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ALMOST GP-SPACES

Mohammad Reza Ahmadi Zand

Abstract. A T1 topological space X is called an almost GP-space if ev-
ery dense Gδ-set of X has nonempty interior. The behaviour of almost
GP-spaces under taking subspaces and superspaces, images and preim-
ages and products is studied. If each dense Gδ-set of an almost GP-space
X has dense interior in X, then X is called a GID-space. In this pa-
per, some interesting properties of GID-spaces are investigated. We will
generalize some theorems that hold in almost P-spaces.

1. Introduction

Let X be a topological space and A ⊂ X, intXA denotes the interior of A
in X, and the closure of A in X is denoted by clXA. Where no ambiguity can
arise, the interior of A in X is denoted by A◦, and the closure of A in X is
denoted by A. Let I(X) be the set of all isolated points of X. If I(X) = ∅,
then is said to be crowded. Let X be crowded, if D = (X\D) = X for some
subset D of X, then X is called resolvable, otherwise X is called irresolvable.

Let X and Y be topological spaces, the set of all functions f from X to Y is
denoted by F (X, Y ), and F (X,R) is denoted by F (X). It is clear that F (X)
with addition and multiplication defined pointwise, is a commutative ring. The
set of continuous members of F (X) is denoted by C(X). The set of points at
which f ∈ F (X,Y ) is continuous is denoted by C(f). We denote the families
of dense, dense open or dense Gδ subspaces of a space X respectively by D(X),
DO(X) or DG(X).

Recall that a topological space X is called weakly Volterra (respectively
Volterra) if for each f, g ∈ F (X) such that C(f), C(g) ∈ DG(X), we have
C(f)∩C(g) 6= ∅ (respectively C(f)∩C(g) is dense in X). The class of Volterra
spaces was introduced in [9]. See [3], [4], [7], [8], [11] and for more information
about Volterra spaces.

A completely regular space X in which every nonempty Gδ-set has nonempty
interior is called an almost P-space. Almost P-spaces was first introduced by

Received May 9, 2008; Revised August 14, 2008.
2000 Mathematics Subject Classification. Primary 54C40, 54F65; Secondary 54G99,

54C30.
Key words and phrases. weakly Volterra space, Gδ-filter, almost GP-space, GID-space,

almost P-space.

c©2010 The Korean Mathematical Society

215



216 MOHAMMAD REZA AHMADI ZAND

A. I. Veksler in [15] and it was also studied further by R. Levy in [13], also see [2],
[5] and [12]. A T1 topological space X is called an almost GP-space (respectively
a GID-space) if every dense Gδ-set of X has nonempty interior (respectively
dense interior). In this paper the class of almost GP-spaces and GID-spaces
are studied, and basic relationships with the class of weakly Volterra spaces
and Volterra spaces are investigated.

In Section 2, new algebraic and topological characterizations of Volterra
spaces are given.

In the final section of our paper, we will introduce almost GP-spaces and
GID-spaces, and we will give some algebraic characterizations and topological
characterizations of GID-spaces.

In this paper, topological spaces are assumed to be T1, unless otherwise
noted and the reader is referred to [10], [6] and [17] for terms and notations
not described here.

2. Volterra spaces

Definition 2.1. Let X be a topological space. We define V (X), T
′
(X), and

TG(X) as follows:

V (X) ={f ∈ F (X) | C(f) is dense in X},
T
′
(X) ={f ∈ F (X) | there exists a dense open subset D in X such that

f |D is continuous},
and TG(X) ={f ∈ F (X) | there exists a dense Gδ-set D of X such that

f |D is continuous}.

Some properties of T
′
(X) is given in [1]. In this section we show that a

topological space X is Volterra if and only if V (X) is a subring of F (X).
Let X be a topological space, since for any f ∈ F (X), C(f) is a Gδ in X we
have:

C(X) ⊂ T
′
(X) ⊂ V (X) ⊂ TG(X) ⊂ F (X).

Let X be a nonvoid topological space. Recall that DG(X) is called a Gδ-
filter if D, D1 ∈ DG(X), then D ∩ D1 ∈ DG(X). So DG(X) is a Gδ-filter if
and only if the intersection of two dense Gδ-sets of X is dense in X.

Theorem 2.2. For a topological space X the following conditions are equival-
ent:

1) X is Volterra.
2) DG(X) is a Gδ-filter.
3) V (X) is a subring of F (X).
4) every nonempty proper open subspace of X is Volterra.
5) for every nonempty open subset U of X, DG(U) is a Gδ-filter.
6) for every nonempty open subset U of X, V (U) is a subring of F (U).
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Proof. 1) ⇔ 2). It is proved in [7] that a space X is Volterra if and only if the
intersection of any two dense Gδ-sets in X is dense, and this is equivalent with
2).

