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TOPOLOGICAL METHOD DOES NOT WORK FOR
FRANKEL-MCDUFF CONJECTURE

Min Kyu Kim*

Abstract. In dealing with transformation group, topological ap-
proach is very natural. But, it is not sufficient to investigate geo-
metric properties of transformation group and we need geometric
method. Frankel-McDuff Conjecture is very interesting in the point
that it shows struggling between topological method and geometric
method. In this paper, the author suggest generalized Frankel-
McDuff conjecture as a topological version of the conjecture and
construct a counterexample for the generalized version, and from
this we assert that topological method does not work for Frankel-
McDuff Conjecture.

1. Frankel-McDuff Conjecture and its generalization

In dealing with transformation group, topological approach is very
natural, and equivariant cohomology is a main tool in this approach as
cohomology in nonequivariant setting. Equivariant cohomology is too
widely used to list all applications, but we want to point out that it
has been successfully used to study toric variety. On the other hand,
topological method is not sufficient to investigate geometric properties
of transformation group. For example, it has been conceived that topo-
logical method is not sufficient in studying Hamiltonian action which
is a generalization of toric variety to the symplectic category, and in-
stead of it moment map has been widely used which is a main tool of
(symplectic) geometric method.

However, some mathematicians have tried to understand Hamiltonian
action in topological point of view. Some of them are Allday, Hauschild,
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Lupton, Oprea, Puppe, Tralle, and so on. In this direction, there is a
very interesting conjecture which shows struggling between topological
method and geometric method. In this paper, we will focus on this
conjecture.

Conjecture (Frankel-McDuff). A compact symplectic circle action
with nonempty isolated fixed points must be Hamiltonian.

By definition of de Rham version equivariant cohomology, it is easily
obtained that a symplectic circle action on a symplectic manifold (M, ω)
is Hamiltonian if and only if the symplectic form ω is a restriction of an
element of equivariant cohomology [3], [11]. From this equivalence, it is
observed that the statement of the conjecture is very topological. But,
we need geometric method to attack the conjecture as seen in the below
and this is the fascination of the conjecture.

Before indulging in investigation of the conjecture, we need to intro-
duce history of the conjecture. In 1959, Frankel proved the beautiful
theorem which says that a compact Kähler circle action with nonempty
fixed points must be Hamiltonian [6]. And, Ono gave a very easy topo-
logical proof in 1988 [11]. Also in 1988, McDuff tried to prove the
same result for symplectic manifold, but she failed in it. On the con-
trary she found a counterexample. More precisely, she constructed a
six-dimensional compact symplectic circle action with fixed tori [10].
This shows that Frankel’s theorem does not hold for symplectic mani-
fold. But, mathematicians were fascinated with beauty of the theorem
and did not give up obtaining a similar result for symplectic manifold.
To do so, they needed impose some restrictions on group action or fixed
point set, and it has been affirmatively conceived that the conjecture
holds under the restrictions. In fact, McDuff obtained such a result for
four-dimensional compact symplectic circle action with nonempty fixed
points [10]. In the proof, the main idea was the beautiful observation
that reduced spaces of regular values of a moment map are all the same.
That is, her proof can be regarded as a (symplectic) geometric method
because she used moment map. Four years later, Ginzburg noticed that
the result of Mcduff can be easily proved by equivariant cohomology
and localization theorem [8]. In this way, Tolman and Weitsman proved
that a compact symplectic semifree circle action with nonempty isolated
fixed points must be Hamiltonian [12], and recently Godinho improved
this result for six-dimensional case [7]. These are all partial results of
the conjecture and their proofs are very topological. Especially, the
proofs are reduced to manipulation of equivariant cohomology through
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localization theorem. In 2001, Feldman used Hirzebruch genera to give
another proofs for previous results [5].

