean Journal of Remote Sensing, Vol.26, No.6, 2010

–696–



grid point. Once all the grid points that have different

combinations of the parameters are evaluated, IGS

finds another set of grid points to be evaluated in the

next iteration based on the evaluation results of the

current grid. If the maximum evaluation score occurs

in the edge of the grid, the grid center is moved to the

maximum point because that means the optimal point

is likely to locate outside of the current grid range.

However, when the maximum point in the grid

occurs in the interior of the grid, the grid size is

halved since that means the optimal point is likely to

be inside the current grid range. This procedure is

repeated until the results satisfy stopping criteria

which can be defined by thresholding quantities such

as size of grid interval, difference in maximum

evaluation, maximum evaluation score, the number

of iteration, and etc.

3. Data Set and Experimental Design

The proposed method is applied to two airborne

hyperspectral data collected by SpecTIR and AVIRIS

instrument, respectively. The SpecTIR data is

acquired for an agricultural area in Indiana, USA,

where major land covers are crop fields of corns and

soybeans with different residue cover. The 1342 x

1287 image is a subset from a mosaic image which is

created using six overlapping strips over the region.

The spatial resolution of the image is 2 m and the

number of spectral bands is 360 over 400-2500 nm

wavelength range. Since the computational

complexity of the proposed method increases in the

scale of O(n3), we downsample the image spectrally

and spatially through Gaussian filters to facilitate the

experiments which require computations of manifold

coordinates repeatedly. The produced image has 168

x 161 pixels with 100 spectral bands of

approximately 20 nm bandwidth. The Indian Pine

data named after the two creeks in the region have

nine classes which include five crop field classes,

Integrating Spatial Proximity with Manifold Learning for Hyperspectral Data
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Fig. 3.  RGB image and class label image of KSC data.

Fig. 2.  RGB image and class label image of Indian Pine data.

Table 1.  Number of samples for the classes in Indian Pine data

Class Name No. Samples

1 Corn-high 668

2 Corn-mid 2654

3 Soybean-high 3179

4 Soybean-mid 1715

5 Soybean-low 413

6 Hay 863

7 Grass 340

8 Wood-uniform 915

9 Wood-complex 4050

Class Name No. Samples

Table 2.  Number of samples for the classes in KSC data

Class Name No. Samples

1 Scrub 166

2 Cabbage palm hammock 55

3 Graminoid marsh 86

4 Spartina marsh 117

5 Cattail marsh 86

6 Salt marsh 94

7 Mud flats 110

Class Name No. Samples



hay, grasses, and two wood classes of different spatial

textures. The RGB image and class label image are

presented in Fig. 2, and the numbers of samples for

the classes are presented in Table 1. The AVRIS data

were acquired for a wetland area around Kennedy

Space Center (KSC) in Florida, USA. The original

512 x 614 image of 20 m ground resolution has been

spatially downsampled using a Gaussian filter by one

level producing the image of 218 x 173 pixels. The

176 spectral bands are used after removing noisy and

uncalibrated bands from the original 224 bands

ranging 400~2500 nm with approximately 10 nm

bandwidth. For the experiments in this paper, seven

classes are defined for the scene after removing

classes having too few labelled samples. The classes

include four different types of marsh, scrub,

hammock, and mud flats. The RGB image, class

label image, and the information on the number of

samples for each class are given in Fig. 3 and Table 2.

The classification was performed on the manifold

coordinates derived from the proposed SKPCA

method for various training sizes. The training rates

used for Indian Pine data are 0.1%, 0.3%, …, 0.9%,

1%, 2%, …, 10% and 1%, 3%, 5%, …, 19% for KSC

data. For a given training rate, validation samples of

the same size were first randomly sampled from the

labelled samples for parameter tuning. For a given

sampling rate, once the parameters were tuned with

IGS, ten sets of index for training and test samples

were determined from the remaining samples which

are exclusive to the validation set. SKPCA was then

applied to the whole data samples in the scene to

obtain the manifold coordinates for the whole scene.

The NN classification was performed on the manifold

coordinates for the index sets for ten times to produce

reliable estimates of accuracy. By retaining the same

index of training and test samples, the same

procedure can be applied to PCA coordinates for

comparison. We have compared SKPCA with PCA

and original data, where we report only SKPCA and

PCA results since the classification results of PCA

and the original data were the same in all cases.

