Comm. Korean Math. Soc. 8 (1993), No. 4, pp. 779-791

A DUAL LIMIT THEOREM IN A MEAN FIELD MODEL

SANG Ho Leg*, CHl YONG KiM** AND JONG WOO JEON**

1. Introduction

Consider one particular problem of ferromagnetism in statistical me-
chanics. A ferromagnetic crystal can be considered to consist of n sites,
where n is a large integer. The amount of magnetic spin will be de-
noted by X,("),i = 1,2,...,n. The magnetic spins at these n sites can

be modeled by a triangular array of random variables {X 1-(") T o=
L,2,...,n}(n=1,2,...). A standard model for the joint distribution of

the spin random variables (Xf"), ces ,X,(,,n)) states that for any Borel set
Ain R®

(1.1) Pri(x™,..., X" e 4]

=d;l/Aexp[—-ﬁ-Hn(xl,--—amn)]ndp(wi)’

where d, is a normalizing constant,P is a probability measure on B! and
B(> 0) is a constant which plays the role of inverse temperature. The
function H,, is known as the Hamiltonian which represents the energy
of the body at the configuration (z;,...,z,). The total magnetization
present in the body is given by S, = 7 X{™. When H,, takes the par-
ticular form H,(zi,...,2n) = —(3_ 7:)?/2n, the model (1.1) is usually
called the Curie-Weiss model in statistical mechanics literature.

In recent years, a number of results on the asymptotic distribution of
Sn =30, X™ for this model have been established. Simon and Grif-
fiths(1973) obtained the asymptotic distribution of S, when P is the
symmetric Bernoulli. Dunlop and Newman(1975) extended the result to
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the case where the spin random variables are vectors. In a two-paper se-
ries, Ellis and Newman(1978a, 1978b) extended the result of Simon and
Griffiths to a larger class of probability distributions which contains the
symmetric Bernoulli distribution. Jeon(1979) gave a simpler and sta-
tistically motivated proof of this result and Choi, Kim and Jeon(1989)
obtained similar limit theorem for a wider class of Hamiltonians. The
model considered by Choi, Kim and Jeon(1989) will be called the gen-
eralized Curie-Weiss model.

The purpose of this paper is to introduce the dual model of the gen-
eralized Curie-Weiss model and to establish a limit theorem for the dual
model. The generalized Curie-Weiss model and its dual model are de-
fined in Section 2 and the basic relationships between two models are
given in Section 3. In Section 4, we state and prove our main result.

2. Generalized Curie-Weiss model and its dual model

In this section, we first define the generalized Curie-Weiss model and
its dual model and then develop some notations and definitions necessary
to describe our result. We also give some relationships between two
models which play an important role in obtaining our main result.

For a given probability measure @ with ¢g(t) = [exp(tz)dQ(z) <
oo for all real ¢, let Lg be the class of probability measures P such that

(2.1) ép(t) = /exp(tz)dP(x) < oo for allt
and
(2.2) /¢Q(m) dP(z) < oo.

Let {Xz(n) 1t =1,2,...,n}(n = 1,2,...) be a triangular array with
the joint distribution given by

(23) d#n(xhx?a R 7$n) = dr_zl : exp[m,bQ(sn/n)] H dP(zl)v
=1
where P € Lg, ¥g(t) = log ¢¢(t) is the cumulant generating function
of @, d,, is a normalizing constant and s, = z1 + -+ + z,.
The model (2.3) defines the generalized Curie-Weiss model. See Choi,
Kim and Jeon(1989) for more details on this model.
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REMARK 2.1. By the convexity of g, the probability distribution
tin 1s well defined for each n. When @ is standard normal, the gener-
alized Curie-Weiss model becomes the Curie-Weiss model in which case
the condition P € Lg is equivalent to that [exp(z?/2)dP(z) < oo.
This is exactly the same as the condition considered by Ellis and New-

man(1978b).

Let the distribution function Fg of probability measure @ be such
that

Fo(z) =0, z < a,
0 < Fg(z) < 1, a <z <b,
Fo(z) =1, b < z,

and let Do = (a,b), where if desired a = —oc0 or b = o0, or both.
For given probability measures @ and P(€ Lg), define

(2.4) GQp(u) = ’yq(u) - ’l,bp(u) for all u,
where 7yg(u) = suplus — ¥g(s)] is the large deviation rate of @ and

Yp(u) =log ¢p(u) is the cumulant generating function of P.

REMARK 2.2. If Q is the standard normal, Ggp(u) = u?/2 — ¥p(u),
u € R. This is exactly the same as the function studied by Ellis and
Newman (1987b) in the Curie-Weiss model. The function Ggp plays
an important role in determining the asymptotic behavior of the total
magnetization S, for the generalized Curie-Weiss model.

DEFINITION 2.1. A real number m(€ Dg) is said to be a global
minimum for Ggp if

GQp(u) > GQp(m) for all ue DQ .

DEFINITION 2.2. A global minimum m for Ggp is said to be of type
kif
corulk

(2k)!

(2.5) Ggp(m+u) — Ggp(m) = +o(u?*y asu—0,

where cop = Ggf,)(m) is strictly positive.

When Dg = (—o00,0), We have the following lemma due to Choi,
Kim and Jeon(1989).
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LEMMA 2.1. For a given probability measure @, let P € Lg. Let
Dg = (—00,00). Then Ggp(t) — oo as |t| — co. Thus, Ggp has only a
finite number of global minima.

