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Abstract

We show that if an even length filter has the same length complementary
filter in a generalized linear phase case, the complementary filter is unique,
we find sufficient conditions for a unique existence of even lengthN com-
plementary filter in a quadrature mirror filter bank, and we find all higher
degree symmetric filters of lengthN + 4m which are complementary to a
given symmetric filter of even lengthN.

1 Introduction

Wavelet theory has attracted much attention from many researchers in mathemat-
ics and electrical engineering fields. The integral wavelet transform and wavelet
series, which are main topics in wavelet theory, are performed using wavelets.
Thus constructing proper wavelets for applications is considered to be very im-
portant. Filter banks are efficient convolution structures that have been used in
subband coders for speech. In a filter bank, a data sequencex(n) is decomposed
into M channels by convolution with sequenceshi (n), called the analysis filters,
down-sampled byM on each channel, upsampled byM on each channel, and then
convolved with the sequencesgi (n), called the synthesis filters, and recombined to
give x̂(n). An important problem in a filter bank theory is how to design perfect
reconstruction filter banks.
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Daubechies ([4]) constructed compactly supported orthonormal wavelets and
orthonormal scaling functions based on iterations of discrete filters and Vetterli
([7]) showed that biorthogonal perfect reconstruction filter banks generate biorthog-
onal wavelets and biorthogonal scaling functions. In order to generate wavelets
using perfect reconstruction filter banks, it is required to find high pass comple-
mentary filter with respect to a given lowpass filter.

In section 2, we review some basics of scaling function, wavelets, and filter
banks and we prove that a Laurent series under some assumptions generates or-
thonormal scaling functionφ and orthonormal waveletψ and generatedφ andψ
lead to perfect reconstruction filter bank, which is a variant of Vetterli’s work ([7]).
In section 3, we show that if an even length filter has the same length complemen-
tary filter in a generalized linear phase case, the complementary filter is unique, we
find sufficient conditions for a unique existence of even lengthN complementary
filter in a quadrature mirror filter bank, and we find all higher degree symmetric
filters of lengthN + 4m which are complementary to a given symmetric filter of
even lengthN.

2 Wavelets and Filter Banks

Definition 2.1. A function ψ ∈ L2(R) is called anR − f unction if {ψ j ,k :=
22/ jψ(2 j x − k)} is a Riesz basis ofL2(R) in the sense that the linear span ofψ j ,k

is dense inL2(R) and positive constants A and B exist, with 0< A ≤ B < ∞,
such that

A ‖ {cj ,k} ‖2l2≤‖
∞∑

j=−∞

∞∑
k=−∞

cj ,kψ j ,k ‖22≤ B ‖ {cj ,k} ‖2l2

for all doubly bi-infinite square-summable sequences{cj ,k} ; that is,

‖ {cj ,k} ‖2l2:=
∞∑

j=−∞

∞∑
k=−∞

|cj ,k| <∞.

Definition 2.2. A functionφ ∈ L2(R) is called ascaling fuctionif the subspaces
Vj of L2(R) defined by

Vj := 〈φ j ,k : k ∈ Z〉, j ∈ Z,
satisfy
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(1) · · · ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ . . .
(2)

⋃
j∈Z = L2(R)

(3) f (x) ∈ Vj if and only if f (2x) ∈ Vj+1, j ∈ Z
(4) f (x) ∈ Vj if and only if f (x + 1

2 j ) ∈ Vj , j ∈ Z

and if {φ(· − k) : k ∈ Z} is a Riesz basis ofV0. We say that the scaling function
φ generates a multiresolution analysis{Vj } of L2(R). Hereafter multiresolution
analysis is abbreviated by MRA.

It is well known (see [3]) that ifφ ∈ L2(R) is a scaling function that generates
an MRA {Vj } of L2(R), then∩ j∈ZVj = {0}.
Definition 2.3. If a scaling functionφ generates an MRA, then there exists a
unique sequence{pk} such thatφ(x) =∑∞k=−∞ pkφ(2x−k). We call the sequence
{pk} two scale sequence ofφ. Corresponding to thisl 2 sequence, we definetwo
scale symbolof φ by

P(z) = Pφ(z) := 1

2

∞∑
k=−∞

pkzk.

