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SPECIFIC EXAMPLES OF EXPONENTIAL WEIGHTS

HEESUN JUNG AND RYOZI SAKAI

ABSTRACT. Let Q € C2 : R — [0,00) be an even function. Then we will
consider the exponential weights w(z) = exp(—Q(z)) in the weight class
from [2]. In the paper, we will give some relations among exponential
weights in this class and introduce a new weight subclass. In addition,
we will investigate some properties of the typical and specific weights in
these weight classes.

1. Introduction and results

Let Q € C*? : R — [0,00) be an even function and w(x) = exp(—Q(z)) be
such that for alln =0,1,2,...,

o0
/ " w? (x)dr < oo.
0

A function f : R — [0, 00) is said to be quasi-increasing (quasi-decreasing) if
there exists C' > 0 such that f(z) < Cf(y)(f(z) > Cf(y)) for 0 < x < y. For
any two sequences {b,, }52; and {c,}52; of nonzero real numbers (or functions),
we write by, ~ ¢, if there exists a constant C' > 0 independent of n(or ) such
that b, < C¢, for n large enough and b, ~ ¢, if b, N ¢, and by, N Cn.-

Throughout the sections, C, 4, Co,... denote positive constants indepen-
dent of n, z,t. The same symbol does not necessarily denote the same constant
in different occurrences.

We shall be interested in the following subclass of weights from [2].

Definition 1.1. Let Q(z) : R — [0,00) be even and satisfy the following
properties:
(a) Q'(x) is continuous in R, with Q(0) = 0.
(b) Q" (z) exists and is positive in R\{0}.
()
lim Q(x) = oo.
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(d) The function

is quasi-increasing in (0, c0) with
T(z)>A>1, xeR\{0}.
(e) There exists C; > 0 such that
Q" (x) Q' (=)
<C ,
Q@)= Q)

Then we write w(z) € F(C?). If there also exist a compact subinterval J(3 0)
of R and C5 > 0 such that

Q" (=) Q' ()]
@@= Q)
then we write w(z) € F(C?+).

(1.1) a.e. x € R\{0}.

a.e. ¢ € R\J,

Remark 1.2. (a) The simplest of the above definition is when T'(z) is bounded
in R. This is the so-called Freud weight case. Typical example then would be

Q@) =le*, a>1.
(b) A more general example satisfying the above conditions is

Qra() = expy([z[") — expy(0),
where @ > 1 and [ > 0. Here we let expy(z) := = and for [ > 1, exp;(z) =
exp(exp(--- (exp(;))---)) denotes the [ th iterated exponential. In particu-
lar, exp;(xz) = exp(exp;_;(x)). We estimate the details of these examples in
Section 3.

For the future works such as the differential relation of orthogonal polyno-
mials with respect to the exponential weights, we need further assumptions
with respect to Q(z) (see [1, 3]). In the following, we introduce a new weight
subclass of the weight class in Definition 1.1.

Definition 1.3. Let w(z) = exp(—Q(z)) € F(C?+) and v be a positive inte-
ger. Assume that Q(x) is v-times continuously differentiable on R and satisfies
the followings;
(i) QWY (z) exists and Q¥ (x),i = 0,1,...,v+1 are nonnegative for z > 0.
(ii) There exist positive constants C; > 0 such that for z € R\{0}

/
(1.2) QU (2)| < Ci|QW () '?Q((;))', i=2,...,V.
(iii) There exist constants 0 < ¢ < 1 and ¢; > 0 such that on (0, ¢1]
é
(1.3) QU(z) < C (i) .

Then we write w(x) € F,(C?+).
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The following theorems give some relations of theses exponential weights.

Theorem 1.4. Let w(x) = exp(—R(z)) € F(C?). Then
(a) if Q(x) = exp(R(z)) — 1, then w(z) = exp(—Q(z)) belongs to F(C?).
Moreover, if w(x) = exp(—R(xz)) € F(C?+), then w(x) = exp(—Q(x))
belongs to F(C?+).
(®) if Q(z) = (1+|z|)B® —1, then w(z) = exp(—Q(z)) belongs to F(C?+).
(¢) if Q(z) = (1 + R(z))®®) — 1, then w(x) = exp(—Q(x)) belongs to

F(C?*+).
Remark 1.5. For all cases of Theorem 1.4
Q"(z) Q' (x)
— 1, asz — oo.
Q@) Q)

Theorem 1.6. Let v be a positive integer and w(z) = exp(—R(x)) € F,(C%+).
Then w(x) = exp(—Q(x)) belongs to F,(C*+), where Q(z) = exp(R(x)) — 1.

