
JOURNAL OF THE 
CHUNGCHEONG MATHEMATICAL SOCIETY 
Volume 10, August 1997

PRECONDITIONED ITERATIVE METHOD
FOR PETROV-GALERKIN PROCEDURE

Seiyoung Chung* and Seyoung Oh

*Supported by NON-DIRECTED RESEARCH FUND, Korea Research Foun
dation, 1995.

Received by the editors on October 30, 1996.
1991 Mathematics Subject Classifications: Primary 65M70.
Key words and phrases: Petrov-Galerkin procedure, GMRES, QMR, ILUT 

and SSOR preconditioner.

ABSTRACT. In this paper two preconditioned GMRES and QMR 
methods are applied to the non-Hermitian system from the Petrov- 
Galerkin procedure for the Poisson equation and compared to each 
other. To our purpose the ILUT and the SSOR preconditioners are 
used.

1. Introduction
In this paper two iterative methods with different preconditoners 

are tested to solve the linear system arising from a Petrov-Galerkin 

procedure for the Poisson equation on a rectangle

(1-1) 1』U & —(Uxx + Uyy) = f, e Q = (0,1) X (0,1)

with the homogeneous Dirichlet boundary condition

(1-2) 以 = 0, (⑦, y) € 己Q,

where dQ> is the boundary of the region Q.

The Petrov-Galerkin procedure here is an application of the cubic 

spline method of I. Sloan [1] to the boundary value problem in two 

space variables. It is basically the discretization of the H1-Galerkin 
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method on an n x n uniform partition, using a trial space of bicubic 

splines, a test space of piecewise-bilinear functions, and the composite 

Simpson’s 9-point rule for the integrals in two dimension. The method 

may be considered as a qualocation approximation(i.e. a quadrature

based modification of the collocation approximation) in [2,3] for the 

boundary-integral equations. Notice that the order of convergence 

is O(/i4), see [4]. Many variants of cubic spline collocation method 

with the O(7z4) convergence can be found. For example see Archer 

[5], Daniel and Swartz [6], Chawla and Subramanian [7].

The practical difficulty of evaluating the integrals can be overcome 

in this Petrov-Galerkin procedure by using numerical quadrature and 

the matrix in the resulting linear system can be determined once for all 

for any mesh size h. The resulting matrix can be represented by a sum 

of two tensor products of two matrices, each of which is unsymmetric 

and pentadiagonal, and hence it has block pentadiagonal structure. 

The structure is almost but not exactly the same as one arising from 

the Hermite bicubic orthogonal spline collocation method in [8]. Thus 

the resulting system here can not be solved at the cost of O(n2 log n) 

by a fast direct method in [8], a matrix decomposition method using 

fast Fourier transforms. Based on the fact that only a small number 

of elements in the resulting matrix is different from the matrix type 

which can be solved by the so-called fast direct solver in [8], a capaci

tance matrix method is proposed in [4] to solve it at the cost of O(n3). 

The capacitance matrix method is a direct method using the matrix 

decomposition technique in [8]. Considering that the number of un

knowns is(7i-bl)2, the method is quite efficient but still not optimal. 

Almost of rows has only 25 nonzero elements and the rest of them 

has at most 20 nonzero elements. The sparsity and size of the matrix 

suggests itself a iterative method. But due to the unsymmetricity, the 
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powerful classical conjugate gradient method for Hermitian positive 

definite linear systems cannot be used for the system in our Petrov- 

Galerkin procedure. Thus the Krylov subpace methods for general 

non-Hermitian linear systems are to be considered. Among them, 

the generalized minimum residual (GMRES) method and the quasi- 

minimal residual(QMR) method are recently developed and robust. 

The former minimizes the residual norm at each iteration over Krylov 

subspaces generated by an initial residual vector and the matrix A 

and the latter only quasi-minimizes it. On the other hand the work 

and storage requirement of GMRES method grows linearly with the 

iteration number but that of the QMR method is constant since it 

uses the two-term or three-term reccurences. These two methods will 

be applied and compared to each other. For practical problem it is 

crucial to use an efficient preconditioning technique with any iterative 

method. To our purpose, the ILUT and the SSOR preconditioners are 

used.