2) ⇒ 3). Let f and g be in V (X). Then C(f) and C(g) are dense Gδ-sets
of X. So by 2), D = C(f) ∩ C(g) is a dense Gδ-set of X. But D ⊂ C(f − g)
and D ⊂ C(fg), so f − g, fg ∈ V (X) and thus V (X) is a subring of F (X).

3) ⇒ 2). Let D and D
′

be in DG(X). As D and D
′

are dense Gδ-sets in
X we may write D = ∩∞i=1Ai, D

′
= ∩∞i=1Bi, where each Ai and Bi are open

and dense in X, An+1 ⊂ An, Bn+1 ⊂ Bn for each n and A1 = B1 = X. Define
f : X → R and g : X → R by

f(x) =

{
0, if x ∈ D,
1/(2n), if x ∈ An\An+1,

and

g(x) =

{
0, if x ∈ D

′
,

1/(2n + 1), if x ∈ Bn\Bn+1.

Similar to the proof of Lemma 1 in [7] C(f) = D, C(g) = D
′
. By 3) f + g ∈

V (X) and so C(f + g) is dense in X. Clearly C(f + g) ⊃ D ∩D
′
. If t ∈ D\D′

or t ∈ D
′\D, then f + g is not continuous at t. Now let t ∈ X\(D ∪ D

′
),

then there exist m,n ∈ N such that f(t) = 1/(2n), g(t) = 1/(2m + 1). Since
f(X) ∩ g(X) = {0}, without loss of generality we can assume that y0 = (f +
g)(t) /∈ g(X). Let (a, b) contains y0 such that (a, b) ∩ g(X) = ∅. Let U be any
open neighborhood of t. Since D is dense in X, there exists an x0 ∈ D ∩ U,
so f(x0) + g(x0) = g(x0) /∈ (a, b), i.e., f + g is not continuous at t. Therefore
D ∩D

′
= C(f + g) is dense. So we are through.

5) ⇔ 6). By above 2) and 3) are equivalent, so 5) and 6) are equivalent.
1) ⇔ 4). It is straightforward, see [8, Corollary 4.2, p. 175]. ¤

3. Almost GP-spaces

Recall that a completely regular space X in which every nonempty Gδ-set of
X has nonempty interior is called an almost P-space. In the following definition
we give a generalization of almost P-spaces as follows:

Definition 3.1. A topological space X is called an almost GP-space if every
dense Gδ-set of X has nonempty interior in X.

Example 3.2. One point compactification αω of ω with the discrete topology
is an almost GP-space, but it is not an almost P-space.

Remark 3.3. If a space X has an isolated point, then X is an almost GP-space.
Since there exists a crowded P-space [10] and every P-space is an almost GP-
space, there are crowded almost GP-spaces. We note that every irresolvable
space is an almost GP-space, and by definition, every almost GP-space is weakly
Volterra.
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In the following proposition we will show that a crowded separable Baire
space X is not an almost GP-space. So we have examples of Baire, Volterra
and weakly Volterra spaces which they are not almost GP-spaces.

Proposition 3.4. If X is a T1-crowded separable Baire space, then X is not
an almost GP-space, in particular X is not an almost P-space.

Proof. Let D be a countable dense subset of X. Since X is Baire, X \ D =
∩d∈D(X \ {d}) is a dense Gδ-set of X, so intX(X \D) = ∅. Thus X is not an
almost GP-space. ¤

The proof of the next result is similar to that of Proposition 2.1 in [13].

Theorem 3.5. If X is an almost GP-space and D ∈ D(X), then D is an
almost GP-space.

Proof. Let W be a dense Gδ-set of D. Then W = V ∩D, where V is a dense
Gδ-set of X. Since X is an almost GP-space, intXV 6= ∅. So ∅ 6= D ∩ intXV ⊂
intDW . Thus D is an almost GP-space. ¤

By Proposition 2.1 in [13], if X is a Baire almost P-space and D ∈ D(X),
then D is Baire. But we do not know that this is true for the class of almost
GP-spaces. In the following definition we define a subclass of almost GP-spaces,
for which the answer of this question is positive.

Definition 3.6. A topological space X is called a GID-space if every dense
Gδ-set of X has dense interior in X.

Now we will generalize Proposition 2.1 in [13] to a GID-space:

Theorem 3.7. If X is a (Baire) GID-space and D is dense in X, then D is
a (Baire) GID-space.