Definition 2.4. A function ψ ∈ L2(R) is called anorthogonal waveletif the
family

{ψ j ,k(x) := 2 j /2ψ(2 j x − k) : j , k ∈ Z}
is an orthonormal basis ofL2(R); that is,

〈ψ j ,k, ψl ,m〉 = δ j ,lδk,m, j , k, l ,m ∈ Z,
and everyf ∈ L2(R) can be written as

f (x) =
∞∑

j ,k=−∞
cj ,kψ j ,k(x),

where the convergence of the series is inL2(R).

Definition 2.5. A collection of filters with a common input or a common output
is called afilter bank. The filter bank which splits a signalx(n) into M signals
x0(n), x1(n), . . . , xM−1(n) is called ananalysis bankand the filter bank which col-
lects M signalsy0(n), y1(n), . . . , yM−1(n) into a signalx̂(n) is called asynthesis
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bank. The splitted signalsx0(n), x1(n), . . . , xM−1(n) are calledsubband signals.

Definition 2.6. The device which takes an input sequenex(n) and produces the
output sequenceyD(n) = x(Mn) with a positive integerM is called anM-fold
decimator, adownsampler, or asubsampler. The device which takes an inputx(n)
and produces an output sequence

yE(n) =
{

x( n
L ), n is integer multiple of positive integerL

0, otherwise.

is called anL-fold expander, anupsampler, or aintepolator.

We review the following basic proposition which will be used for Theorem 3.4.

Proposition 2.7. If a filter bank hasH0(z) and H1(z) as its analysis filters with
downsampling by two and hasF0(z) andF1(z) as its synthesis filters with upsam-
pling by two, then the output̂X(z) of the filter bank with its inputX(z) is given
by

X̂(z) = X(z)[H0(z)F0(z)+ H1(z)F1(z)] + X(−z)[H0(−z)F0(z)+ H1(−z)F1(z)]

2
.

Particularly, if F0(z) = H1(−z) andF1(z) = −H0(−z), the outputX̂(z) is given
by

X̂(z) = X(z)[H0(z)F0(z)+ H1(z)F1(z)]

2
= X(z)[H0(z)H1(−z)− H0(−z)H1(z)]

2
.

Proof. Let a(n) be the input andb(n) be the output of the upsampler by two.
Then

B(z) =
∞∑

n=−∞
b(n)z−n =

∞∑
m=−∞

b(2m)z−2m =
∞∑

m=−∞
a(m)z−2m = A(z2).

Let c(n) be the input andd(n) be the output of the downsampler by two. Then

D(z) =
∞∑

n=−∞
d(n)z−n =

∞∑
m=−∞

c(2n)z−n.

1

2
(C(z

1
2+C(−z

1
2 )) = 1

2
(

∞∑
n=−∞

c(n)z−
n
2+

∞∑
n=−∞

c(n)(−1)−nz−
n
2 ) =

∞∑
n=−∞

c(2n)z−n.

Thus

D(z) = 1

2
(C(z

1
2 )+ C(−z

1
2 )).
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The output ofH0(z) and downsampler is

1

2
[H0(z

0.5)X(z0.5)+ H0(−z0.5)X(−z0.5)].

The output ofH1(z) and downsampler is

1

2
[H1(z

0.5)X(z0.5)+ H1(−z0.5)X(−z0.5)].

The output of upsampler andF0(z) is

1

2
[H0(z)X(z)F0(z)+ H0(−z)X(−z)F0(z)].

The output of upsampler andF1(z) is

1

2
[H1(z)X(z)F1(z)+ H1(−z)X(−z)F1(z)].

Thus the proposition is proved. �

Definition 2.8. Suppose the filter bank hasX(z) as its input and haŝX(z) as its
output. If X̂(z) = kz−d X(z) for some constantk andd ∈ Z, we say the filter bank
has aperfect reconstruction–hereafter denoted by PR– property. A polynomial
P(z) which satisfies

P(z)− P(−z) = kz−2l−1 for some constatantk andl ∈ Z

is called avalid polynomial. Given a filterH0(z), any filterH1(z) such thatP(z) =
H0(z)H1(−z) is a valid polynomial is called acomplementary filter. A Laurent
series is said to belong to theWiener ClassW if its coefficients sequence is inl 1.

Theorem 2.9. Let H0(z) =∑L−1
n=0 h0(n)z−n andH1(z) =∑L−1

n=0 h1(n)z−n be fil-
ters such that〈h0(n−2k),h0(n−2l )〉 = δkl andh1(n) = (−1)nh0(L−1−n). Then
the filter bank which hasH0(z) andH1(z) as its analysis filters with downsampling
two and hasG0(z) = ∑L−1

n=0 h0(L − 1− n) andG1(z) =∑L−1
n=0 h1(L − 1− n) as

its synthesis filters with upsampling two has a perfect reconstruction property.