In the following section, we will prove the results in Section 1. In addition,
we will investigate some properties of the typical and specific weights in the
weight classes of Definitions 1.1 and 1.3.

2. Proofs of theorems

In this section we will prove the theorems of Section 1.

tint
Lemma 2.1. Fort>1, - s increasing and

t—1
tint
2.4 1.
(2.4) 1
Proof of Theorem 1.4. First, we start by letting
xR (x)
2. T = > A 1

since w(x) = exp(—R(z)) € F(C?).
(a) Let S(z) = exp(R(z)) and 2 > 0. Then since
Q@)= R(@)S@), and Q"(x) = (R'(x) + R*(x)) S(x),
by the conditions of R(x) and S(x) we see that (a), (b), and (c) of Defini-

tion 1.1 are satisfied. For T'(z), we know that Tr(z) is quasi-increasing and
S(z)InS(x)/(S(x) — 1) is increasing by Lemma 2.1. Therefore, since

zQ'(x) _ zR(z)S(x) _ (x)S(x) In S(z)
Q(2) S(z) —1 B8 =1

T(x) is quasi-increasing. By (2.4) and (2.5) we have

S(z)InS(x)
S(xz) -1

T(z) =

T(a:) = TR(SL') > TR(.T) >Ar > 1.
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On the other hand, we have

Q"(z) _ R'(z)+ R*() < R'(x)
Q' (z) R (z) R(z)
because we know from (2.4) that

Q@) _ RS@) _R@) Q@) RS@ .
QW) ~ 8w -1 R@) M Qw ~s@-1 7 T
Therefore, we have w(z) = exp(—Q(x)) € F(C?). Now, suppose w(z) =
exp(—R(z)) € F(C?+). Then there exists a positive constant ¢ such that for
x > ¢ > 0, we have by (2.6) and (2.7)

Q@) ooy B@ | pry < BY(@) o Q"(x)

) == g HEO S gy TR0 = Gy
Therefore, w(x) = exp(—Q(x)) € F(C?+).

(b) Let S(z) = (1 + |=|)®*) and z > 0. Then

Q'(z) = 5'(z) = S(x)f(x) and Q"(z) = (f'(z) + f*(2)) S(x),

where

(2.6)

(2.7)

R(x)
2.8 = R/'(z)In(1 .
(2.8) (@) = R(z)In(1 + @) + - —
Therefore, by the conditions of R(x) and f(z) we see that (a), (b), and (c) of
Definition 1.1 are satisfied. To prove T'(z) is quasi-increasing in (0, 00), we let

(
xQ'(x) _ _ S(z) ()

T(z) = (xR’(x) In(1+4 )+ x

)

Q(x)  S(z)—1 1+
S(x)InS(x) S(z)R(x) =
TR =1 T S@-11+2
= A(z) + B(z).
Since for x > 0
0< —— <1,

(14+2)In(1+=z)
from Lemma 2.1 we have for 0 < z < 1
S(z)InS(x) x S(1)In S(1)

(2.9) 0<B(z)= S@ -1 (l+rohlta) = SO -1

and since for x > 1

Sz) &«
Sx)—11+=z ’
we have
(2.10) B(x) ~ R(x).

Now, let 0 < < y. Then we know that from Lemma 2.1 and (2.5)
(2.11) A(y) R A(z) > Ag > 1.
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If 0 < « < 1, then we have from (2.9) and (2.11)

S(l) In S(l) < <
W ~ A(y) ~ T(y).