2. Petrov-Galerkin procedure
In this section the linear system arising from the Petrov-Galerkin 

procedure is derived. At first the discrete H1-Galerkin method is 

stated briefly. Given n > 1, let be a uniform partition of the 

region Q

Q九 = {(꾸, yj) | = ihj Vj = jh占 J = 0,1,..., 72, h = l/??}.

Let S(Q/J be the set of bicubic splines defined on the uniform parti

tion Q九 which satisfy the homogeneous boundary condition (1-2) and 

let T(Qh,) be the set of piecewise-bilinear functions on which do 

not satisfy the boundary conditions. Then the discrete Ti^-Galerkiii 

method is: find Uh € such that

(2-1) I/g,,% :>=<C f, zji〕>, 아i 드 7거(『bj, 
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where < ‘ , • > is a discrete inner product defined by a numerical 

quadrature rule Q九:

< iz, v >=

Notice that if any quadrature rule of fourth-order error is employed, 

then (2-1) has a unique solution Uh € and the rate of conver

gence is of O (九4) [4]:

h —Mlm(Q) 드 7九4“II씨|h6(q), i = o,l,2.

Let 白i(t), for 0 < z < n, be the cubic spline with the support 

[하_2,ti十2] in one space variable over the extended partition {/$ | ti = 

ih, i = —3,... ,n + 3, 7z = l/n} such that

r 2/3, if i=j, 
瓦 (tj) = |l/6, ifi = j±l,

(0, if otherwise.

Let for 0 < z < n, be the cubic B-spline vanishing at both ends 

i = 0 and t = 1, defined by

Bo(t) = B0(t) — 4百—i(t), Bi(t) = 그 i(t) —

Bi(t) = 瓦(t), i = 2,3, … , n — 2,

— Bn(t) = Bn(t) — 4Bn+i(t).

Let Zj(t), for 0 < j < n, be piecewise-linear “hat” function in one 

space variable with support [〈7—1,〈7 十 1] defined by

1 0, if otherwise.

Then the approximation Uh G S(Q^) is represented by

n n

m = E£
A=0 1=0
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where Bki(x,y) = Bk(x)Bi(y), for fc, Z = 0,1,...,n, and the equation 

(2-1) of discrete H1-Galerkin method is equivalent to

n n

(2-2) < J」Bki,Zij >=< f,Zij >, i,j = 0,1,...,72,

fc=0 1=0

where Zij(x,y) = 2：i(x)zj(y).

If the composite Simpson’s 9-point rule [17, chapter 5] in two di

mension, a rule with fourth-order error, for the partition is ap

plied, then with suitable notations, the equation (2-2) for our Petrov- 

Galerkin procedure can be represented by means of the tensor product

(2-3) Aw = f,

where A := Ai ® 쑤 + 刀2 ® -Ai is of size (n + l)2 and (n + 1) x (n + 1) 

matrices A± and are

2 -1

2 7 -2 -1

-1 -2 6 -2 -1

-1 -2 6 -2 -1

』4i = ................................................................ . ..................................

-1 -2 6 -2 -1

-1 -2 7 2

-1 2 11/

(19 22 1 서
28 77 32 1

1 32 78 32 1

1 32 78 32 1

刀2 = ...............................
1 32 78 32 1

1 32 77 28

1 22 19 /
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As we see, the matrix in the system (2-3) has a unsymmetric block 

pentadiagonal structure and has at most 25 zonzero elements in each 

row.

3. GMRES and QMR
In this section, we describe briefly the GMRES method of Saad 

and Schultz [15] and the QMR method of Freund and Nachtigal [9]. 

The two methods are ones of the most powerful iterative schemes for 

the numerical solution of large sparse non-Hermitian linear systems 

of equations

Ax = b,

where N x N matrix A is nonsingular. Through out this paper || - || 

denotes the Euclidean norm and the notation

」FCm(r, A) := span{r, Ar,...,

denotes the m-th Krylov subspace generated by a vector r and a 

square matrix A.

