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DIMENSIONALLY INVARIANT SPACES

In Soo Baek*

Abstract. We consider a code function from the unit interval
which has a generalized dyadic expansion into a coding space which
has an associated ultra metric. The code function is not a bi-
Lipschitz map but a dimension-preserving map in the sense that
the Hausdorff and packing dimensions of any subset in the unit in-
terval and its image under the code function coincide respectively.

1. Introduction

Each point which has a generalized dyadic expansion in the unit in-
terval has its own code in a coding space. We provide the coding space
with a generalized ultra metric. Considering a code function from the
unit interval with the Euclidean metric into the coding space with an
ultra metric, we([5]) showed the unit interval and the ultra metric space
are dimensionally equivalent in the sense that the Hausdorff and pack-
ing dimensions of the corresponding distribution sets in the two spaces
[0, 1) and the ultra metric space coincide. In [5], we conjectured that
the code function is a dimension-preserving map even though it is not
a bi-Lipschitz map. In this paper, we show that the code function f
is a dimension preserving map in the sense that dim(E) = dim(f(E))
and Dim(E) = Dim(f(E)) for E ⊂ [0, 1) denoting dim(E) by the Haus-
dorff dimension of E and Dim(E) by the packing dimension of E([9]).
In this sense, we say that the unit interval and the ultra metric space
are dimensionally invariant spaces. For this, we compare the definitions
of Hausdorff measure and packing measure in the Euclidean space and
those in the ultra metric space. For this comparison, we use the defi-
nitions of g-Hausdorff measure and g-packing measure in the Euclidean
space where g is a complete bounded Vitali covering system([10]) instead
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of those of Hausdorff measure and packing measure in the Euclidean
space(cf. [7]). We also show that the definitions of g-Hausdorff measure
and g-packing measure in the ultra metric space where g is a complete
bounded Vitali covering system([10]) coincide with those of Hausdorff
measure and packing measure in the ultra metric space respectively.

2. Preliminaries

We([4]) recall Fa the unit interval [0, 1) having a generalized dyadic
expansion with a base a where 0 < a < 1. Let N be the set of natural
numbers and R be the set of real numbers. We define a fundamental
interval Ji1···ik = fi1 ◦ · · · ◦ fik(J) where f0(x) = ax and f1(x) = (1 −
a)x + a on J = [0, 1), ij ∈ {0, 1} and 1 ≤ j ≤ k. If x ∈ Fa = [0, 1),
then there is a unique code σ ∈ {0, 1}N such that

⋂∞
k=1 Jσ|k = {x} (Here

σ|k = i1i2 · · · ik where σ = i1i2 · · · ikik+1 · · · ). We call a code σ ∈ {0, 1}N
where

⋂∞
k=1 Jσ|k = {x} a generalized dyadic expansion with a base a of

x. We note that the fundamental intervals Ji1···ik where x ∈ Ji1···ik is a
k-cylinder ck(x)([6]).

Let
f : Fa −→ {0, 1}N

be a function such that f(x) = σ with {x} =
⋂∞

k=0 Jσ|k where σ ∈
{0, 1}N. Then f is a code function in Introduction. Further f(Fa) ⊂
{0, 1}N(that is, {0, 1}N − f(Fa) 6= φ).

We denote n0(σ|k) the number of times the digit 0 occurs in the first k
places of σ(cf. [1]). Now, for q ∈ [0, 1], we define the lower(upper) distri-
bution set F (q)(F (q)) in Fa = [0, 1) containing the digit 0 in proportion
q by

F (q) = {x ∈ Fa : lim inf
k→∞

n0(f(x)|k)
k

= q},

F (q) = {x ∈ Fa : lim sup
k→∞

n0(f(x)|k)
k

= q}.

We write F (q) ∩ F (q) = F (q) and call it the distribution set in [0, 1)
containing the digit 0 in proportion q.

Similarly, for q ∈ [0, 1], we define the lower(upper) distribution set
=(q)(=(q)) in {0, 1}N containing the digit 0 in proportion q by

=(q) = {σ ∈ {0, 1}N : lim inf
k→∞

n0(σ|k)
k

= q},
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=(q) = {σ ∈ {0, 1}N : lim sup
k→∞

n0(σ|k)
k

= q}.

We write =(q) ∩ =(q) = =(q) and call it the distribution set in {0, 1}N
containing the digit 0 in proportion q.

We recall a coding space {0, 1}N with a generalized ultra metric
ρx,y([2]) such that for (x, y) ∈ {(x, y)|0 < x, y < 1}, ρx,y(σ, σ) = 0 and
if σ 6= τ then ρx,y(σ, τ) = xn0(x|k)yk−n0(x|k) where σ = i1i2 · · · ikik+1 · · ·
and τ = i1i2 · · · ikjk+1 · · · where ik+1 6= jk+1 for some k = 0, 1, 2 · · · .

Before going into our main results, we need some useful lemma. In
this paper, the domain on which a function will be defined is a subset
of R with the usual metric. We note that covering family used for the
definition of Hausdorff measure on R is the family of the intervals on
R. In [2], it was shown that a covering family g of some intervals can
be used instead of the covering family of the intervals on R giving dimg

which is the same value as the Hausdorff dimension dim. The following
lemma gives g-Hausdorff dimension dimg for a complete bounded Vitali
covering([6]) g of [0, 1) is the same as Hausdorff dimension dim. Similarly
it holds for the packing dimension Dim and the g-packing dimension
Dimg for a bounded Vitali covering([10]) g of [0, 1).