If # > 1, then since R(z) is increasing, we have by (2.10) and (2.11)
T(x) = A(z)+ B(zx) ~ A(z) + R(z)
S A(y) + R(y) ~ Aly) + By) = T(y)-
Therefore, we have for 0 < z <y
T(x) S T(y),
that is, T'(z) is quasi-increasing for 2 > 0. Moreover, we have
T(z) > A(z) > Ag > 1.
On the other hand, we can see that Q" (z) > 0, because we know from (2.8)

R(x) (2Tg(z) — 1) + 2R/ (z)

T(z) = A(z) + B(x) < A(x) +

(2.12) f'(z) =R'"(z)In(1+2x) + e > 0.
For 0 < z < 1, we know that

2.13 In(1 ~ d ~ 1.

(2.13) n(l+z)~z an T2

Since for 0 <z < 1
InS(z) = R(z)In(1 + z) ~ 2R(x),
there exist positive constants C7 and Cs such that
exp(Cr1zR(x)) < S(x) < exp(CazR(x)).
Therefore, we have
exp(Cr1zR(x)) — 1 ~ exp(CazR(z)) —1 ~ xR(x).

So, we obtain that for 0 < z < 1

(2.14) S(x) — 1~ zR(z).
From (2.8), (2.12), and (2.13), we obtain that for 0 < z < 1
(2.15) f(x) ~ 2R (z) + R(x)
and
(2.16) f(x) ~zR"(x) + 2zR' (x) — R(x) + 2R/ (z).
Then we have by (2.14) and (2.15)
e T — @+ @
N . xR (x) + R(x) . Rz) 1
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and by (2.15) and (2.16)

Q@) _ s L@
(2.18) 0w - f(@) + @)
o f(g) o SR(@) + 20K (2) — R(z) + 2R (z)
f( )+ xR’( ) (.13)
< s B@ 1 < gy o @)

Therefore, we have for 0 < z < 1
Q') < Q)
Qz)  Qx)

Now, we consider x > 1. Then

1 1
1+z =
From (2.8), and (2.12), and (2.19), we obtain that

R@) ()

(2.19) In(l14+2z) ~Ilnz and

(2.20) fx) ~ R(z)Inz +

R(z)
and
(2.21) fl(x) ~R'"(x)Inz + @
Therefore, we have by (2.17)
Q'(z)
oW f(z)
and by (2.18), (2.20) and (2.21)
< Q@) oy, Bl@ et Ri(z)/z
o)~ ) T ) o + R(w)/
; Ri@) R <,  B@ <,
F@)+ i + e & £a) + ) S )

Thus, we have for z > 1,
Q'(x) Q)
Q) Q)
Therefore, we obtain the result.

(c) This part is similar to the proof of (b). Let S(z) = (1 + R(x))®®) and
2 > 0. Then

Q'(z) = '(z) = S(2)f(x) and Q"(z) = (f'(x) + f*(2)) S(x),

where

(2.22) f(x) = R'(z)In(1 + R(x)) +

~ f(@).

R/ () R(x)
1+ R(z)
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So, we have
xQ(x) - S@)InS(z) S(x)zR'(z) R(z)
@) = om TR =gy=1 " S -1 1+ k@)
= A(z) + B(x).
Since for x > 0
2R/ ()

0< < TR(.’E),

(1+ R(x))In(1 + R(x))
from Lemma 2.1 we have for 0 < x < 1
S(z)InS(x) xR (x) < S(1)In S(1)
S(x)—1 (1+ R(z))In(1+ R(z)) S(1) -1

and since for x > 1

0< B(z) =

Tr(1)

S(z)  R(x)
S(x) — 11+ R(x)

~ 1,

we have

B(z) ~ zR'(z).
Then by the same argument as the proof of Theorem 1.4 (b) we can show that
T(x) is quasi-increasing for = > 0 and

T(x) > Ar > 1.

Also, we can see that Q”(z) > 0 because

(2.23)

N it R"(z)R(z) + 2R"?*(z) + R"(z)R%*(z) + R"?(x)R(x)
f(z) = R"(z) In(1+R(x))+ (1T R@)?
Let xy be the positive constant satisfying R(z¢) = 1. Then for 0 < z < xg, we
know that

> 0.

