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Abstract. Rupture directivity is the important parameter in estimating damage due to earthquakes. However, the traditional
moment tensor inversion technique cannot resolve the real fault planeor the rupture directivity.Toovercome these limitations,
wehavedevelopedanew inversion algorithm todetermine themoment tensor solutionand the rupture directivity formoderate
earthquakes, using the waveform inversion technique in the frequency domain. Numerical experiments for unilateral and
bilateral rupture models with various rupture velocities confirm that the method can resolve the ambiguity of the fault planes
and the rupture directivity successfully. To verify the feasibility of the technique, we tested the sensitivity to velocitymodels,
whichmust be the most critical factor in practice. The results of the sensitivity tests show that the method can be applied even
though the velocity model is not perfect. If this method is applied in regions where the velocity model is well verified, we can
estimate the rupture directivity of a moderate earthquake. This method makes a significant contribution to understanding the
characteristics of earthquakes in those regions.

Introduction

The size of an earthquake is theoretically proportional to the area
of the faultwhere the effective slipoccurs.Generally, the lengthof
the fault is a few to several tens of kilometres for moderate
earthquakes (Mw>5.0) and several tens to hundreds of kilometres
for large earthquakes (Mw >7.0). As the effective faulting area
increases, the effect of rupture directivity usually becomes
significant. In cases of large earthquakes, rupture directivity is
clearly one of the most important factors controlling damage due
to earthquakes. While the effect of rupture directivity for
moderate earthquakes is not as large as that for large
earthquakes, it is still an important factor in characterising the
pattern of radiated seismic energy. In other words, evenmoderate
earthquakes can cause damage to specific areas due to the effects
of rupture directivity (Shakal et al., 2006). Therefore,
determination of the rupture directivity for moderate
earthquakes is very important for estimating damage and
providing basic information about the seismic hazard analysis
in regions where large earthquakes are infrequent.

To determine the rupture directivity of moderate earthquakes,
we have developed a new waveform inversion method.
Waveform inversion techniques have been widely used for
estimating the source parameters of earthquakes and can be
roughly classified into two approaches, based on the
assumption of the source dimension: one is the point-source
approach, and the other is the finite-fault approach. The former
approach can rapidly provide the scalar moments, focal
mechanisms, and centroid depths of the earthquakes
(Dziewonski et al., 1981; Dziewonski and Woodhouse, 1983;
Dreger and Helmberger, 1993; Zhao and Helmberger, 1994).
However, this approach inherently cannot resolve the actual fault
plane or rupture directivity. The latter approach was first
suggested by Hartzell and Helmberger (1982) and Hartzell and
Heaton (1983) to overcome the limitation of the former approach
by introducing the concept of the finite fault. This approach has
the advantage of providing information about the detailed rupture

characteristics of the events, including the rupture directivity.
However, this approach requires precise Green’s functions to
obtain reliable solutions. Our new inversion method is based on
the point-source approach, but the method is designed to invert
waveforms for the moment tensor solution and the source time
function at each station simultaneously. Since the source time
function contains information about the rupture characteristics of
the event, it is possible to resolve the actual fault plane
and estimate the rupture directivity by analysing them at
stations with good azimuthal coverage (Haskell, 1964; Lay
and Wallace, 1995).

Before applying the method to real earthquake data, we
performed numerical experiments to verify our new method.
We also performed tests for sensitivity to the velocity
structure, which can cause errors in real applications. Our
numerical results show that the method can be applicable
when the velocity structure is well defined.

Modified centroid moment tensor inversion
in the frequency domain

The kth component of the displacementwaveforms, uk, for a point
dislocation source can be represented in the frequency domain by

ukðxs; oÞ ¼ Sðxs;oÞ
X3
j

X3
i

Gki; jðxs; oÞ �Mij; ð1Þ

where the suffixes i and j denote the direction components in
Cartesian coordinates. Gki, j is a derivative with respect to the
source coordinate j of Gki, which is the kth component of the
Green’s function due to the ith directional force (Aki and
Richards, 2002). S and Mij are the source time function and
the moment tensor, respectively. We assume that the source
depends on the position of station xs to consider the effects of
the rupture directivity.

