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Note on Use of R 2  for No-intercept Model
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Abstract

There have been some controversies on the use of the coefficient of 
determination for linear no-intercept model. One definition of the 

coefficient of determination, R 2=∑ y 2̂ / ∑ y 2 , is being widely accepted 
only for linear no-intercept models though Kvalseth (1985) demonstrated 

some possible pitfalls in using such 2R . Main objective of this note is to 

report that 2R  is not a desirable measure of fit for the no-intercept linear 

model. In fact it is found that mean square error(MSE) could replace 2R   
efficiently in most cases where selection of no-intercept model is at issue.
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1. Introduction

Let (x 1 ,y 1),…,(x n,y n)  be the iid  data which assumes a simple linear 

relation

y i = β0 + ∑
k

j= 1
β j x ji+ ε i   ,   i = 1, , n                (1)

where ( o, , k )  is a set of regression parameters and iε  is the iid  error. 

Whenever data analysts consider the model (1), the coefficient of determination 2R  

is perhaps the single most extensively used measure of fit. In fact there are 

various types of 2R : 
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where y î  denotes the fitted value of y  at (x i1 ,…,x ik)  and y  is the sample 

average of y i 's. 

For the linear model with intercept term ( β 0 ≠ 0  in (1)), the choice of 
2R  is. 

Indeed either 
2
1R  or 

2
2R  could serve as a coefficient of determination where it 

trivially holds 

2
2

2
1 RR = .                                    (6)

For β 0 = 0(no-intercept model), however, there have been controversies about 

use of 2R  since it is often observed that 
2
2R  exceeds 1 or 

2
1R  is negative, with 

well known equality (6) violated (see the examples in section 2). Thus the other 

two statistics, 
2
3R  and 

2
4R , have been proposed and widely accepted only for the 

no-intercept case. See also Uyar and Erderm (1990) (it is easy to see that 

2
4

2
3 RR =  when 00 =β ). Note that 

2
3R  (or 

2
4R ) is more concerned about 

variation of y  around 0 than variation of y  around y . In the meantime Kvalseth 

(1985) cautioned against exclusive use of 
2
3R   (and hence 

2
4R ) for no-intercept 

linear model. He illustrated this by constructing examples where exclusive use of 

2
3R  for no-intercept linear model could confuse data analysts and claimed that 

"no-intercept models should only be used when both theoretical justification and 

empirical data analysis indicate that they are indeed appropriate" and "sole reliance 

on the coefficient of determination may fail to reveal important data characteristics 

and model inadequacies". The points he made, however, do not seem to be 

successful in getting attention from data analysts simply because his examples 

appear to be rather insignificant (see discussion of section 2).  In this short note 

we intend to show that coefficient of determination 2R , in fact, is not a proper 

measure of fit for no-intercept model, and mean square error(MSE) could act  

properly instead. 
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2. Simulation study for exclusive use of R 23  

We start this section with discussion of the example constructed by Kvalseth 

(1985). His data consist of ( x, y )  = (1, 15), (2, 37), (3, 52), (4, 59), (5, 83), (6, 

92) which are plotted in Figure 1. In Figure 2 and 3 the estimated lines for linear 

model with and without intercept are laid on the data respectively. Table 1 gives 

a summary statistics when using the two models. 

<Table 1> Parameter estimates and related statistics for the Kvalseth data set 
when linear model with or without intercept is employed. 

Parameters

Statistics
xbby 10ˆ += xby 1ˆ =

0b   3.3333 -

1b 15.1429 15.9121

2
1R   0.9808   0.9777

2
2R   0.9808   1.0836

2
3R -   0.9961

2
4R -   0.9961

MSE 19.6191 18.2593

The last statistic in Table 1 refers to mean squared error defined as 

2

1
)ˆ( ii

n

i
yyMSE −∑=

= /  )( kn − .                       (7)

Kvalseth noted from this Table : 

(i) 
2
2R  is inappropriate because it exceeds one when 00 =β .

(ii) the no-intercept model would be selected if the choice between intercept and 

no-intercept models is based on 
2
1R  and 

2
3R , respectively, (0.9808 < 0.9961) 

whereas consistent use of 
2
1R  favors the linear intercept model (0.9808 > 

0.9777). 