(2.24) In(1 + R(z)) ~ R(z) and %R(x) ~1
and similarly to the proof of (b),
(2.25) S(z) — 1~ R*(x).
From (2.22), (2.23), and (2.24), we obtain that for 0 < z < zg
(2.26) f(z) ~ R(z)R (x)
and
(2.27) f'(z) ~ R"(x)R(x) + R*(z) + R*(2)R(x).
Then we have by (2.25) and (2.26)
(2.28) e = @)+ g /@)

g BOR@) R
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and by (2.26) and (2.27)

RN LC) B i)

Q' (x) f(z)
R'(2)R(z) + R?(z) + R'(2)R(x)
~ )+ R(@)R (z)
R'(x)

Therefore, we have for 0 < z < xg

Q"(x)  Q(x)

~

Q'(z) Q)

We consider x > x¢. Then

1 1
2. In(1 ~1 ~ .
(2.30) n(l+ R(x)) ~InR(z) and TR " RO

From (2.22), (2.23), and (2.30), we obtain that for z > x

/ > R'(x)
(2.31) f(z) ~ R'(z)In R(x) R2)
and
! /! Rl2(x)
(2.32) f'(z) ~ R"(z)In R(x) + Rx)
Then we obtain by (2.28)
Q'(x)
Q) "
and by (2.29), (2.31), and (2.32),
< Q"(@) R'(z)In R(x) + R*(z)/R(x)
MO~ Gw ~ IO T R R
< ppy o @) R(z) <.y, B@) <.
1@+ oy T Rowr@ ~ W T R ~ @

Thus, we have for x > xg,
Q'(x) Q)
Q'(z)  Qx)

Therefore, we obtain the result.

~ f(@).

Proof of Theorem 1.6. Let S(x) = exp(R(z)). Then since for k =1,2,...,v+
L

k—1

(2.33) @sz’(

=0
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by the inductive method, we have that Q™) (z), k = 0,1,...,v are continuous
onR, Q¥ (2) >0,k=0,1,...,v+ 1, and

QU () (’E)R”1>w5<’“"'>(> _ Zo (R @) (a)
QM (x) ( R+ (2)§k=-1-0 () YF  (*THR <z>( )S (k=) (z:)
R/ (2)S®) (x) Yy (RO (2) 8% (@)
:zmk RO ()56 (a +Zf:1( D S<k 9()
S (z k R(H—l) R(z—‘,—l)(x)
+ Rl(z)+ ) —=—"
SRR Loy 2 )
< ey s B < Q’() _ ,
BT Ry ~ Qs B

For z € (0,¢], since R¥™(2) & 279, 0 < § < 1, we have by (2.33)

?

Q@) = Y (V)R @) )
0()

=

_ (u+1 v z+1) §v—i)
R )+ Z <Z> (z)
S RN (@)01)+0(1) R a0

because R (x) and S (z),i = 0,1,...,v are increasing. Therefore, the result
is proved. ([

Proof of Remark 1.5. Case of Q(x) = exp(R(z)) —1:
Q"(x) Q'(x)
Q'(z)" Qz)
Case of Q(z) = (1 + R(x))?®) —1 : Here, S(z) = (1 + R(z))®® and f(z) =

R'(z)In(1+ R(zx)) + leR(I() . Then since

/

=1+ O(1/R(x)).

S"(x) S"(x) Ji_ S S ST — 00
S (x) / S(z) =1+ 12 1+0 (R(m) lnR($)> booa 7
we have
QVw Q@) _ 8@ S@)

A Q'(z) Qz) ~ oo S’(x)/ S(x)

Case of Q(x) = (1+ |z[)®® —1: The proof of this case is similar to the above
case. g
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3. Examples of exponential weights

Now we will consider some typical examples of F(C?+). Define for a > 1
and [ > 1,

(3.34) Qua(z) = expy(|2|*) — expy(0).

More precisely, define for a4+m >1, m>0,1>1 and a > 0,
(3.35) Qua.m (@) = [z[™ (expy(|2]*) — a” expy(0)),
where o = 0 if a = 0, otherwise a* = 1 and define

(3.36) Qolz) := (1 +|z)lI" =1, a > 1.