To obtain the optimal source time function from three-
component waveforms, we modified the representation of the
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source time function introduced by Shin et al. (2007). Here, we
assumed that the source time functions for all three components at
each station are consistent with each other. In our
parameterisation, the complex source time functions are
separated by two parts, real and imaginary, for each station
and frequency component (Shin et al., 2007):

Sðxs; oÞ ¼ RefSðxs; oÞg þ iImfSðxs; oÞg: ð2Þ
Basically, we assume a pure double-couple source for the
earthquake and a time-invariant focal mechanism during the
propagation. Therefore, the moment tensor matrix can be
represented by five independent elements, such as Mxx, Myy,
Mxy, Mxz, and Myz. The total number of source parameters is
5 + 2� (number of stations)� (number of frequencies) in the
inverse problem.

Themoment tensor is the lower-frequency characteristic of the
source. However, the rupture directivity or the source time
function is the higher-frequency characteristic. Because high-
frequency waveforms are very complex and strongly affected by
the Earth’s structure, a higher-frequency source characteristic
requires a more accurate velocity structure than a lower-
frequency source characteristic (Dreger and Helmberger,
1993). Thus, we separate the inversion sequences and source
parameters to enhance the stability of the solution by using
different frequency bands. We invert the lower-frequency
waveforms for the moment tensor solution, whereas we invert
the higher-frequency waveforms for the source time function
based on the moment tensor solution obtained from lower-
frequency waveforms. Objective functions are constructed
from a L2-norm between the pre-filtered synthetic data uk and
the observed data dk in the frequency domain, giving

Emnt¼
Xnstn
istn

X3
k¼1

Xnfreq
o

�
uistnk ðoÞ�distnk ðoÞ

�*�
uistnk ðoÞ�distnk ðoÞ

�
;

ð3Þ
and

EsrcðoÞ¼
Xnstn
istn

X3
k¼1

�
uistnk ðoÞ�distnk ðoÞ

�*�
uistnk ðoÞ�distnk ðoÞ

�
;

ð4Þ
where Emnt and Esrc are the objective functions for the moment
tensor inversion and the source time function inversion. The

superscript * denotes the complex conjugate operator. We used
0.05–0.1Hz and 0.05–1.0Hz pass bands for the moment tensor
inversion and the source time function inversion, respectively.

To solve the inverse problem, we use the full Newtonmethod.
Newton’smethod is derived fromaTaylor series expansion (up to
quadratic order) of the objective function to be minimised
(Bertsekas, 1982; Tarantola, 1987).

Source time function and rupture directivity

The duration, dt, of the source time function in the Haskell model
(Haskell, 1964) can be expressed as a function of the angle �
between the station and the rupture direction, the length of the
fault, L, the rupture velocity, vr, and the phase velocity in the
medium, c (Lay and Wallace, 1995):

dt ¼ L
1
vr

� G
� �

; where G ¼ cos�
c

: ð5Þ

Fig. 1. Illustration of the azimuthal variability of the source time function for
unilateral rupture faulting. In the moment tensor solution, the beach ball has
two theoretical fault planes, the real and the auxiliary fault plane.
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Fig. 2. Relationship between the duration and the corner frequency of the
source time function: (a) Source time functions with different durations, and
(b) amplitude spectrum of the source time functions.
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For a unilateral rupture, the source time function has a sharp and
large peak in the direction of the rupture propagation but has a
broad and small peak in the opposite direction (Figure 1).
However, the area under the source time function is
proportional to the seismic moment, which must be
independent of the azimuth. Therefore, the source time
functions have the same area for the same event regardless of
the azimuths of the seismic stations. In otherwords, the amplitude
spectrumhas a higher corner frequency for the shorter source time
duration but a lower corner frequency for a longer duration in the
frequency domain (Figure 2). These characteristics can change
the pattern of the radiated energy for the earthquake. The radiated
energy of the earthquake can be calculated by integration of the
moment rate function in the frequency domain (e.g. Patton and
Walter, 1993):

ER /
ð¥
0
jo _MðoÞj2do: ð6Þ

Wecalculate the radiated energy using the source time function at
each station and determine the direction of the fault and the
rupture propagation direction from the analysis of the pattern of
radiated energy.

