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C*-ALGEBRAS ASSOCIATED WITH LENS SPACES

Deok-Hoon Boo, SEI-QwoN OH* AND CHUN-GIL PARK**

ABSTRACT. We define the rational lens algebra ]L% (n) as the crossed
product by an action of Z on C(§2"+1). Assume the fibres are My (C).
We prove that Lm (n)® Mp(C) is not isomorphic to C (Prim(]L_Z_z (n)))
® Mp(C) if £ > 1, and that ]L_vE_ (n) ® Mpe is isomorphic to
C(Prim(]l.%(n))) ® My (C) ® Mpoo if and only if the set of prime
factors of k is a subset of the set of prime factors of p.

It is moreover shown that if k& > 1 then Lz (n) is not stably

isomorphic to C’(Prim(]L% (n))) ® M (C).

1. Introduction

Given a locally compact abelian group G and a multiplier w on G,
one can associate to them the twisted group C*-algebra C*(G,w). The
twisted group C*-algebra C*(Z!,w) is called a non-commutative torus.
The simplest non-trivial non-commutative tori arise when G = Z2. In
this case we may assume w is antisymmetric and w((1,0), (0,1)) = e™.
When § = 7%, one obtains a rational rotation algebra, and denoted by
Am,

kThe rational rotation algebra Az can be obtained by the crossed
product by an action of Z on C(S') (see [2]). On can canonically replace
C(S") in the crossed product C(S*) x s Z representing A= by C(S§2*+1).

DEFINITION 1.1. The crossed product by the action o of Z on the
commutative C*-algebra C(S?"*1), which is induced from the homeo-
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morphism
jm jm jm
(ZOazla .. ,Zn) € S2n+1 — (627m - zo,e27” Rzl ,627” n zn) e SZn-l»l

for k and m relatively prime, is said to be a rational lens algebra, and
denoted by L= (n).

A well-known theorem of Tomiyama-Takesaki [5] asserts that each k-
homogeneous C*-algebra A over a compact Hausdorff space M is isomor-
phic to the C*-algebra of sections of a locally trivial C*-algebra bundle
with base space M, fibre My (C), and structure group Aut(My(C)) =
PU (k).

The cyclic group Z/kZ acts freely on 521 by the homeomorphism
given as above and S$?"*1/(Z/kZ) is homeomorphic to the lens space
L*(n). So the cyclic group Z/kZ acts on C(§2"*1) and the crossed
product by the action of Z/kZ on C(S*"*1) is isomorphic to C(L*(n))®
M (C) by the Mackey machine for a crossed product. The cyclic group
Z/kZ acts freely on S and S'/(Z/kZ) is homeomorphic to S'. So the
cyclic group Z/kZ acts on C(S') and the crossed product by the action
of Z/kZ on C(S*) is isomorphic to C(5') ® M(C). Thus the fibre at
each point of L¥(n)x 8! is M (C), and so L= (n) is a k-homogeneous C*-
algebra over L*(n) x S'. Hence Lm (n) is isomorphic to the C*-algebra
of sections of a locally trivial C*-algebra bundle over Prim(L= (n)) =
$2n+1/(Z/kZ) x kZ = L*(n) x S with fibres My (C).

In this paper, using Pimsner-Voiculescu exact sequence for a crossed
product, we compute the K-theory of L%(n) and we are going to show
that [ILIE(n)] € Ko(L=(n)) is primitive. Using the fact that [11Lz£u(n)] €
Ko(ILm (n)) is primitive, one can show that L= (n) ® M,(C) is not iso-
morphic to C(Prim(L=(n))) ® M,(C) if k > 1, and that the tensor
product of L= (n) with a UH F-algebra My~ of type p™ is isomorphic
to C(Prim(L = (n)))® Mk (C)® My if and only if the set of prime factors
of k is a subset of the set of prime factors of p.

By comparison of the K-theory, it is shown that L= (n) is not stably
isomorphic to C(Prim(Lm= (n))) ® M, (C) if k£ > 1.

2. The K-theory of rational lens algebras

We are going to show that [1L%(n)] € Ko(L=(n)) is primitive.
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THEOREM 2.1. Ko(Lm(n)) = Ki(Lm(n)) = Z2, and [y, ()] €
k
Ko(Lm(n)) is primitive.
PROOF. L (n) is given by the crossed product C(52"+!) x o Z, where
the action « is given in Definition 1.1.
Note that this action is homotopic to the trivial action, since we can

homotope % to 0. Hence Z acts trivially on the K-theory of C(S52"*1).
The lesner—Vomulescu exact sequence for a crossed product gives

1—(a). n n 1—(a)«
L 220 gy (0(57HY) B KoL (ny) — Ko (C(S2HY)) 200,

and similarly for K, where the map & is induced by inclusion. Since
()« = 1 and since the K-groups of C(S?"*1) are free abelian of rank 1
(see [4, I1.1.34]), this reduces a split short exact sequence

{0} — Ko(C(5*™1) 2 Ko(Lm(n)) — K1(C(S?H1)) — {0}

and similarly for K. So K;(L.=(n)) are free abelian of rank 2.
Since the inclusion C(§%"+1) — Lm(n) sends 1g(gant1y to IL%(H),
[1Lp, ()] is the image of [1o(gen+1)], which is primitive in Ko(C(S5%"1))
k
(see [4, I1.1.21)). Hence the image is primitive, since the Pimsner-
Voiculescu exact sequence is a split short exact sequence of torsion-free

groups.
Therefore, Ko(Lm(n)) ¢ K;(Lm(n)) & Z?, and the class [1,, (n)] of
|

the unit 1y ,, () is primitive.
k
COROLLARY 2.2. Let p be a positive integer. Lm (n) ® My(C) is not
isomorphic to C(Prim(Ln (n))) ® M,(C) if k > 1.

