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Abstract. In this paper we introduced the concept of perfect folding

defined on E2 which equipped by perfect k-coloring of r-monohedral

tillings. Then we studied the different cases of perfect foldings of 4-

monohedral and 3-monohedral tillings of E2
. Also the permutations

describe each folding are obtained.

1. Introduction

A tiling of the plane is a family of sets - called tiles - that cover

the plane without gaps or overlaps. Tilings are known as tessellations

or pavings, they have appeared in human activities since prehistoric

times. Their mathematical theory is mostly elementary, but neverthe-

less it contains a rich supply of interesting problems at various levels.

The same is true for the special class of tiling that called tiling by

regular polygons [5]. The notions of tiling by regular polygons and per-

fect colorings of transitive tilings in the plane is introduced by Branko

Grunbaum and G. C. Shephard in [6]. For more details see [7, 8, 9, 10]

The notion of isometric folding is introduced by S. A. Robertson

who studied the stratification determined by the folds or singularities

[11]. Then the theory of isometric foldings has been pushed and also

different types of foldings are introduced by E. EL-Kholy and others

[1, 2]
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Definition 1.1. A tiling of the plane is a collection ℑ = {Ti :

i ∈ I = {1, 2, 3, ...}} of closed topological discs (tiles) which covers

the Euclidean plane E2 and is such that the interiors of the tiles are

disjoint.

From now we will restrict attention to regular convex polygons as

tiles. If such a polygon has n edges it is called an n-gon and will be

denoted by {n}.

Definition 1.2. A tiling is called edge-to-edge if the relation of any

two tiles is one of the following three possibilities:

(i) they are disjoint, or

(ii) they have precisely one common point which is a vertex of each the

of polygons, or

(iii) they share a segment that is an edge of each of the two polygons.

Definition 1.3. The symmetry group S(ℑ) of a tiling ℑ is the group

of isometries which leave ℑ invariant i.e., maps each tile of ℑ onto a

tile of ℑ

Definition 1.4. Two tiles T1and T2 of a tiling ℑ are said to be

equivalent if S(ℑ) contains a transformation that maps T1 onto T2.

Definition 1.5. A tiling ℑ is called transitive if the symmetry group

S(ℑ) acts transitively on the tiles. Such tilings are called tile transitive

or isohedral.

Definition 1.6. A k- coloring of a tiling ℑ is a partition of ℑ into

k-color.- classes ℑj, j = 1, 2, ...k, where ℑj = {Ti : i ∈ Ij} and I1, ..., Ik

is a partition of the index set I into non-empty sets. Each tile of ℑj

is called has color j

Definition 1.7. Let ℑ be a transitive tiling and s ∈ S(ℑ) be a

symmetry of ℑ. A k-coloring of ℑ is said to be compatible with s if s

preserves the partition of ℑ into the color - classes ℑ1, ...,ℑk. In other

words, the k-coloring is compatible if there exists a permutation σ of
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the colors 1, 2, ..., k such that s maps each tile of color j into a tile of

color σj.

Definition 1.8. A k-coloring of a transitive tiling ℑ is called perfect

if it is compatible with every symmetry s ∈ S(ℑ) ,i.e., if ℑ is colored

in such a way that every symmetry of ℑ can be extended to a colored

symmetry.

Theorem 1.1. [6] The regular square tiling of the plane admits a

perfect k-coloring if and only if k = n2 or k = 2n2 for some positive

integer n. The regular hexagonal tiling admits a perfect k-coloring if

and only if k = n2, k = 3n2.The regular triangular tiling admits a

perfect k-coloring if and only if k = 2n2, k = 6n2, k = (3n − 2)2or

k = (3n − 1)2. In each case, for a given k, the perfect k-coloring is

unique.

2. Perfect folding

The regular tiling ℑ will be called r-monohedral if every tile in ℑ is

congruent to one fixed set T . The set T is called the prototile of ℑ.

Now, let E2 be equipped by perfect k-colorings of monohedral tilings.

Definition 2.1. A map f : E2 → E2 is said to be perfect folding if

f maps {r} to {r} such that each {r} of color i will mapped to an {r}

of color σi, where σ is a permutation of colors {1, 2, ..., k}.

The set of points of E2 at which f fails to be local homeomorphism

is called the set of singularities and will be denoted by
∑

f . Thus
∑

f

of perfect folding of E2 will consists of union of vertices and edges. It

should be noted that the valency of each vertex must be even [3].