Numerical tests

Before applying themethod to real earthquake data, we verify the
new algorithm using synthetic waveforms for imaginary
earthquakes. The imaginary earthquake (Mo = 1.0� 1025 dyne-
cm, Mw= 5.96) used in numerical tests has a strike-slip
mechanism (strike/dip/slip, 305�/90�/0�) and a hypocentral
depth of 6 km (Figure 3). To simulate the rupture propagation
effects, we assumed that the imaginary earthquake consists of 30

point sources distributed along the strike direction at intervals of
500m. The epicentre is defined as the point where the rupture
initiated (see Figure 3). All the point sources have the same size
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Fig. 3. Configuration of the numerical tests. EQ 1 has a unilateral rupture to
the 305� direction, and EQ 2 has a bilateral rupture to the 125� and 305�

directions. The beach ball represents the focal mechanism of the event. For all
cases, the events have the same scalarmoment, focalmechanism, fault length,
and centroid depth.

Fig. 4. Themoment tensor solution for a unilateral rupture model with vr= 2.75 km/s. The variance reductions calculated for each component and station. OBS
indicates the synthetic waveform, and SYN denotes the best fitting waveform obtained from the inversion.
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and mechanism. The synthetic waveforms at each station can be
constructed by the summation of all synthetics for 30 point
sources, after correcting for time delays due to rupture
propagation. A constant rupture velocity was assumed, and a
triangle source time function with 1-s duration was convolved to
get the final synthetic data. We considered 36 artificial seismic
stations located 200 km away from the epicentre. We tested two
rupture models to evaluate our algorithm. Model EQ 1 is a
unilateral rupture model, and the rupture direction is 305� from
the epicentre. Model EQ 2 is a bilateral rupture model, and the
rupture propagates in two opposite directions (125� and 305�)
from the epicentre. In our numerical simulations, we tested
various rupture velocities, such as 2.5 km/s, 2.75 km/s, 3.0 km/s,
and 3.5 km/s, for the two models. For synthetic computation, we
used the frequency-wavenumber integration method and the 1D
velocity model used to test the synthetic method (Saikia, 1994).

The results of the numerical tests for the various rupture
models confirm that the suggested method can easily
determine the real fault plane and the direction of the rupture
propagation. Since all experiments provide similar results, we
give full details of one specific experiment. In case of EQ 1 with
vr= 2.75 km/s, the detailed procedures are as follows. First,
we examined the result of the moment tensor inversion (see
Figure 4). The total variance reduction between the synthetic
and observedwaveforms is 99.42%. Formost stations, the values
are very high (over 99%). Although we considered the Green’s
function only from the epicentre to the station in the inversion,
instead of from the locations of the 30 point sources, the moment
tensor solution we obtained is almost exactly the same as the one

we assumed for the synthetics. In addition, the durations of
the estimated source time functions are consistent with the
theoretical ones calculated from the Haskell source model
(see Figure 5a).

Then,we determined the real fault plane from two focal planes
by analysing the pattern of the radiated energy calculated from
EQ 6. The moment tensor inversion provides two focal plane
solutions (strike/dip/slip, 35�/90�/180�, 125�/90�/0�). However,
the calculated energypatternhas a significantmaximumnear305�

(the direction of the predetermined rupture propagation). From
the trend of the energy pattern, we can easily resolve the real focal
plane and rupture propagation direction of the EQ 1 model
(125�/90�/0�). In the EQ 2 case, we also found that we can
determine the actual fault plane and the direction of the
rupture propagation (see Figure 5c).

