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ANOTHER METHOD FOR PADMANABHAM’S
TRANSFORMATION FORMULA FOR EXTON’S TRIPLE
HYPERGEOMETRIC SERIES Xg

YonG Sup KiM, ARJUN KUMAR RATHIE, AND JUNESANG CHOI

ABSTRACT. The object of this note is to derive Padmanabham’s trans-
formation formula for Exton’s triple hypergeometric series Xg by using
a different method from that of Padmanabham’s. An interesting special
case is also pointed out.

1. Introduction and preliminaries

In 1982, Exton [3] introduced a set of 20 triple hypergeometric series X; to
Xoo of which we recall here the definition of Xg:

XS(av bv C; d7 €, f; X, Y, =

)
(1.1) —  (@)2mintp (D)n (c)pa™y" 2P
Z (d;rmJ(re)n (f)p m!n!p! ’

m,n, p=0
where (a),, denotes the Pochhammer symbol defined by

Ia+n)

1.2 n= 0,-1,-2,...;n=0,1,2,...).
12)  (0a=—pos? (a# n )
The precise three-dimensional region of convergence of (1.1) is given by Srivas-

tava and Karlsson [9, p. 101, Entry 41a]:
dr=(s+t—1)>% J|z|<r |yl<s, and |z|<t,

where the positive quantities r, s and ¢ are associated radii of convergence.
For details about this function and many other three-variables hypergeometric
functions, one refers to Srivastava and Karlsson [9].
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Exton [3] gave the following Laplace integral representation of (1.1):
XS(aa b7 (& d7 €, fJ x,Y, Z)
1.3 1 o0
(3 _ L / e u o Fi (= d; v a) 1 Fi(b; es uy) i Files f; uz)du,
I'(a) Jo
provided R(a) > 0.
It may be remarked in passing that Xg reduces to Horn’s function H, when
z — 0 and the Appell’s function F» when z — 0.
Srivastava and Panda [11, p. 423, Eq. (26)] presented a definition of a general
double hypergeometric function:

piaik | (ap) 1 (bg) (k)
k| o) L (G |

(1.4) _ i 122y (a)res TIE2, (0)r TTh_y (c)s 2"y
r,s=0 Hé‘:l (aj)r-‘rs H;nzl (ﬁj)r H?:1 (’Yj)s rls! ’

where the several cases of convergence conditions are given in [10, p. 64]. Note

that Srivastava and Panda’s function (1.4) is more general than the one defined

by Kampé de Fériet [5] (¢f. Appell et Kampé de Fériet [1, p. 150, Eq. (29)].
In 2003, Padmanabham [6] obtained the following result for Xs:

XS(a7 b7 b7 d7 ¢ C; T, =&, I)

(1.5)

1,1 1

9. sa, sa+5 b, c—b T 2

= Fpg | 2t e Ty b 2? dx
o - T G Ecu §C+§ ; d )

by employing the following result due to Ramanujan [4] involving product of

two generalized hypergeometric series:

1.1 1 22
(1.6) 1Fi(a;b;2) x1Fi(a;b; —x)=2F3 |a,b—a; b, §b, §b+§;Z .

Consider the special case of (1.5) when ¢ = 2b:
Xs(a, b, b; d, 2b, 2b; x, —x, x)
(1.7) %a, %a + % b ==

_ 12:150
=Fy.0/ T :2b,b—|—% cod

z2, 44 .

It is interesting here to point out that, instead of (1.6), the identity (1.7)
can also be established by using the following well-known Preece’s identity [7]
involving product of two generalized hypergeometric series:

1 2
(1.8) 1Fi(a; 2a; ) x 1F1 (a; 2a; —x) =1F (a; 2a, a + 3 i) .
We will derive Padmanabham’s transformation formula (1.5) for Exton’s
triple hypergeometric series Xg by using a different method from that of Pad-
manabham’s. For our purpose, we recall here Dixon’s theorem [8, p. 250] for
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the well poised 5F5(1):

a, b, ¢
3F% l4a—bl+a—c '
(1L9) T+ 4a)Tl+a-bT(l+a—l (1+3a—b—c)

Fl+al (1+3a—b)T(1+3a—c)T(1+a—-b—c)
(R(a—2b—2¢) > -2).

We also recall the following well-known identities involving the Pochhammer
symbol in (1.2) (see [8, p. 6-8]):

_ (_l)p (a)n N (_l)p n! . )
(1.10) (@)n—p = —a-n), and (n—p)!= =n), (a=1);
(),
Fla—n)  (=1)"
) o) ~(-a)
(1.13) (@)m (@ +m)p = (a)mn-

2. Derivation of (1.5)
Replacing ¢ by b, e and f by ¢, y by —z, and z by « in (1.1), we have
Xg = Xg(a, b, b;d, ¢, c; x, —x, x)
1 m+n+p

)

i i (@2t (B)n (B)p (1)

(d)m (¢)n (¢)pm!n!p!

which, upon using (a)2m+4n+p = (@)2m (a + 2m),4p, becomes

(2.1) -3 (@) mel Sy (ekm) m(b) (b)y (1) a7

22y () () ! P!

By making use of the well-known formal manipulation for double series (for
more related formulas, see [2]):

[e.9]

S A= "> Apns

n=0 k=0 n=0 k=0
n (2.1), we obtain

n—p ,.n

(2.2) Xg = M % (@+2m)n (O)n—p (b)p (=1)" P 2™

m=0 (d)m m: n=0 p=0 (C)P (C)’ﬂfp (n - p)'p'
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Applying Dixon’s theorem (1.9) to 3F3(1) in (2.3), we obtain

> 5 )m g—|—lm(4%‘)m > (a+2m), (b), (—2)"
ngz(2) (?d)mizﬂ Z( + ()C)TET)L'( )

(2.4)

m=0 n=0

- A(b, ¢; n),
where, for convenience,
L(e)T(1—=b—n)T (¢c—b+3n) T (1—in)
Dc—=b)T(c+3n) T (1—b—4n) T(1—n)

By making use of Legendre’s duplication formula for the Gamma function:

r (;) I'(20) =2271T(a) T <a + ;) ;

L) T1—=b—n)T (c—b+3n)  2"T(3)
F(c—b)T (c+4n) T (1—-b—14n) T( z
from which we see that

(2.5) A(b,c;n)=0

whenever n is an odd positive integer.
Considering (2.5), we can rewrite Xs in (2.4) as follows:

A(b, c; n) =

we have

A(b, c;n) =

N[ =

o (8), (B4 3), 0™ SN (a+ 2m)an (B)on 2"
Xs = ZO (d)m m! ;O (C)2n (20)!
T(QT(1—b—2n)T(c—b+n) 2°'T(3)
Llc=b)T(c+n)T(1-b-n) T (3-n)

)

(2.6) m=

2
If we employ (1.11), (1 12) and (1.13) in (2.6), we finally obtain

i Z m+n ( a+ %)m+n (b)n (¢ = b)y 2™ (4z)™

7=0 m=0 I (3¢), (3¢+3), (dmnim! ’
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which, upon using (1.4), leads to the desired formula (1.5).

n
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3
4
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