Proof. See [7]. �

Daubechies and other researchers (see [4], [5], and [7]) characterized the rela-
tionships between wavelets and filter banks. The followng theorem is a variant of
Vetterli’s work (see [7]).
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Theorem 2.10. Let P ∈W be a Laurent series such that

P(z) = 1

2

∑
k

pkzk = (1+ z

2
)N S(z),

where N is some positive integer andS ∈ W satisfiesS(1) = 1. Let S(z) =∑
k skzk andB := max|z|=1 |S(z)|. If |P(z)|2+|P(−z)|2 = 1, |z| = 1,

∑
k |sk||k|α <

∞ for someα > 0, and B < 2N−1, then the scaling functionφ and waveletψ
obtained fromP(z) generates perfect reconstruction finite impulse response filter
bank.

Proof. Let φ(x) := ∑
k∈Z pkφ(2x − k). Thenφ is an orthonormal scaling

function that generates an MRA ofL2(R) (see [3]). Letψ(x) :=∑k∈Z(−1)k p−k+1φ(2x−
k). Then

〈φ j ,k, φ j ,l 〉 = δk,l , j , k, l ∈ Z,
〈φ j ,k, ψ j ,l 〉 = 0, j , k, l ∈ Z,

〈ψ j ,k, ψl ,m〉 = δ j ,l δk,m, j , k, l ,m ∈ Z.
That is,ψ is an orthonormal wavelet. Hence

〈φ(2x−l ), φ(2x−k)〉 =
∫ ∞
−∞

φ(2x−l )φ(2x−k)dx = 1

2

∫ ∞
−∞

φ(y−l )φ(y−k)dy= 1

2
δk,l .

〈φ(x+k), φ(x+l )〉 = 〈
∑

n

pnφ(2x+2k−n),
∑

m

pmφ(2x+2l−m)〉 = 1

2

∑
n

pn+2k pn+2l .

Since〈φ(x + k), φ(x + l )〉 = δkl ,
1
2

∑
n pn+2k pn+2l = δkl . Let H0(z) be a finite

length filter such thath0(n) = pn√
2
. Then

〈h0(n+ 2k),h0(n+ 2l )〉 = 〈 pn+2k√
2
,

pn+2l√
2
〉 = 1

2

∑
n

pn+2k pn+2l = δkl .

ThusH0(z) is an orthogonal filter.
Let H1(z) be a finite length filter such thath1(n) = (−1)n pL−1−n√

2
. Then

〈h1(n+2k),h1(n+2l )〉 = 〈 pL−1−n−2k√
2

,
pL−1−n−2l√

2
〉 = 1

2

∑
n

pL+1−n−2k pL+1−n−2l = δkl .

ThusH1(z) is an orthogonal filter.
Let G0(z) = ∑L−1

n=0 h0(L − 1− n) and G1(z) = ∑L−1
n=0 h1(L − 1− n). By

Theorem 2.9, the filter bank which hasH0(z) andH1(z) as its analysis filters with
downsampling two and hasG0(z) and G1(z) as its synthesis filters with upsam-
pling two has a perfect reconstruction property. �
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3 Complementary Filters

In section 2, we prove that a Laurent series under some assumptions generates
orthonormal scaling functionφ and orthonormal waveletψ and generatedφ andψ
lead to perfect reconstruction filter bank. In this section, we consider a generation
of wavelets using perfect reconstruction filter banks as the reverse problem of sec-
tion 2. Since it is required to find high pass complementary filter with respect to a
given lowpass filter for a generation of wavelets, we find sufficient conditions for
a unique existence of even lengthN complementary filter in a quadrature mirror
filter bank and we find all higher degree symmetric filters of lengthN + 4m which
are complementary to a given symmetric filter of even lengthN.

Definition 3.1. The filtersH0(z) andH1(z) which satisfyH1(z) = H0(−z), that
is, |H1(eiω)| = |H0(ei (π−ω))|, are calledquadrature mirror filtersand are abbrevi-
ated by QMFs. That is,|H1(eiω)| is a mirror image of|H0(eiω)| with respect to the
quadrature frequency2π4 . The filter bank which hasH0(z) and H1(z) = H0(−z)
as its analysis filters with downsampling by two andF0(z) = H0(z) and F1(z) =
−H1(z) as its synthesis filters with upsampling by two is called aquadrature mir-
ror filter bankand is abbreviated by QMFB.