PROOF. Assume L= (n)® Mp(C) is isomorphic to C(Prim(L= (n)))®
Mip(C). Then the unit 1p,, (n)®I, maps to the unit Lo(@rim(Lap () ®Lkp)
k k
where I, denotes the s x s identity matrix. So

[111,%(71) ® Iy = [1C(Prim(]L,rkr;(n))) ® Ixp| = (kp) [lC(Prim(IL_’v? m)))-

But [IL%(n) ® I, = p[lL%(n)]. Thus there is a projection e € Lm (n)
such that p[ly,, ()] = (kp)[e]. But Ko(Lm(n)) = Z? is torsion-free,
k
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80 [11[,%(”)] = kle]. This contradicts Theorem 2.1 if k¥ > 1. Hence

Lz (n) ® Mp(C) is not isomorphic to C(Prim(L= (n))) ® Mi,(C) if k E
1.

By a similar fashion, one can easily show that no non-trivial matrix
algebra can be factored out of L= (n).

By comparison of the K-theory, one can show that L= (n) ® K(H)
has a non-trivial bundle structure.

COROLLARY 2.3. For a positive integer k > 1, Lm (n) is not stably
isomorphic to C(Prim(Lz (n))) ® My(C).
PROOF. By Theorem 2.1, Ko(Lzz(n)) = Z2, which is torsion-free.
On the other hand,
Ko(C(Prim(L= (n))) ® Mi(C))
= Ko(C(Prim(Lp (n)))) = Ko(L¥(n) x §Y)
2 Ko(L*(n)) ® Ko(C(S")) ® K1(L*(n)) ® K1(C(SY))

by Kiinneth Theorem (see [1, Theorem 23.1.3]). But
Ko(C(L*(n)) ® Ko(C(S*)) = (Z/k"Z0Z) R L= Z/k"Z & Z

(see [4, IV.2.11]). So Ko(C(Prim(Lm=(n))) ® My(C)) is not torsion-free
if k > 1. Hence L= (n) is not stably isomorphic to C(Prim(L= (n))) ®
Mi(C)if k> 1. O

We have obtained that [1, B (n)] € Ko(Lm (n)) is primitive. This result

is very useful to investigate the bundle structure of the tensor products
of rational lens algebras with U H F-algebras.

3. The tensor products of rational lens algebras with UHF-
algebras

In this section, we investigate the bundle structure of the tensor prod-
uct of L= (n) with a UH F-algebra My« of type p™.
The following is useful.
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THEOREM 3.1 [3, Theorem 7.1]. Suppose there exists an intertwin-

ing of the sequence of C*-algebra homomorphisms A; — Ay — --- and

B; — By — ---. Then the inductive limits lim A; and lim B, are iso-
— —

morphic.

THEOREM 3.2. Let Mpe~ be a U H F-algebra of type p™°. ThenL = (n)
® Mpe is isomorphic to C(Prim(Lm (n))) ® My(C) ® Mpe if and only if
the set of prime factors of k is a subset of the set of prime factors of p.

PROOF. Assume the set of prime factors of k is a subset of the set
of prime factors of p. To show that Lm(n) ® Mpe is isomorphic to
C(Prim(Lm (n)))®Mj(C)® My, it is enough to show that Lim (n)® Mo
is isomorphic to C(Prim(L= (n))) ® Mg«. But there exist the canonical
C*-algebra homomorphisms:

Lm(n) — C® Mi(C) — Ln(n) ® Mi(C) = C @ Myz(C) — ---,
where C := C(Prim(L = (n))). The inductive limit of the odd terms
.- = Lz (n) ® Mya(C) — L () ® Myasa (C) — ---
is Lz (n) ® Mg, and the inductive limit of the even terms
-+ = C(Prim(L = (n)))®M;4(C) — C(Prim(L= (n)))®Mga+1(C) — - -

is C(Prim(L=m(n))) ® Mge~. Thus by Theorem 3.1, L= (n) ® Mg is
isomorphic to C(Prim(Lm (n))) ® M.

Assume L= (n) ® Mpe is isomorphic to C(Prim(L = (n))) ® Mx(C) ®
M. Then the unit IL%(n) ® 1M, maps to the unit 1C(prim(]1,% (n))) ®
].Mp‘,o ® Ir. So

[IIL%(n) ®1Mye] = [1C(Prim(]L%(n))) ® 1Moo ® I]-

And (I (n)®1ayee ] = (L ()] ® L M0 ] a0 [Lo(Prim(L g (n))) © Lagpe0 ©
L] = k(lo@rimp ()] ® [1a,e]). But Ko(Lz(n) ® Mpe) 2 [g]
(Ko(Lz(n))) and Ko(C(Prim(L=(n))) ® Mpe ® Mi(C)) = k[i]

P
(Ko(C(Prim(Lm (n))))). If there is a prime factor g of k such that ¢ { p,
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then [1a1,0.] # gleso) for e a projection in Mpe under the assumption
that the unit 1p, (n)®1Mp°° maps to the unit loPrimLm (n)))®1Mp°° RI.
k k

So there is a projection e € L= (n) such that [111,_73(71)] = gle]. This con-

tradicts Theorem 2.1. Thus the set of prime factors of k is a subset of
the set of prime factors of p.

Therefore, Lz (n) ® Mpe is isomorphic to C(Prim(L = (n)))® Mi(C)®
Mpe if and only if the set of prime factors of k is a subset of the set of
prime factors of p. O

We have obtained that L= (n) ® Mpe has the trivial bundle structure
if and only if the set of prime factors of k is a subset of the set of prime
factors of p.
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