3.1 GMRES method. In GMRES method, one chooses an initial 

guess :z〉o, computes the residual vector = b — Ax()and find the 

iterate xm = xq + z E x()+ Km(H)?』4h which minimizes the residual 

norm over z in 2fm(r(),』4). That is, :rm is the solution of the least 

squares problem

(3-1) ||b —Arm||= ||r0 —A끼 |.
zeKm(r0,A)

(3-2) AVm =

..., Vm十 i} by Arnoldi’s method such that
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where Vi = pi, 沙2, • • •，物] and H is an (m + 1) x m real matrix. The 

matrix H is the same as the mxm upper Hessenberg matrix generated 

by Arnoldi’s process except for an additional row whose only nonzero 

element is in the (m+ l,m) position. Inserting (3-2) to (3-1) 

with z — Vmy we have

(3-3) min ||r0 - 刀끼| = min ||r0 - Vm+1Hy\\
2；€Km(r0,A) 沙

= nnn W^-HyW,
沙€Rm

where /3 = ||r()||. Then the solution of (3-1) is xm = xq +
where 이m is a solution of (3-3) determined by the QR factorization of

H, This GMRES method has to keep vectors {沙 1,^2, • • •，沙m+i} to 

compute Xm at m-th iteration, which generally causes the storage and 

work requirement problem for large systems. Hence we may restart 

the algoritm every k steps for a fixed integer parameter fc, which is 

GMRES (k) stated below. The GMRES (k) method does not break 

down but sometimes it may be stationary [15]. That is, the residual 

norm does not converge to zero even though it is nonincresing, which 

is not the case in the original GMRES method. In fact the original 

GMRES method terminates in at most N steps.

GMRES(k) by Saad and Schultz [15]
I. Choose xq and set r()= b — Axq and = r()/||ro||.

2. For j = 1,2, • • • , fc do

h"i,,j = (Auj, i = 1,2, …

3
⑵十 1 = Avi — g^hijVi,

i=l

⑵十 — ||#j 十 l|h

vj 十 1 = '⑵十 1/A서
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3. Set Xm = :Z〉0 4“ 우mllm*

4. Restart: go to 2 with xq = v± = 7•人/||r/J| if not satisfied.

3.2 QMR method. The QMR method, recently developed by Fre

und and Nachtigal [9], is basically a Krylov subspcae method which 

uses the well-known unsymmetric Lanczos algorithm to generate a ba

sis for the Krylov subspaces Km(ro, A). Without the so-called look- 

ahead technique there may be the breakdowns during the Lanczos 

process [11]. All the QMR versions recently proposed by Freund and 

Nachtigal use the look-ahead variants of the Lanczos process to pre

vent the breakdowns and make them robust algorithms. There are 

two variants of the QMR method with look-ahead technique. One is 

the original QMR method based on coupled three-term recurrences 

[9,12] and the other is the modified QMR method based on coupled 

two-term recurrences [10,13]. It is reported in [10] that the latter has 

better numerical properties than the former does.

Now we describe the basic idea of the QMR method. Assume that 

two Krylov subspaces, with r0 = b — Axq^ v± = ro/||r()|| and arbitrary 

unit vector wi,

_Afm(r0,A)= span(?；i,?；2, •••，沙 m), 

Km(wi,AT)= span(wi,W2,...,wm)

are generated by the unsymmetric Lanczos method. Then the bases 

satisfy the relations

시= 匕n 十 l『『m, 

ATWm = 까十1厂示1卜己字끼!】^

Here Hm is an (m + 1) x m tridiagonal matrix and Tm is an m x m 

diagonal matrix with daigonal elements suitably defined. The m-th 
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iterate Xm = x（）+ E xq + 2fm（r（）, A） is then defined by

⑦m = ⑦0 ~b In 之m?

where Zm E C771 is the vector quasi-minimizing the residual. That is, 

it is the unique solution of the least squares problem

||^m — 之m|| = min ||<im — 끼 L
zGCm

Here, dm is a multiple of standard unit vector e± E C77**1 defined by

7* m — b — AXqm — Tq — AVrnZrri = V｝서-lg/m — Hm2유n） •

The bounds for the QMR residual norms are essentially the same as 

the bounds for GMRES. The QMR method with look-ahead converges 

theoritically at least at N-th iteration if the m x m matrix j7m is di

agonalizable [13, Theorem 6.1], where Hm is the same as Hm without 

the last column.