Proof. Let W be a dense Gδ-set of D. Then W = V ∩D, where V is a dense Gδ-
set of X. Since X is a GID-space, intXV ∈ DG(X), and D ∩ intXV ⊂ intDW .
So intDW ∈ DG(D) and thus D is a GID-space. Now suppose that X is a
Baire space. If U is a nonempty open set in D and W = ∩Vn, Vn ∈ DG(D) for
every n ∈ N, then there exists an open set U1 in X such that D ∩U1 = U , and
there exist Wn ∈ DG(X) such that Vn = D∩Wn for every n ∈ N. Since X is a
GID-space, W1 = U1 ∩ intX(∩∞n=1Wn) is nonempty. So ∅ 6= D ∩W1 ⊂ U ∩W .
Therefore D is a Baire space. ¤

Let X be a topological space. Recall that a subspace A of X is semi-open
if A ⊂ cl(int(A)). Let SO(X) denote the collection of semi-open subspaces of
X. Clearly for any topological space X, T

′
(X) ⊂ TG(X). In the following

theorem we show that when the converse is true and we obtain some algebraic
and topological characterizations of GID-spaces.

Theorem 3.8. For a topological space X the following conditions are equiva-
lent.
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1) X is a GID-space.
2) TG(X) = T

′
(X).

3) V (X) = T
′
(X).

4) DG(X) ⊂ SO(X), i.e., every dense Gδ-set of X is semi-open.
5) If f ∈ F (X) and the set of points at which f is continuous is dense in

X, then there exists a dense open set D of X such that f |D ∈ C(D).

Proof. 1) ⇒ 2). Clearly T
′
(X) ⊂ TG(X). If f ∈ TG(X), then there exists a

D ∈ DG(X) such that f |D ∈ C(D). So by 1) Do is dense in X and f |Do ∈
C(Do), i.e., f ∈ T

′
(X). Thus TG(X) ⊂ T

′
(X). So TG(X) = T

′
(X).

2) ⇒ 3). Since for any topological space X we have T
′
(X) ⊂ V (X) ⊂

TG(X), 2) ⇒ 3) holds.
3) ⇒ 4). Let D ∈ DG(X). Then there exists an f ∈ F (X) such that

D = C(f) [7], and so f ∈ V (X). But by 3) V (X) = T
′
(X), so f ∈ T

′
(X)

and so there exists a dense open subset D1 of X such that f |D1 ∈ C(D1). So
D1 ⊂ D = C(f) and thus intXD is dense in X, i.e., D is semi-open in X.

4) ⇒ 1). It is straight forward.
1) ⇔ 5). Since for every f ∈ F (X), C(f) is a Gδ in X and for every

D ∈ DG(X) there exists an f ∈ F (X) such that C(f) = D [7], we are done. ¤

If X satisfies the equivalent conditions of the above theorem, then DG(X)
is a Gδ-filter in X. So we have the following proposition:

Proposition 3.9. If X is a GID-space, then X is a Volterra space.

Proof. It is follows from Theorem 3.8 and Theorem 2.2. ¤

Proposition 3.10. (a) If X is an almost P-space, then X is a GID-space.
(b) If X is an almost P-space, then X is a Volterra space.

Proof. (a) If D is in DG(X), then by [13] Do
1 is dense in D1. Thus Do

1 is dense
in X. Thus X is a GID-space. Now (b) follows from Proposition 3.9. ¤

Remark 3.11. By Corollary 2.2 X is Volterra if and only if DG(X) is a Gδ-
filter. So by Proposition 3.9 if X is a GID-space, then DG(X) is a Gδ-filter.
The converse is not true, for a simple example DG(R) is a Gδ-filter, but R is
not a GID-space.

Proposition 3.12. Let X be an open dense subset of a topological space Y .
Then X is an almost GP-space if and only if Y is an almost GP-space.

Proof. Let Y be an almost GP-space. Then by Theorem 3.5, X is an almost
GP-space. Conversely if X is an almost GP-space and if V is a dense Gδ-set
of Y , then V

⋂
X is a dense Gδ-set of X, so by hypothesis, ∅ 6= intX(V ∩X) =

intY (V ∩X) ⊂ intY V . Therefore Y is an almost GP-space. ¤

Proposition 3.13. Let X be an open dense subset of Y . Then X is a GID-
space if and only if Y is a GID-space.
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Proof. Similar to the proof of Proposition 3.12. ¤

Recall that if X is locally compact, then X is open in βX, the Stone-Čech
compactification of X.

Corollary 3.14. If X is locally compact, then X is an almost GP-space
(respectively a GID-space) if and only if βX is an almost GP-space (respectively
a GID-space).

Example 3.15. Let X be the set of reals equipped with the co-finite topology.
Then it is well-known that X is a Baire space, and so it is of the second category
and Volterra. Since G = X \ N is a dense Gδ-set with an empty interior in X,
where N is the set of positive integers, X is not an almost GP-space.