Theorem 3.2.

(1) A real valued sequence{an} ∈ l 1 has generalized linear phase iff it is sym-
metric or antisymmetric (with respect to the phase of the symbol of{an}).

(2) A real valued finite sequence{an} ∈ l 1 with support[0, N] has linear phase
iff aN−n = an and A(z) = ∑N

n=0 anzn has only zeros of even order on the
unit circle.

Proof. See [3]. �

Theorem 3.3. In the generalized linear phase case, if a filterH0(z) of an even
lengthN has a complementary filterH1(z) of lengthN, thenH1(z) is unique.

Proof. By Theorem 3.2, we consider the following four cases.
(i) H0(z) andH1(z) are symmetric
P(z) = H0(z)H1(z) = [h0(0)h1(0)] + [h0(1)h1(0) − h0(0)h1(1)]z−1 + · · · +
[h0(0)h1(1) − h0(1)h1(0)]z−(2N−3) − h0(0)h1(0)z−(2N−2). ThusP(z) is antisym-
metric except the central term.P(z)− P(−z) = 2[h0(1)h1(0)−h0(0)h1(1)]z−1+
· · · + 2[h1(1)h0(0)− h0(1)h1(0)]z−(2N−3) = 2z−2l−1. HenceP(z)− P(−z) is an-
tisymmetric except the central term. We have the following system of equations
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whereh0(0),h0(1), . . . h0(N − 1) are given andh1(0),h1(1), . . . h1(N − 1) are
unknowns.

h0(1)h1(0)− h0(0)h1(1) = 0

h0(2)h1(0)+ h0(0)h1(2)− h0(1)h1(1) = 0

. . .

−h0(2)h1(0)− h0(0)h1(2)+ h0(1)h1(1) = 0

h1(1)h0(0)− h0(1)h1(0) = 0

This system consists ofN equations but actually consists ofN
2 equations by anti-

symmetry. By symmetry ofH1(z), the number of unknowns isN2 . Thus the system
consisting ofN

2 equations hasN2 unknowns. Hence the system has a unique solu-
tion if the solution exists.
(ii) H0(z) is symmetric andH1(z) is antisymmetric
P(z) = H0(z)H1(−z) = [h0(0)h1(0)] + [h0(1)h1(0) − h0(0)h1(1)]z−1 + · · · +
[−h0(0)h1(1)
+h0(1)h1(0)]z−(2N−3) + h0(0)h1(0)z−(2N−2). Thus P(z) is symmetric except the
central term.P(z)−P(−z) = 2[h0(1)h1(0)−h0(0)h1(1)]z−1+· · ·+2[−h1(1)h0(0)+
h0(1)h1(0)]z−(2N−3) = 2z−2l−1.HenceP(z)−P(−z) is symmetric except the cen-
tral term. We have the following system of equations whereh0(0),h0(1), . . . h0(N−
1) are given andh1(0),h1(1), . . . h1(N − 1) are unknowns.

h0(1)h1(0)− h0(0)h1(1) = 0

h0(2)h1(0)+ h0(0)h1(2)− h0(1)h1(1) = 0

. . .

h0(2)h1(0)+ h0(0)h1(2)− h0(1)h1(1) = 0

−h1(1)h0(0)+ h0(1)h1(0) = 0

This system consists ofN equations but actually consists ofN
2 equations by sym-

metry. By antisymmetry ofH1(z), the number of unknowns isN2 . Thus the system
consisting ofN

2 equations hasN2 unknowns. Hence the system has a unique solu-
tion if the solution exists.
(iii) H0(z) andH1(z) are antisymmetric
The proof is similar to that of the case (i)
(iv) H0(z) is antisymmetric andH1(z) is symmetric
The proof is similar to that of the case (ii) �

Theorem 3.4. If a symmetric filterH0(z) in QMFB has an even lengthN and
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the greatest common divisor ofH0(z) andH0(−z) divides2z−2l−1 for somel ∈ Z,
thenH0(−z) is a unique complementary filter of lengthN with respect to the filter
H0(z).