4. Preconditioners and Numerical Results
Here we present numerical results obtained by GMRES （15） and 

QMR with look-ahead based on coupled two-term recurrences for com

parison. All the numerical experiments were performed on an Axil 

Ultima 1/170 workstation in double precision FORTRAN 77 and the 

relative residual norms were used for a convergence criterion. Actu

ally the iteration is terminated as soon as the relative residual norms 

||rn||/||r（）|| becomes less than or equal to tol = 1O“10. The initial guess 

⑦o = 0 was always used. The FORTRAN 77 implementations of some 

basic programs in GMRES and QMR were obtained from SPARSKIT 

[16] and QMRPACK [14] respectively and they were modified and 

combined to our purpose.

As we know well it is very important to apply an efficient pre

conditioning technique to an iterative method for the acceleration of 
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convergence. For our experiments we used ILUT and SSOR precon

ditioners considering the matrix has a block pentadiagonal structure 

described in section 2. We state here them briefly.

Let the matrix A be decomposed in to a nonsingular diagonal ma

trix 」D, a strictly lower triangular matrix L and a strictly upper tri

angular matrix U such that

A = L + D + U.

Then the SSOR preconditioner matrix is given by

Ms (⑴) = (D + ⑴ I^D-^D + ⑴ U)

for some parameter ⑴.

The ILUT(fc) preconditioner is an Incomplete LU decomposition 

Ml ：= LU of A obtained by the following dual drop strategy due 

to Saad [16]: For a given fill-in parameter k and a drop tolerance 

parameter dtol, during the LU factorization process,

1) Drop any elements whose magnitude is less than dtol, and

2) Keep only up to k elements in descending order of magnitude in 

each row of L and do the same in each row of U(excluding the 

diagonal elements).

Notice that the ILUT(Zc) preconditioner used here is a variant of the 

standard ILU preconditioner for a Hermitian matrix. The latter does 

preserve the sparsity structure of A and the former does not.

The fill-in parameter Zc = 12 was used for ILUT preconditioner 

considering that all most of row has 12 nonzero elements in the lower 

part and upper part respectively and the rest has less than 12 nonzero 



PRECONDITIONED ITERATIVE METHOD 67

elements and u = 1.85 was chosen experimentally for SSOR precon

ditioner. We performed computations with the various parameters cu 

and the matrix size N. At first we varied it with step size 0.1 from 1.0 

to 2.0 and got the feeling that the optimal value of u for our matrices 

may be somewhere between 1.8 and 1.9 for both methods. Then we 

varied it with step size 0.01 from 1.8 to 1.9 and we didn’t see any 

significant difference among them and hence chose cu = 1.85. Refer to 

Table 1 and Table 2 below for the typical example. In the following 

tables the iteration accounts comes first and the execution times later 

in the parenthesis.

TABLE 1. Right QMR method with cj between 1.0 and 2.0(N=25,600)

1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

95(183) 93(180) 86(166) 82(161) 73(141) 63(122) 57(110) 50(96) 44(84) 44(85) 96(184)

TABLE 2. Right QMR method with cj between 1.8 and 1.9 ( N=25,600 )

cu 1.80 1.81 1.82 1.83 1.84 1.85 1.86 1.87 1.88 1.89 1.90

44(84) 43(83) 43(83) 43(83) 43(82) 42(81) 42(81) 42(81) 41(79) 43(83) 44(85)