In the following, we consider the exponential weights with the exponents

Ql,a,m(x)'

Theorem 3.1. Let v be a positive integer. Let m+a —v > 0. Then
(a) w(z) = exp(—Qra.m(x)) belongs to F,(C*+).
( ) Ifl > 2 and o > 0, then there exists a constant ¢ > 0 such that
1.0m(T)/Qua,m(2) is quasi-increasing on (c1,00).
(c) When | = 1, if a > 1, then there exists a constant co > 0 such that
1o () Qla,m(T ) is quasi-increasing on (ca,00) and if 0 < o < 1, then
Q0. (®)/Qua,m(T) is quasi-decreasing on (c2,00).
(d) Whenl=1and 0 < a < 1, Ql(”(j;)( ) is non-decreasing on a certain
positive interval (cz,00).

Proof. (a) Let Ry(x) := exp;(|z|*) and = > 0. Suppose H?:l Rj(x) :==1 and
H_l Rj(x) := 0. Then since

!
(3.37) Q' (x) = ma™ (R (z) — R(0)) + az™Fo~! H R;(x)

Jj=1

/ az® IT (z
‘“”:i<m+ lLﬂ&<v_

we have

Rl(x) — Rl(O)

Therefore we have

Q' (x) ox® Hi‘:l R;(x)
@) " TR -RO)

Let S;(u) = Ry(x) for u = z*. Then

!
HS u)+5(0) | =u HSj(u) >0

j=1

T(z) =
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and

l

uw ] 8i(u) = Si(u) + Si(0) =0,
j=1 u=0

so we have

l l

.S, 21T, R,
(3.38) UHJA i (u) =z ijl i () 1

Sl(u) — SZ(O) o Rl(l') — RZ(O) -
Therefore we have
Tx)>m+a>1.

Here,
1
x H =1 RJ (x)

3.39 ——= 2 51 asx—0"
( ) Rl(.’L‘) — Rl(O)

and for sufficiently large = > 0

1 -1
e [Ty Ri(@)

3.40 —I= L ~zx* || R(z).
(3.40) - ro ~ " LA

Then by similar method to the proof of Theorem 1.4 (b) we know that T'(z) is
quasi-increasing for x > 0. Denote for a € R and an integer k& > 0,

oPri=ala—1)---(a—k+1) and ,Py:=1.
Then we have the following lemma.

Lemma 3.2. For k>1 and x > 0,

341) QY (x) = P2 " (Ri(z) — Ri(0))

l,a,m
l
+ (m—‘,—aPk: - mPk) xm_k-‘ra H R7 (.TI) + Ek:(x)a

j=1
where Ey(x) :=0 and if we let for k > 2

/

l
(3.42) 96(2) = (mraPict — mPre1) 2™ FHF (T R(2) |
j=1

then
(343)  Ex(@) =0V @) + 0V @) 4+l (@) + k().
Moreover, if m 4+ o —k+1 > 0, then we have Ex(x) > 0 and

k Ql,a,m x
(3.44) *) (2) > msaPe - T()

l,a,m
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Proof. Let x > 0. Since

!
(3.45) Q) g (2) = MQtam (@) + ax™ e [ Ry (@),

j=1
we see that (3.41) and (3.43) hold for ¥ = 1. Then by the inductive method,
we can easily see that (3.41) and (3.43) hold for all k£ > 1. First, we know that
mtaPr —mPr > 0fora>0,k=0,1,.... For j =2,...,k, g§k_j)(x) is finite
sum of the terms of Az*F(z) form where A is the product of positive numbers
or the numbers > m+a—k+1, s > m+2a—k, and F(x) is a function by sum

of products of R;(x). Therefore, if m+a—k+1 > 0, then since gj(k_j)(x) >0,

j=2,...,k, wesee Ep(x) > 0. Thus, if m +a —k+1 > 0, we have by (3.41)
and (3.38)

l,a,m

l
1) (@) = Py 2™ (Ri(2) = Ri(0)) + (mya Pk = mPr) 2™ 5 T Rj(a)
=1

«@,m x
_ m+aP]g.’L‘m_k(Rl(x) _ Rl(O)) — m+apk%k(),

Therefore, we prove the lemma. (I

Now, suppose m + « — v > 0. Then since
xlir&_ Ql,a,m(m)/x =0= xli%l_i_ Qg,a,m(ir)
and similarly,
lim Qram(z)/z=0= lim Q) ,.,.(2),
e—0— om0 Yha
we can see from (3.37) that @], ,(0) = 0 and @], () is continuous on R.