Proof. From Proposition 2.7,̂X(z) = X(z)[H0(z)H1(−z)−H0(−z)H1(z)]
2 .SinceH1(z)

= H0(−z) in QMF, X̂(z) = X(z)[H0(z)H0(z)−H0(−z)H0(−z)]
2 . It is well known (see [1])

that givena(x) andb(x),

a(x)p(x) + b(x)q(x) = c(x)

has a solutionp(x) and q(x) iff the greatest common divisor ofa(x) and b(x)
dividesc(x). Since QMFB has a PR property iff̂X(z) = kz−2l−1X(z) for some
constantk and somel ∈ Z, the QMFB has a PR property iff the greatest common
divisor of H0(z) and H0(−z) divides 2z−2l−1. Thus H0(−z) is a complementary
filter of H0(z). SinceH0(z) is symmetric andN is even,H0(−z) is antisymmetric.
By (ii) in the proof of Theorem 3.3,H0(−z) is a unique complementary filter.�

Theorem 3.5. Given a symmetric filterH0(z) of even lengthN and its comple-
mentary filterH1(z) of symmetric form and lengthN, all higher degree symmetric
filters of lengthN + 4m which are complementary toH0(z) are of the form

G(z) = z−2mH1(z)+ E(z)H0(z),

whereE(z) = [a1+ a2z−2+ · · · + amz−(2m−2) + am+1z−2m+ amz−(2m+2) + · · · +
a2z−(4m−2) + a1z−4m].

Proof. E(z)H0(z) = a1h0(0)+a1h0(1)z−1+ [a1h0(2)+a2h0(0)]z−2+· · ·+
a1h0(N − 2)z−(N+4m−2) + a1h0(N − 1)z−(N+4m−1). ThusE(z)H0(z) is symmetric
about the point betweenN+4m

2 and N+4m−2
2 . H1(z)z−2m = h1(0)z−2m+h1(1)z−(2m+1)+

h1(2)z−(2m+2) + · · · + h1(N − 1)z−(N+2m−1). ThusH1(z)z−2m is symmetric about
the point betweenN+4m

2 and N+4m−2
2 . HenceH1(z)z−2m+ E(z)H0(z) is symmet-

ric. SinceH1(z) is a complementary filter toH0(z), z−2mH1(z) is a complementary
filter to H0(z). It is easily checked fromE(z) = E(−z) that givenH0(z), the
solution of the equation

H0(z)H1(−z)− H0(−z)H1(z) = 0

is H1(z) = E(z)H0(z). Thusz−2mH1(z)+ E(z)H0(z) is a complementary filter of
lengthN + 4m to H0(z).

SupposeG(z) is a complementary filter of lengthN + 4m to H0(z). Then
H0(z)G
(−z) is valid and of length 2N+4m−1. SinceH0(z)E(−z)H0(−z)−H0(−z)E(z)H0(z)
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= 0, H0(z)E(z)H0(−z) is valid and of length 2N+4m−1. Let K (z) = H0(z)[G(−z)−
E(z)H0(−z)]. ThenK (z) is valid and of length 2N+4m−1. K (z) = h0(0)(g(0)−
a1h0(0))+ [h0(1)(g(0)− a1h0(0))+ h0(0)(a1h0(1)− g(1))]z−1+ [h0(2)(g(0)−
a1h0(0))+ h0(0)(g(2)− a2h0(0)− a1h0(2))+ h0(1)(a1h0(1)− g(1))]z−2+ · · · +
[h0(N − 1)(a1h0(N −1)− g(N +4m− 1))]z−(2N+4m−2). By choosinga1 = g(0)

h0(0)
,

the coefficients ofz0 and z−(2N+4m−2) are zero. SinceH0(z)G(−z) is valid and
a1 = g(0)

h0(0)
, the coefficients ofz−1 andz−(2N+4m−3) are zero. Similarly, by choosing

properai for i = 2, . . . ,m, we can make the coefficients of four terms 0 for each
ai . By this process,K (z) has length 2N−1, has powers ofz−1 in the rangez−2m to
z−2m+2N−2, and is valid. SinceK (z) hasH0(z) as a factor and hasz−2m as a factor,

K (z) = z−2mH0(z)Q(z), where length ofQ(z) is N.

By Proposition 3.3, the solution of lengthN is unique. ThusK (z) = z−2mH0(z)H1(−z).
Hencez−2mH0(z)H1(−z) = H0(z)(G(−z) − E(z)H0(−z)). That is,G(−z) =
z−2mH1

(−z)+ E(z)H0(−z). ThusG(z) = z−2mH1(z)+ E(z)H0(z). �
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