Definition 2.2. By an r-monohedral tiling of E2 we mean a planar

monohedral edge-to-edge tiling by mutually congruent regular convex

r-polygons whose vertices are of even valency and satisfy the angle

folding relation.
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Theorem 2.1. Let ℑ be an r-monohedral tiling of E2 by perfect

k-colorings and f : E2 → E2 be a perfect folding. Then either r = 3 or

r = 4 ,i.e., the prototile of ℑ is either a triangle or a square.

First note that the only possible edge-to-edge tilings, of E2 by mu-

tually congruent regular convex polygons are the three regular tilings

by equilateral triangles, by squares or by regular hexangons. Thus the

possible perfect folding of E2 into itself will be valid if r = 3 or r = 4.

The following two sections will give the precise way of perfect foldings

of E2, if E2 is equipped with 3 or 4-monohedral tilings. Also in each

case we describe the permutations of the perfect folding.

3. The perfect folding of 4-monohedral tiling of E2

Lemma 3.1. Let E2 be equipped by perfect k-colorings of 4-monohedral

tiling. Perfect foldings of E2 into itself can be defined only by folding

along the horizontal and vertical lines. The image f(E2) in this case is

a region, contains k different colors which is a square for k = n2 and a

rectangle for k = 2n2 for some positive integer n.

Proof. We know that a regular square tiling of the plane E2 admits

a perfect k-coloring if and only if (i) k = n2 or (ii) k = 2n2 for some

positive integer n, and for a given perfect coloring by squares we can

see that each of the color classes ℑi must be congruent to every other

color-class ℑj of ℑ in the sense that ℑi can be brought into coincide

with ℑj by a symmetry of ℑ. Let n be the smallest positive integer such

that a horizontal translation by n squares brings a square of color 1 into

coincidence with another square of color 1. Thus every square obtained

from a square of color j by a horizontal translation of n squares also

has color j [6]. Further, by considering rotation about the center of

a tile through 90◦ we see that exactly the same assertion for vertical

translation also. Thus, for each j, color j is assigned to, at least, all tiles

that form a square lattice of ”mesh” n. Consider now the color-class

ℑ1. Two possibilities arise
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(a) either all the tiles of color 1 lie on a lattice of mesh n,

or (b) some other tile has color 1.

In case (a) we see that all the n2 = k tiles in the mesh must have

different colors, and that these same colors are repeated in the same

way in every mesh.

In case (b) consider reflections in the horizontal and vertical lines that

pass through the centers of the tiles of color 1. Hence each mesh of

2n2 = k tiles contains two tiles of color 1. In the first case, k = n2.

Thus in this case all the n2 tiles in the mesh must have different colors,

also the same colors are repeated in the same way in every mesh.

Now Let f : E2 → E2 be a perfect folding. The only possibilities of

perfect foldings, in this case, can be defined by folding either along the

vertical lines or the horizontal lines that bound the meshes. If we first
fold perfectly along the horizontal lines, we will obtain an infinite strip

of repeated meshes, so we can fold again along the vertical lines that

bounds the meshes. The image of these consequence foldings, f(E2),

will be a square mesh of different colors n2. The set of singularities,
∑

f ,

in this case is the union of the horizontal and vertical lines that bounds

the meshs. The permutations of the perfect folding f : E2 → E2 are

given by σ1(r+nl) = n2− (l +1)n+ r where l = 0, ..., n−1, r = 1, ..., n

and σ2(r + nl) = −r + (l + 1)n + 1 where l = 0, ..., n− 1, r = 1, ..., n.

Figure (1) illustrates the case when n = 5, i.e., k = 25.

In case n = 5, these permutations will take the following form:

σ1 = (1 21)(2 22)(3 23)(4 24 )(5 25 )(6 16 )(7 17 )

(8 18)(9 19)(10 20)(11)(12)(13)(14)(15),

σ2 = (1 5)(2 4)(6 10)(7 9)(11 15 )(12 14 )(16 20)

(21 25)(11 24)(17 19)(3)(8)(13)(18)(23).
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In the second case, k = 2n2, and as mentioned before every color will

be repeated twice in each mesh. Any perfect folding of E2 into itself

can be defined only either by folding along the vertical lines that pass

through the centers of the meshes or by folding along the horizontal lines

that bound the meshes. So if we first fold along the horizontal lines we

will get an infinite strip, this strip can be folded again along the vertical

lines that pass through the centers of the meshes. Then f(E2) will be a

rectangle which contains different colors 2n2. The permutations of the

perfect folding f : E2 → E2 are given by σ3(r+nl) = 2n2 − (l +1)n+ r

where l = 0, ..., 2n − 1, r = 1, ..., n and σ4(r + nl) = −r + (l + 1)n + 1

where l = 0, ..., n− 1, r = 1, ..., 2n.