Lemma 2.1. Let g be the family of the fundamental intervals Ji1···ik
where ij ∈ {0, 1} and 1 ≤ j ≤ k with k ∈ N. Then dimg(E) = dim(E)
and Dimg(E) = Dim(E) for all E ⊂ [0, 1).

Proof. It is not difficult to show that the family of the fundamental
intervals Ji1···ik where ij ∈ {0, 1} and 1 ≤ j ≤ k is a complete bounded
Vitali covering of [0, 1). It follows from the theorem 2.2 in [6] and the
theorem 3.1 in [10].

3. Main results

From now on, let Γ be the family of the fundamental intervals Ii1···ik =
i1 · · · ik × {0, 1}N ⊂ {0, 1}N where ij ∈ {0, 1} and 1 ≤ j ≤ k with
k ∈ N. We denote Hs and ps by s-dimensional Hausdorff measure and
s-dimensional packing measure respectively on the ultra metric space
{0, 1}N, and Hs

Γ and ps
Γ by s-dimensional Γ-Hausdorff measure and s-

dimensional Γ-packing measure respectively on the ultra metric space
{0, 1}N. We also denote P s and P s

Γ by s-dimensional pre-packing mea-
sure and s-dimensional Γ-pre-packing measure respectively on the ultra
metric space {0, 1}N.
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Theorem 3.1. Hs
Γ(D) = Hs(D) and ps

Γ(D) = ps(D) for all D ⊂
{0, 1}N.

Proof. Let D ⊂ {0, 1}N. It is clear that Hs
Γ(D) ≥ Hs(D) from Γ ⊂

2{0,1}N . For each B ⊂ {0, 1}N, there is CB ∈ Γ such that B ⊂ CB and
|B| = |CB|, which gives Hs

Γ(D) ≤ Hs(D).
If {Bi}∞i=1 is disjoint open balls with centers in D, then {Bi}∞i=1 is disjoint
fundamental intervals with D ∩ Bi 6= φ, which gives P s(D) = P s

Γ(D).
This also gives ps(D) = ps

Γ(D).

Remark 3.2. It is helpful for understanding the s-dimensional Γ-
Hausdorff measure and the s-dimensional Γ-packing measure above to
refer the one-dimensional Hausdorff measure and one-dimensional pack-
ing measure defined in a coding space with an ultra metric in [8] and
their comparison with a net measure.

The above Theorem gives the following Theorem. Similarly in Pre-
liminaries, we can consider Hausdorff dimension, Γ-Hausdorff dimension
dim, dimΓ and packing dimension, Γ-packing dimension Dim, DimΓ in
{0, 1}N.

Theorem 3.3. dimΓ(D) = dim(D) and DimΓ(D) = Dim(D) for all
D ⊂ {0, 1}N.

Proof. It is immediate from the above Theorem.

From now on, we consider g as the family of the fundamental intervals
Ji1···ik where ij ∈ {0, 1} and 1 ≤ j ≤ k with k ∈ N. We fix a code
function f

f : Fa −→ {0, 1}N
where {0, 1}N is a coding space with a generalized ultra metric ρa,1−a.

Theorem 3.4. f(Ji1···ik) = {σ ∈ {0, 1}N : σ|k = i1 · · · ik}
−{i1 · · · ik11 · · · } where {i1 · · · ik11 · · · } = i1 · · · ik × {1}N and

|f(Ji1···ik)| = |Ji1···ik |.
Proof. We note that

⋂∞
k=1 Jσ|k = φ for σ = i1 · · · ik11 · · · . It follows

from the definition of the ultra metric and the fact that every x ∈ Ji1···ik
has its code f(x) and f(x)|k = i1 · · · ik.

The end points of the fundamental intervals are at most countable,
which gives the following theorem.

Theorem 3.5. Hs
g(E) = Hs

Γ(f(E)) and ps
g(E) = ps

Γ(f(E)).
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Proof. We note that |f(G)| = |f(G)| and the closure f(G) of f(G) is
in Γ where G ∈ g. It follows from the above Theorem with that

E ⊂ ∪Gn ⇔ f(E) ⊂ ∪f(Gn)

where Gn ∈ g.

Corollary 3.6. dimg(E) = dimΓ(f(E)) and Dimg(E) = DimΓ(f(E))
for all E ⊂ [0, 1).

Proof. It is immediate from the above Theorem.

The following corollary is our main result.

Corollary 3.7. dim(E) = dim(f(E)) and Dim(E) = Dim(f(E))
for all E ⊂ [0, 1).

Proof. It is immediate from Lemma 1 and Theorem 2 and the above
Corollary.

Remark 3.8. We note that the code function f is not a bi-Lipschitz
map but a dimension-preserving map.

Remark 3.9.
dim(F (q)) = dim(=(q))

and
dim(F (q)) = dim(=(q)),

and
Dim(F (q)) = Dim(=(q))

and
Dim(F (q)) = Dim(=(q))

([5],cf.[3, 4]) since =(q) = f(F (q)) and =(q) = f(F (q))) for each q ∈
(0, 1) and =(q) − f(F (q))(6= φ) or =(q) − f(F (q)))(6= φ) is a countable
subset in {0, 1}N for q = 0 or 1(cf. [11]).
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