Now, we clarify the meaning of the expression topological method.
As we said in the above, a symplectic circle action is Hamiltonian if and
only if the symplectic form ω is a restriction of an element of equivariant
cohomology. This means that we can not assume that ω is not an element
of equivariant cohomology. Since ω is not an equivariant cohomology
element, we may forget ω, i.e. the symplectic geometric structure, in the
viewpoint of equivariant cohomology. If we do so, then there remains
an almost complex structure and hence we only have to think of almost
complex action. Under this almost complex setting, the author suggests
the following conjecture.

Conjecture (Almost complex version of Frankel-McDuff Conjec-
ture). A compact almost complex circle action with nonempty isolated
fixed points must have a fixed point whose weights are all positive or all
negative.

Since the partial results on the conjecture stated in the above can
be proved by manipulation of equivariant cohomology and we forget the
symplectic geometric structure, we may say that the new conjecture is
a topological version of the conjecture.

This conjecture generalizes the original one because symplectic circle
action with a fixed point whose weights are all positive or all negative
must be Hamiltonian as noted by Atiyah [2]. That is, two conjectures
are equivalent in the symplectic category. In other words, we might ex-
pect that if Frankel-McDuff Conjecture is proved by topological method,
then the generalized version will be proved by the same method, and vice
versa. In the next section, we construct a counterexample for the gen-
eralized version, and from this we assert that topological method does
not work for Frankel-McDuff Conjecture.

Recently, there is another interesting evidence that we need geomet-
ric method to prove Frankel-McDuff Conjecture. It says that compact
complexity one symplectic torus action with nonempty fixed point set
must be Hamiltonian [9], and the result generalizes McDuff’s result to
all dimensions. In the paper, Kim uses moment map very heavily and
it is believed that the result can not be proved by topological method.
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2. Counterexample

In 1958, Calabi constructed an almost complex structure on S6. The
structure is induced by a vector product on R7. We consider an action
on R7 = R⊕ C⊕ C⊕ C as follows

t · (s, z1, z2, z3) = (s, tnz1, t
mz2, t

−(n+m)z3)

where t ∈ S1, s ∈ R, n, m ∈ Z, and zi ∈ C for i = 1, 2, 3. Also, we assume
that n,m, n+m are all nonzero. Then, the action preserves the product
structure and hence the action restricted on S6 preserves the almost
complex structure. Finally, it is observed that the action on S6 has two
fixed points, north pole and south pole with isotropy representations of
weights (n,m,−(n + m)) and (−n,−m,n + m), respectively. And this
shows that S6 with the action is the wanted counterexample. That is,
an almost complex circle action with nonempty isolated fixed point set
whose weights are not all positive or negative.

3. Concluding remarks

Since the conjecture is so fascinating, many mathematicians have
tried to solve it. And, the author is very convinced that all of them
have tried to use equivariant cohomology. For example, in [12] Tolman
and Weitsman manipulated equivariant cohomology to prove their re-
sult and claimed that their method is more generally applicable. But,
they also remarked that their method does not work for an action with
two fixed points whose weights are (1, 1,−2) and (−1,−1, 2). The above
counterexample explains why their method does not work for the ac-
tion. Hence, the author assert that anybody interested in the conjecture
should approach it geometrically.

This paper may be also an example to show struggling between topo-
logical and geometric method in transformation groups.

Last, there might be possibility of other topological methods. For
example, c-symplectic approach might be one of such possibilities. But,
the author has no idea about it.

Acknowledgements. In International Conference on Toric Topol-
ogy, the author met Christopher Allday, who wrote the book Cohomolog-
ical Methods in Transformation Groups [1], before he gives the plenary
talk titled Cohomological Aspects of Symplectic Lie Group Actions. He
showed to me much interest in the previous paper [9] of the author on
Frankel-McDuff Conjecture. And, his talk was on the theme dealt with
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in this paper (but the theme of his talk was changed to a broader topic.)
From his interest, I decided to publish this paper and thank for his
interest.
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