To use the mathematical induction, suppose Ql(lf;;)(O) =0,1<k<v. Then
if we show

)

Qe (0) = lim Q") (@) [ = 0,
then Ql(k(zm(O) for all 1 < k < v, because Q1,0,m(0) = @], ,,,(0) = 0. Then
from (3.41),

lim Qify,)(@)/e = lim [Py F - (Ri(x) = Ri(0))

20+ l,a,m

Ek,l(x)

l
+ (m+aPk — mPk) xm7k+a H Rj (x) + =0.

Jj=1

(k_l)(x)/x = 0. Therefore, we know that Q" (0) =0,

la,m l,a,m

1 < k < v. Moreover, from the form of (3.41) we have that Q(k) (2),1<k<v

l,a,m
are continuous on R. On the other hand, we also know from Lemma 3.2 that

Similarly, lim,_o_ @
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(@ () >0,i=0,1,...,v+1 for z > 0. Now, consider for 0 < x < 1. From

l,a,m
the representation of Ej(x), we know that

Ei(z) = O(z™* %) and  Qpa.m(z) ~ 2™t
Then we have from (3.41)
Lo (7) = meaPi 2™ F - (Rix) — Ri(0))

l,a,m
1
Ri(z) — Ri(0
+ (el = mP) a0 | [ Ryt - RO ) L )
=1 v
< mMPkin’“ﬁ(z) +O0@@™ R + O h).
Consequently, from (3.44), we have for 0 < z < 1
(3.46) Q) | (x) ~amtaTk,
Let x > 1. Then since
1 @ _ -1 iy
[[RB@)] ~a (][R | []R@),
Jj=1 J=1 Jj=1
we have for gi(z) defined in Lemma 3.2,
' ‘ -1 oy
g (@)~ am e | T Ry () R;(x).
j=1 j=1
Therefore, we know that k > 2
k—1
-1 !
k—2 mtk(a—
g7 (@) ~am KD | T Ry(a) Rj(x)
j=1 j=1
and for 3<j <k
k—j k—2
6" (@) = o(1)g5"? ().
Thus, we have for > 1 by (3.41)
(3.47)
k—1
-1 !
l(lzm(x) ~ gMk(a=1) H R;(x) H Rj(z), k=1,2,...,v+1,
j=1 j=1

since Q;7a,7,L(x) ~ gmta—l Hé-:l R;(x). Finally, from (3.46) and (3.47) we have
for0<z<landk=1,...,v,

e (7) Qo ()

l,a,m l,a,m

(k) (J,‘) - Ql,a,m(x)

l,a,m

1
T
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and forx >land k=1,...,v,

(k+1) ’
lLa,m (l’) Ql,a,m(x)
(3.48) ® )" Quam(@)

l,a,m

Therefore, w(z) = exp(—Q1,a,m(x)) satisfies (ii) of Definition 1.3. Since m +
a—v—1>—1, we know from (3.46) that (iii) of Definition 1.3 is satisfied.
Thus, w(x) = exp(—Qy.a.m(z)) belongs to F,(C?+).

(b) and (c) : Since from (3.48),

-1
~a* ] Ri(@)
j=1

QE « m(m) 1 =
o T o~ R(:ZZ) ,
Ql,am@ (-7;) ]1;[1 J
we have the results.
(d) : From (3.47), we can see the result. O

Remark 3.3.

(a) From Theorem 3.1, w(x) = exp(—Qy.a.m(z)) belongs to F(C?+).

(b) The weight w(x) = exp(—Qr,0.m (7)), Qi.om(z) = exp;(1) - |z|™, m > 1,
is a well known Freud weight satisfying

T(at) =m, and a~ tom
(¢) When [ = 0, similarly to (b), the weight w(z) = exp(—Qo,a,m(7)),
Qo.0,m(x) = |z|™T%, m + a > 1, is also a well known Freud weight.
(d) From Theorem 1.4 (b), we can see that w(z) = exp(—Qa(z)), a > 1

defined in (3.36), belongs to F(C2+).
(e) For > 1 and a > 0,

lim El,a,m(‘r) ;,a,m(‘r) -1 ;/,O,m(x)/Q;,O,m(x) —1_ i
T—00 Q;)a’m(l‘) Ql,a,m(x) ’ Q;,o,m(x) Ql,O,m(x) m
and for o > 0,
. Q@) Qu(z)
1 =
P 0@ Qula)

In the following theorem, we consider the special cases with nonnegative
even integers m and a.