Tests of sensitivity to velocity structures

Although the results of our numerical experiments in the previous
section show that the method has the potential to be applicable to
real earthquake data, we expect that there will be some obstacles
in practice. Since the new algorithm requires high-frequency
waveforms and they are relatively more sensitive to the velocity
structure compared to low-frequency waveforms, we performed
tests on sensitivity to the velocity structure, and evaluated how the
inversion results canbe affectedbyerrors in the velocity structure.
To conduct the sensitivity tests, we constructed several sets of
velocitymodels by randomly perturbing the values of the velocity
at each depth (see Figure 6). To find the maximum perturbation
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Fig. 5. Inverted source time functions (a and c) and radiation patterns of normalised energy (b and d) for EQ 1 (a and b) and
EQ 2 (c and d) with vr= 2.75 km/s. The black and grey vertical arrows represent the theoretical duration of the source-time
functions.
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Fig. 6. Velocitymodels used in inversion. The bold lines are the true velocitymodel used in forwardmodelling to generate EQ 1 and EQ 2.
The grey lines are the perturbed velocity models. The degree of velocity perturbation is (a) 5%, (b) 10%, (c) 15%, and (d ) 20%.

Perturbation (%) Perturbation (%)

V
ar

ia
nc

e 
re

du
ct

io
n 

(%
)

(a) (b)

Fig. 7. Results of the sensitivity tests for the bilateral rupture model (EQ 2 with vr= 2.75 km/s). (a) Variance reductions with respect to
velocity perturbations. (b)Momentmagnitudes and angles of the best double couplewith respect to velocity perturbations. Error bars indicate
1 standard deviation.
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that can provide a stable inversion result, several levels of
perturbation were tested. We determined the source parameters
for each velocity model using our inversion technique. The mean
and standard deviations of the variance reduction, moment tensor
solution, and radiated energy pattern were calculated for each
level of perturbation.

As the level of perturbation increases, the variance reduction
decreases but its standard deviation increases (see Figure 7a). The
variance reductions in the low-frequency band are higher than the
ones in the high-frequency bandby ~1% to 5%and decreasemore
slowly. The moment tensor solutions are almost identical for all
levels of the perturbations (see Figure 7b). As we expected, these
results indicate that the long-period waveforms are less sensitive
to the velocity structure.

Figure 8 shows the patterns of the radiated energy for the two
rupture models. We can clearly see that the patterns deviate from
the theoretical patterns as the level of the velocity perturbations
increase because of the inaccurate Green’s functions. For the
unilateral rupturemodel, the rupture propagation direction can be
well determined even though the level of the perturbation is up to
20%. However, the determination of the rupture propagation
direction for the bilateral model is quite difficult if the velocity
model is not accurate. The unrealistic peaks in the energy
radiation pattern become significant when the level of the
perturbation is larger than 10%. In a real earthquake, the
rupture processes would be more complex than our models,
and the station coverage would be far from perfect.
Considering these difficulties, we can expect that an accurate
velocity model is required for stable inversion results for real
earthquakes.

Conclusions

In this study, we have suggested a new inversion algorithm to
determine the rupture directivity of moderate earthquakes.
Numerical tests with the two rupture models showed that the
method can determine themoment tensor solution and the rupture
propagation direction at the same time. Thefinal goal of this study
is to apply this method to real earthquake data and reveal the
propagation direction. However, in practice, we can expect that

there are many obstacles. It is certain that the most significant
obstacle is the accuracy of the Green’s function. In most
waveform inversions, the accuracy of the Green’s function is
themain factor that controls the inversion result, and this is true for
the method suggested in this study. The sensitivity tests for the
velocity structure indicate that this method can determine the
actual fault plane and the rupture propagation direction for both
unilateral and bilateral rupture models if the error in the velocity
model is small. As the velocity model deviates from the actual
velocity structure, the rupture propagation direction becomes
more difficult to determine. This effect is especially significant
for the bilateral rupture case. This implies that there is a possibility
that this method will not work for real earthquakes. However, the
tolerable error in the velocity structure is ~10% to 15%. Getting
this level of accuracy in the velocity model might be difficult, but
it is definitely an achievable goal. If this method is applied to
regions where the velocity models are well verified, we can
estimate the rupture directivity of moderate earthquakes. This
method can make a significant contribution to understanding the
characteristics of earthquakes in those regions. In addition, this
method may be able to provide preliminary information for large
events before time-consuming finite-fault inversion results
are available.
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