Let X and Y be topological spaces, recall that a function f : X → Y is
feebly open if for each A ⊂ X having nonempty interior we have intY f(A) 6= ∅.

The proof of the next result is modelled of the proof of Proposition 5.1 in
[8] and Proposition 2.3 in [2]. Also our next result generalizes Proposition 2.3
in [2].

Theorem 3.16. (I) Let X be an almost GP-space. If f : X → Y is continuous,
onto and feebly open, then Y is an almost GP-space.

(II) Let X be a GID-space. If f : X → Y is continuous, onto and open, then
Y is a GID-space.

(III) If
∏

i∈I Xi is an almost GP-space, then so is each Xi.
(IV) A finite product of almost GP-spaces is an almost GP-space. But no

infinite product spaces with more than one point is an almost GP-space.

Proof. (I). If A is a dense Gδ-set of Y , then as proof of Proposition 5.1 in [8]
f−1(A) is a dense Gδ-set of X. Since X is an almost GP-space, intXf−1(A) 6= ∅,
So by hypothesis ∅ 6= intY f(f−1(A)) ⊂ intY A. Thus Y is an almost GP-space.

(II). Let A be a dense Gδ-set of Y and let X be a GID-space, so intXf−1(A)
is dense in X. So by hypothesis, f(intXf−1(A)) is open dense in Y . Since
f(intXf−1(A)) ⊆ intY A, we have intY A ∈ DG(Y ) and thus we are done.

(III) and (IV). The proofs of (III) and the first part of (IV) are clear. For
the second part of (IV), let X =

∏
i∈I Xi, where I is infinite. Put Hin =∏

in 6=j∈I Xj × Gin , where Gin 6= Xin is dense open of Xin , clearly ∩∞n=1Hn ∈
DG(X) has empty interior. ¤

Remark 3.17. Recall that a space is Baire if and only if each non-empty open
subspace is of second category. Gauld, Greenwood, and Piotrowski ([8]) have
shown that a space X is Volterra if and only if each non-empty open subspace
is weakly Volterra.

The following theorem emphases how the relationship between a GID-space
and an almost GP-space parallels that between Volterra and weakly Volterra
stated in the above Remark.
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Theorem 3.18. For a topological space X the following conditions are equi-
valent:

(1) X is a GID-space.
(2) Every nonempty open subspace of X is a GID-space.
(3) Every nonempty open subspace of X is an almost GP-space.

Proof. (1) ⇒ (3). Let X be a GID-space. If U is a nonempty open set of X
and if V is a dense Gδ-set of U , then D = V ∪ (X \ U) is a dense Gδ-set of X
and by hypothesis intXD is dense in X. So ∅ 6= intXD∩U = intU (D∩U) ⊂ V ,
thus intUV 6= ∅. So U is an almost GP-space.

(3) ⇒ (1). Let each nonempty open subspace of X be an almost GP-space.
If A is a dense Gδ-set of X and U is a nonempty open set of X, then U ∩ A
is a Gδ-set of U which is dense in U . Since (3) holds, ∅ 6= intU (U ∩ A) =
intX(U ∩A) = U ∩ intXA. Thus intXA is dense. So X is a GID-space.

(2) ⇒ (3). It is obvious.
(3) ⇒ (2). Let U be a nonempty open set of X. Since every nonempty open

set W of U is open in X, by hypothesis W is an almost GP-space. Thus similar
to the implication (3) ⇒ (1) U is a GID-space. ¤

Our next result is similar to Proposition 4.3 in [8].

Proposition 3.19. Let U be a collection of open subsets of the space X whose
union is dense in X. Then:

(1) if there is some nonempty U ∈ U such that U is an almost GP-space,
then X is an almost GP-space.

(2) if every member of U is a GID-space, then X is a GID-space.

Proof. (1) Let D ∈ DG(X). Then D ∩ U is a dense Gδ-set of U . Since U is
open and U is an almost GP-space, ∅ 6= intU (D ∩U) = intX(D)∩U ⊂ intXD.
So X is an almost GP-space.

(2) Let V be a nonempty open set of X and D ∈ DG(X). So by hypothesis
there exists a U ∈ U such that U ∩ V 6= ∅. Since D ∩ U ∈ DG(U) by (2)
intU (D ∩ U) = U ∩ intXD is dense in U . So ∅ 6= U ∩ V ∩ intXD ⊂ V ∩ intXD
and thus intXD is dense in X. So X is a GID-space. ¤

Corollary 3.20. The topological sum of a family of GIP-spaces (almost GP-
spaces) is a GIP-space (an almost GP-space).

Acknowledgement. The author thanks the referee for his careful reading and
valuable comments.
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