4. Experimental Results

Classification accuracies and the standard

deviations of PCA and SKPCA are plotted in Fig. 4

for Indian Pine data and KSC data. Tuning accuracy

of SKPCA at each training rate is also plotted with

the classification accuracies for comparison. Table 3

and Table 4 present the classification and tuning

Korean Journal of Remote Sensing, Vol.26, No.6, 2010
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Fig. 4.  Classification results of PCA and SKPCA are plotted for (a) Indian Pine data and (b) KSC data.

(a) (b)



accuracies for all training rates used in the

experiments, respectively for Indian Pine data and

KSC data. It is observed that the classification

accuracies of SKPCA are generally higher than those

of PCA in most of the training rates and the

difference is generally higher in the high training

rates than in the low training rates. For Indian Pine

data (Fig. 4(a)), the SKPCA results are consistently

higher than PCA over all the training rates and the

improvements are significant for the magnitude of the

standard deviations. The improvement is ~28% even

in the small training rates (<1%) where the number of

training samples used for the parameter tuning is only

less than 150 samples (Note that the total number of

available labelled samples is 14797). For KSC data,

SKPCA outperforms PCA at 5% and higher training

rates. Although the lower bound (5%) seems larger

than Indian Pine data set, the actual number of

samples used in, for example, 19% training size is

only 135 for the total number of labelled samples is

713 for KSC data. SKPCA in KSC data could

achieve more than 10% increase in accuracy for the

training rates larger than 5%.

Tuning accuracies usually show similar trends with

the classification accuracies. Low classification

accuracies are followed by low tuning accuracies. For

example, in Indian Pine results (Fig. 4(a)), drops in

the classification accuracies are observed in 0.9~1%

training rates, which is thought to be due to the poor

parameters. For further analysis, surface plots of

tuning accuracies in the parameter space are

presented in Fig. 4 for Indian Pine data. The figures

show that the surface becomes smoother as the

training rate increases producing high tuning

accuracies near 90. However, the plot for training rate

0.9% (Fig. 5(e)) shows that IGS could only find the

local optima which produced low accuracy (~45) due

to the complex surface around the local optimal.

However, in most of the case, the parameter range

0.1~1 and 100~300 for a and b respectively produced

Integrating Spatial Proximity with Manifold Learning for Hyperspectral Data
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Table 3.  Classification results of PCA and SKPCA in Kappa statistics for Indian Pine data

Training rate (%) 0.1 0.3 0.5 0.7 0.9 1 2 3 4 5 6 7 8 9 10
No. of Samples 15 44 74 104 133 148 296 444 592 740 888 1036 1184 1332 1480

PCA
Acc. 46.32 54.66 60.04 62.88 64.46 65.09 71.45 74.52 76.06 77.90 79.26 79.77 80.41 81.49 81.76

Std. (5.06) (5.01) (2.63) (2.27) (1.21) (2.06) (1.12) (0.70) (1.07) (0.59) (0.83) (0.61) (0.45) (0.54) (0.52)

SKPCA
Acc. 46.37 66.26 88.42 90.36 76.78 73.64 96.13 96.97 98.28 98.70 98.79 99.10 99.04 99.24 99.47

Std. (5.08) (4.28) (1.54) (2.17) (1.87) (2.73) (0.43) (0.54) (0.48) (0.37) (0.40) (0.26) (0.42) (0.23) (0.15)

Tuning Acc. 52.61 48.77 83.16 86.67 43.68 50.84 91.49 97.85 97.97 97.54 97.96 97.78 98.47 98.36 99.43

Parameters
a 0.06 0.42 0.25 0.05 1.68 1.41 0.25 0.13 0.13 0.42 0.50 0.35 0.35 0.71 1.00

b 0.25 64.00 256.00 512.00 13.45 11.31 181.02 724.08 256.00 128.00 256.00 128.00 128.00 90.51 256.00

Training rate (%) 0.1 0.3 0.5 0.7 0.9 1 2 3 4 5 6 7 8 9 10

No. of Samples 15 44 74 104 133 148 296 444 592 740 888 1036 1184 1332 1480

Table 4.  Classification results of PCA and SKPCA in Kappa statistics for KSC data