In the test we use the left and right preconditioning for both meth

ods in a usual manner. That is, for example, the right preconditioning 

method is to iterate the system (AM)ym = b and recover the solution 

Xm = 1 아m, at the successful termination. In the Table 3 and 4,

7V := (n + I)2 denotes the size of the matrix A and n is varied from 

59 to 199 with step size 10. The preconditioner, for example, ” Left 

Ml” denotes the left ILUT preconditioner combined with GMRES or 

QMR.
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TABLE 3. GMRES with no preconditioner, ILUT and SSOR

N unprecon Left Ml Right Ml Left Ms Right Ms

3600 294( 21) 37( 5) 30( 4) 37( 5) 38( 5)

4900 390( 39) 46( 8) 42( 8) 38( 7) 38( 7)

6400 427( 55) 48( 12) 45( 11) 37( 9) 38( 10)

8100 499( 82) 57( 17) 53( 16) 41( 13) 38( 12)

10000 718( 145) 67( 24) 59( 21) 44( 18) 40( 16)

12100 829( 202) 79( 34) 75( 32) 45( 22) 43( 21)

14400 980( 284) 91( 45) 82( 41) 47( 28) 45( 27)

16900 1127( 383) 103( 59) 90( 53) 51( 36) 47( 33)

19600 1271( 501) 109( 73) 93( 63) 53( 42) 51( 41)

22500 1446( 654) 131( 99) 103( 80) 56( 52) 53( 49)

25600 1627( 850) 121(105) 93( 84) 60( 64) 55( 58)

28900 1815(1056) 119(116) 109(108) . 66( 79) 59( 70)

32400 2027(1320) 130(142) 118(130) 70( 93) 61( 82)

36100 2217(1622) 134(163) 124(152) 76(114) 62( 95)

40000 2434(1977) 158(212) 134(181) 79(132) 62(103)

TABLE 4. QMR with no preconditioner, ILUT and SSOR

N unprecon Left Ml Right Ml Left Ms Right Ms

3600 63( 9) 30( 15) 28( 15) 32( 8) 31( 8)

4900 70( 14) 33( 25) 32( 25) 35( 13) 33( 12)

6400 79( 21) 37( 40) 36( 39) 35( 16) 33( 15)

8100 95( 32) 41( 60) 40( 59) 35( 21) 34( 20)

10000 99( 41) 45( 86) 45( 86) 38( 28) 35( 26)

12100 108( 55) 51( 121) 49( 119) 39( 35) 36( 32)

14400 132( 79) 52( 161) 55( 164) 39( 42) 37( 40)

16900 129( 91) 59( 218) 56( 214) 41( 52) 38( 48)

19600 138( 113) 61( 278) 61( 278) 41( 60) 39( 57)

22500 151( 141) 66( 357) 62( 354) 42( 71) 41( 69)

25600 159( 170) 70( 464) 67( 456) 44( 86) 42( 81)

28900 170( 205) 76( 577) 69( 560) 45( 98) 45( 98)

32400 180( 245) 79( 708) 75( 704) 46(114) 46(112)

36100 190( 288) 81( 860) 78( 850) 50(136) 47(128)

40000 200( 334) 87(1032) 81(1024) 51(158) 48(144)
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As we see in Table 3 and 4, the SSOR and ILUT preconditioners 

shows good behavior in the number of iterations even if the number in

creases with the matrix size N and the left and right preconditionings 

do not make any significant difference in both the total execution time 

and the number of iterations in the ILUT and SSOR preconditioning. 

It is very interesting that the QMR method with ILUT preconditioner 

is much worse than the unpreconditioned one in execution time even 

though the former is better than the latter in the number of itera

tions. In both the GMRES method and the QMR method, the SSOR 

preconditioner is better than the ILUT preconditioner in both the 

total execution time and the number of iterations. Actually the com

putations with the ILUT preconditioners for various fill-in parameter 

k was performed even if not tabulated here and the result was not 

better than that of the SSOR preconditioner. The GMRES method 

is better than the QMR method in each case and these results shows 

that the GMRES with the SSOR preconditioner is the most promis

ing one among the methods tested here for the non-Hermitian linear 

systems from the Petrov-Galerkin procedure.
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