Theorem 3.4. Let | be a positive integer. Let m and o be nonnegative even
integers with m + o > 1. Then w(z) = exp(—Qp.a.m(x)) belongs to F,(C*+)
forallv > 1.

Proof. We have already proved for v < m + « in Theorem 3.1. Moreover,
since m and « are even integers, we know that for any nonnegative integer
k, Ql(@m(x) is continuous on R. Now, we may consider that m and « are
nonnegative integers with o > 0. Let > 0, m + o < v, and

Ria,m () := |z[™ expy(|2]).
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Then we can prove the following representations by the mathematical induction
method. For 1 < k <m,

k
RY) (@)=Y Cro(a)a™ MRy (a).
s=0

Suppose m+ja+1<k<m+ (j+1a,j=0,1,2... and let kg :=m + (j +
1)a— k. Then
k—j

RY (@)= Crs(@)aotsoRy(x),

s=0
where the coeflicients functions Cy, s(x) are expressed by

Crs(x) = Z positive constant - H R,(z)

finite sum finite product with 0<p<i—1

Then for all £ > m + o + 1 we know that
Q) L (x)=R"  (x)>0.

Consider the case of m+ ja+1<k<m+ (j+ 1)a, j =0,1,2.... Then for

0 < z < 1 we know that

R(k) k}o .

l,a,m(x) ~T

Therefore, we have for any k > m+a+1and 0 <z < 1,

k

l(,oj::n) (‘T) a—1 < Q;,a,m(x)
LT orl/zx ~1/x ~ 22—,
(@) Qtaim (@)

On the other hand,
k

-1
Ry () = Cea™ M T Ri(w) | Biw) + 30 pla)F() (o),

finite sum

where C, > 0, p(z) is a polynomial with nonnegative coefficients, and

F(z)= H RY (x)

with 0 <s; <kand 0 <s;+s2+---+ 51 < (I —1)k. Then we have for any
kE>m+a+landz>1

) @) =R (@) v (T] Ri2) | Ria).

Therefore, we have (3.48). O
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Let

gla,z) =
Then we know that

d*g(a, ) :zk: kE\ aPey1 2077
dxk j) a—j (14 x)k+t

Jj=0

and if o > k, then d*g(a, z)/dz* > 0 for > 0.
In the following, we consider the exponential weights with the exponents

Qu(x).

Theorem 3.5. Let v be a positive integer and o > v. Then w(x) =exp(—Qq(z))
belongs to ]:I,(C'Q—&—). Moreover, there exists a positive constant co > 0 such that
QL (2)/Qa(x) is quasi-increasing on (c2,00).

Proof. Let S(z) = (1+ |z|)*" and = > 0. Then
Qa(z) = §'(x) = S(2) f(2),
where
(3.49) f(z) = az®* 'In(1 4+ z) + g(a, ).
Then for £k =0,1,...,v
k ; .
oo d* gl — j,x
f(k)(x):apk+1~x k 11H(1+1’)+ZQPJ%>O
=0
S

Since @/, () is continuous on R, @/ (z) =
k=23,...,.v+1

k—1
(3.50) QP (z) = ¥ (a Z( ) FET (@),

we have by the inductive method, Q. (z) is v-times continuously differentiable
on R and for k=0,1,...,.v+1

"() = S(x)f(x) > 0, and for

QY (x) > 0.
On the other hand, since we have by (3.49) for 0 < z < 1
f(k)(x) ~ xa—k
and for z > 1
f(k)(x) ~ R
we have from (3.50)
(3.51) ng)(x) ~TREL s 2 — 07

and
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Therefore, we have for 0 < k < v
Qa(z)

D) (1) ~ Q) () e\
QU (@) ~ QW (@) g .

Therefore we have (1.2). Since a — v > 0, we know from (3.51) that (iii) of
Definition 1.3 is satisfied. Moreover, since @/, (2)/Qa(z) ~ f(z) for x > 1, we
can see that Q,(x)/Qq(x) is quasi-increasing on a certain interval (cg, 00) with
co > 0. O
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