Figure (2) illustrate the case n = 3, i.e., k = 18.

In case n = 3, these permutations will take the following forms:

σ3 = (1 16)(2 17)(3 18)(4 13)(5 14)(6 15)(7 10)

(8 11)(9 12),

σ4 = (1 6)(2 5)(3 4)(7 12)(8 11)(9 10)(13 18)

(14 17)(15 16).

This completes the proof for the perfect folding of 4-monohedral tiling,

as desired.
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4. The perfect folding of 3-monohedral tiling of E2

Lemma 4.1. Let E2 be equipped by perfect k-colorings of 3-monohedral

tiling. A perfect folding of E2 into itself can be defined only by foldings

along the horizontal or the inclined lines. The image, g(E2), of these

folding is either:

(a) An infinite strip in the cases k = 2n2 and k = (3n − 2)2 for some

positive integer n and k = (3n − 1)2 for some positive even integer n.

or (b) A triangle in the cases k = (3n − 1)2, where n is a positive odd

integer and k = 6n2, where n is a positive integer.

Proof. The regular triangular tilings of the plane admits perfect k-

color if and only f (i) k = 2n2,(ii) k = 6n2, (iii) k = (3n − 2)2or

(iv) k = (3n − 1)2 for some positive integer n [6]. Considering only

tiles of one particular aspect ,(that is, translations of one another), we

again define n to be the smallest positive integer such that a horizontal

translation through a distance nb, (where b is the length of the side of

a tile), brings a triangle of color 1 into coincidence with another tile

of color 1. In case (i) we see that all the 2n2 tiles in the mesh must

have different colors, and that these colors are repeated in the same

way in every mesh, where the mesh is a rhomb. If there is another

tile of color 1 then the only position it can occupy is the center of one

of the triangles of the mesh. In case (ii) we see that the triangle in

the left half of the rhomb has a central tile of the same aspect as the

tiles forming the mesh and each color repeats three times in the mesh.

In case (iii)we see that the triangle in the left half of the rhomb has

a central tile of the opposite aspect as the tiles forming the mesh and

each color repeats twice in the mesh. Finally in case (iv)we see that the

triangle in the right half of the rhomb has a central tile of the opposite

aspect as the tiles forming the mesh and each color repeats twice in the

mesh.

In the case, k = 2n2, all the 2n2 tiles in the mesh have different colors,

and the mesh takes the rhomb form. Any perfect folding g : E2 → E2













PERFECT FOLDING OF THE PLANE 159

4. Branko Grunbaum, J.C.P. Miller and G.C. Shephard, Tilling three-dimensional

space with polyhedral tiles of a given isomorphism type, J. London Math. Soc. 29

(1984), 181–191.

5. Branko Grunbaum and G.C. Shephard, Tilings by regular polygons, Mathematics

Magazine Math. 50 (1977), 227–247.

6. Branko Grunbaum and G.C. Shephard, Perfect colorings of transitive tilings and

pattrens in the plane, Discrete Mathematics 20 (1977), 235–247.

7. Branko Grunbaum and G.C. Shephard, The eighty-one types of isohedral tillings

in the plane, Math. Proc. Cambridge Phil. Soc. 82 (1977), 177–196.

8. Branko Grunbaum and G.C. Shephard, The ninety-one types of isohedral tillings

in the plane, Trans. Amer. Math. Soc. 242 (1978), 335–353; 249 446.

9. Branko Grunbaum and G.C. Shephard, Isohedral tillings, Pacific J. Math. 76

(1978), 407–430.

10. Branko Grunbaum and G.C. Shephard, Isohedral tillings of the plane by poly-

gons, Comment. Math. Helvet. 53 (1978), 542–571.

11. S.A. Robertson, Isometric folding of Riemannian manifolds, Proc. Royal Soc.

Edinburgh (1977), 275–284.

*

Department of Mathematics

Faculty of Science, Tanta University

Tanta, Egypt

E-mail : prof entesar@yahoo.com

**

Department of Mathematics

Faculty of Education(Suez), Suez-Canal University

Suez, Egypt

E-mail : m e basher@yahoo.com

***

Department of Mathematics

Faculty of Education(Suez), Suez-Canal University

Suez, Egypt

E-mail : mrzd 2@hotmail.com