Training rate (%) 1 3 5 7 9 11 13 15 17 19
No. of Samples 7 21 36 50 64 78 93 107 121 135

PCA
Acc. 58.06 70.75 75.17 76.91 79.52 81.00 81.79 82.55 83.88 85.34

Std. (5.82) (3.73) (2.77) (4.24) (2.40) (1.40) (2.01) (1.89) (1.93) (2.75)

SKPCA
Acc. 43.71 59.31 88.07 87.50 90.01 90.43 96.71 94.16 97.50 92.72

Std. (5.60) (4.58) (4.08) (2.13) (4.32) (3.30) (2.23) (2.27) (1.55) (1.16)

Tuning Acc. 50.00 37.40 88.45 80.34 79.11 88.36 97.58 95.80 99.01 97.34

Parameters
a 0.50 0.71 0.50 0.42 0.35 0.59 0.71 0.35 0.35 0.11

b 2.00 3.36 256.00 76.11 64.00 38.06 256.00 64.00 1448.20 32.00

Training rate (%) 1 3 5 7 9 11 13 15 17 19

No. of Samples 7 21 36 50 64 78 93 107 121 135



generally stable results. For KSC data the same

parameter interval produced robust results over many

training rates, too.

The label image of the classification results (PCA

and SKPCA) are presented with the validation

samples in Fig. 6 and Fig. 7 for Indian Pine data and

KSC data, respectively. Note that the validation

samples are first sampled from labelled samples for

parameter tuning, and the evaluation with training

and test samples were performed with the remaining

samples. At 0.1% training rate, SKPCA result has a

salt and pepper pattern as in the PCA result where

they have similar classification accuracy. SKPCA

result at 0.3% obtained greatly improved spatial

coherence compared to the previous rate and the PCA

result at the same rate. Despite the improvement,

some misclassification can be observed particularly in

the edges of the fields where the confusion are

usually with adjacent fields. The SKPCA result at

0.7% shows that most fields are classified correctly

(90.36) while the PCA result still has the salt and

pepper pattern with lower accuracy (62.88). Similar

patterns are observed in the results for KSC data. It is

observed that the noisy classification results are well

compensated by SKPCA at 5% training rate and

above.

5. Discussion and Future Work

The experimental results show that incorporation

of spatial proximity can enhance the coherence of the

data representation that consequently improves the

classification results. The salt and pepper pattern in

the fields in the PCA results are mainly due to other

environmental factors that changes spectra such as

illumination, moisture, topography conditions. The

factors can cause severe confusion in difficult classes

such as residue classes (class 1~5) in Indian Pine data

whose spectral differences are known to occur in
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Fig. 5.  Evaluations on the grid points in the tuning procedure with IGS are plotted in the parameter space for the training rates (a)
0.1%, (b) 0.3%, (c) 0.5%, (d) 0.7%, (e) 0.9%, and (f) 2%.

(a) (b) (c)

(d) (e) (f)



Integrating Spatial Proximity with Manifold Learning for Hyperspectral Data

–701–

Fig. 6.  Label images of (top) validation samples, (middle) PCA results, and (bottom) SKPCA results of Indian Pine data for the
training rates (a) 0.1%, (b) 0.3%, (c) 0.5%, and (d) 0.7%.

(a) (b) (c) (d)

Fig. 7.  Label images of (top) validation samples, (middle) PCA results, and (bottom) SKPCA results of KSC data for the training rates
(a) 1%, (b) 3%, (c) 9%, and (d) 13%.



selective wavelengths (Daughltry et al., 2004). Since

the environmental factors are relatively consistent in

the local vicinity, assigning larger similarity between

the spatially close samples was advantageous for

identifying uniform fields, where the differences due

to the environmental factors were forced to be

minimized.

The critical point of the proposed method is to

control the effect of the spatial factor, because

unbalanced emphasis on the spatial factor may distort

original spectral similarity generating a poor

representation. The effect was controlled by a small

set of validation set through the IGS method.

Although the method provides reliable results in most

cases, we observed that IGS could not find the

globally optimal points for some of the low training

rates due to the irregular surface in the parameter

space. More investigation is needed for fast and

reliable parameter tuning approach in the future.
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