With these and another similar example (see the multivariate data case in 

Kvalseth(1985), he stresses problems with exclusive use of 
2
3R  or 

2
4R  for 
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no-intercept model and the consistent use of 
2
1R  for proper model selection when 

selection between intercept and no-intercept models is to be made. This simple 

example, however, is not convincing enough since it basically deals with the case 

that a given data strongly suggests no-intercept model as true underlying model.

In other words both intercept and no-intercept models actually serve pretty well 

in such case since then its intercept estimate would strongly suggest β 0 = 0  

even if one employs the intercept model. In fact when one looks at Figures 1-3 

and Table 1, it is easy to see that the intercept estimate 0b =3.3333 favors 0H :

β 0 = 0  with its calculated p-value 0.4642. Thus it appears that his example fails 

to stress significant drawbacks with 
2
3R  from its exclusive use for no-intercept 

model. that consistent use of MSE favors no-intercept model (19.6191>18.2593) in 

the Table 1. 

In this note inappropriateness of 2R  as a measure of fit for no-intercept model 

is noted and MSE is recommended instead. For this purpose, attention is paid to 

the case where a given data suggests intercept model strongly but its theoretical 

justification is difficult (e.g., see practical examples of these kinds on pp. 184-185 

of Draper and Smith (1981)). Simplifying investigation of this case, we will 

consider data simulated from

iiy εµ += ,    for      ni ,,1 Λ=                     (8)

where µ  is a constant and iε  is the iid  error having variance 2σ . It is easy to 

see that 
2
1R  (or 

2
2R ) would be close to zero for data generated by (8) since then 

  ŷ approximates y  closely. In the below it is shown that when data generated by 

(8) strongly favors intercept model (µ=0), use of 
2
3R  for no-intercept model could 

easily confuse data analysts. It is observed that MSE could excel 2R  as a 

measure of fit in such case. 

Simulation study is done for µ = 0, 1  and 3 12 =σ  in (8). For µ= 0 , the data 

are plotted in Figure 4. The fitted lines for each of two models - linear models 

with and without intercept- are laid in Figure 5 and 6 respectively. Table 2 gives 

the summary statistics for each of two models.  It is easy to see that all the sRi
′
 

yield values close to zero and indicate inappropriateness of both models. Note that 

intercept model is slightly favored by both 2R  and MSE. In similar fashion, 

results are summarized for µ= 1  (Figures 7, 8, and 9 with Table 3) and µ= 3
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(Figures 10, 11, and 12 with Table 4). µ= 1  and 3, 
2
1R  for intercept model is 

close to zero while 
2
3R  for no-intercept model is significantly greater than zero.  

Then exclusive use of 
2
3R  for no-intercept model would strongly prefer 

no-intercept model. However, one may easily see that MSE clearly favors the 

correct  intercept model.

<Table 2> Parameter estimates and values of the alternative statistics for 
different models for µ= 0 . 

Parameters

Statistics
xbby 10ˆ += xby 1ˆ =

0b -0.407100 -

1b  0.01739 0.00267

2
1R  0.02834 0.00160

2
2R  0.02834 0.00711

2
3R - 0.00278

2
4R - 0.00278

MSE  1.52645 1.52923

<Table 3> Parameter estimates and values of the alternative statistics for 

different models for µ= 1 . 

Parameters

Statistics
xbby 10ˆ += xby 1ˆ =

0b 0.5205 -

1b 0.0159 0.0347

2
1R 0.0399 -0.0336

2
2R 0.0399 0.2077

2
3R - 0.4328

2
4R - 0.4328

MSE 0.8969 0.9414
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<Table 4> Parameter estimates and values of the alternative statistics for 

different models for µ= 3 . 

Parameters

Statistics
xbby 10ˆ += xby 1ˆ =

0b 2.63755 -

1b 0.01435 0.10968

2
1R 0.0253 -1.4490

2
2R 0.0253 1.83695

2
3R - 0.71514

2
4R - 0.71514

MSE 1.16479 2.85390

3. Concluding Remarks

This short note addresses tricky aspects of the coefficient of determination for 

no-intercept model. Simulation study notes that exclusive use of 
2
3R could data 

analysts easily and MSE could serve better as a measure of fit in such situation. 

Behind this is that relative measure of fit does not appear to work effectively for 

no intercept model. 
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