In the generalized Curie-Weiss model, we first fix a probability mea-
sure (). Then the model is defined for P € Lg. Interchanging the roles
of P and @ in the model (2.3), we define the dual of the generalized
Curie-Weiss model as

(2.6) dupl(zy,xa,...,2,) = D' - exp[np(s,/n)] H dQ(z;),

=1

where D, is a normalizing constant and ¢ p 1s the cumulant generating
function of probability measure P.

REMARK 2.3. The dual model is also well defined by the similar
reason stated in Remark 2.1 and the following lemma.

LEMMA 2.2. For a given probability measure @, let P € Lg. Then
QelLlp.
Proof. By the Fubini’s theorem,

[eeaaw = [ [expty-2)dP@) dQw)
= /QSQ(:L')dP(m) < 00.

For the dual model, let Fp(z), the distribution function of P, be such
that

Fp(z)=0, z < ¢
0< Fp(z) < 1, c <z <d,
Fp(z)=1, d < z,

and let Dp = (¢, d), where —00o < ¢ < d < .
The function corresponding to Ggp of the original model is defined by

(2.7) Gpo(u) = vp(u) —Po(u)  for all wu,

where yp(u) = sup{us — ¢ p(s)] is the large deviation rate of P.
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3. Some relationships between generalized Curie-Weiss
model and its dual.

In this section, we study some properties of vq, the large deviation
rate of probability measure ), and give the relationship between the
functions Ggp and Gpg defined in (2.4) and (2.7) respectively. We first
state the lemma due to Daniels(1954).

LEMMA 3.1. Let the distribution function F(z) be such that F(z) =
0 forz <a,0< F(z) <1 fora<z<f, F(z)=1frf < z,
where if desired @ = —o0 or 3 = oo, or both. Suppose that the moment
generating function of F' converges for all t, i.e.,

#(t) = exp{¥(t)} = [—w e*dF(z) < c0o  for all t.

Then, for every £ in a < € < (3, there exists a unique solution ty of
Y'(t) = . And ast increases from —oo to oo, ¥'(t) increases continuously
fromé=ato€ =4

Let P € Lg. Then Q € Lp by Lemma 2.2. Thus, by Lemma 3.1, for
each u € Dy, zbb(t) = u has a unique solution and, for each u € Dp,
¥'p(t) = u also has a unique solution. Furthermore we have the following
useful equations:

for any u € Dg,

(3.1) Yo(u) = u- g7 (u) — Po(¥'g' (u))
and

(3.2) To(u) = 9'g ().

Note that (3.1) and (3.2) still hold for vp(u) and v%(u) if we replace the
subscript @ by P.

LEMMA 3.2. Let Ggp(u) and G pg(u) be defined as in (2.4) and (2.7).
Then we have
(33)  Gor(u) =(Gpqoyp)(w) + (Yg o ¥p)(u)
— (¥ ov'g N(u) + u- Gop(u), u € Dg,
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and
(34)  Gpo(u) =(Gar o ¥o)(u) + (¥p o Pg)(u)
— ($p o #'F)(w) + u- Gho(u), u € Dp.
Proof. We have only to prove (3.4) by symmetry. For any u € Dp,
Gpo(u) =7p(u) — Yo(uv)
=u-¢'p (u) — (Yp o 'p')(u) —¥o(u) by (3.1)
=u - Pgo(u) — Yo(u) — (¥p 0 Po)(u) + (¥p 0 Po)(u)
~(¥p o' B! )(u) +u- P'B (u) — u - P(u).
Since [(I x 1/)’61) o¢ol(u) = u-yg(u), where I(z) = z, we can write, by
(3.1),
u-pg(u) — Po(u) — (¥p o Yo )(u)
= [(Ix9'g' =o'y —¥p) o Ppl(u)
= (Gqrovg)(u)
and, by (3.2), Gpg(u) = ' (u) — po(u) for each u € Dp.

THEOREM 3.1. Let m be a global minimum for Gop. Then 1y ™" (m)
= ¢h(m) (= mP, say) and mP is a global minimum for Gpg. Con-
versely if mP is a global minimum for G pg, then ¢';1(mD) = zpb(mD)
(=m, say) and m is a global minimum for Ggp. Furthermore Ggp(m) =
Gpo(mP).

Proof. By symmetry we prove only the first case. Assume that m is
a global minimum forlGQP. Then, since Ggp(u) T 1/;’221(11) —¢h(u) by
(3.2), Gop(m) = ¢'5 (m)—y¢p(m) = 0. Thus ¢’ 5" (m) = Yp(m) = mP,
say. Since ¢b(mD) =m, Ggp(m) = Gpg(mP) is obtained immediately
by Lemma 3.2.

Now, we will prove that m? is a global minimum for Gpg. By Lemma
3.2 and Taylor’s expansion, for any u € Dp, we have
(3.5)
Gpq(u) =(Gap 0 ¥o)(u) + (¥p 0 Po)(u)—(¢¥p 0 %'p" )(u) + u-Gpg(u)

=(Gap o Pg)(u) + ¥plY'p (u) — 8- Gpo(u)] - (Gpo(u))*/2,
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where 0 < 6 < 1.

785

By the assumption that m is a global minimum and by (3.5), we have,

for any u € Dp,
(3.6) Gpe(mP) = Gopr(m) < (Gor o ¥g)(u) < Gpo(u).

This completes the proof of Theorem 3.1.

THEOREM 3.2. Assume that Ggp has the unique global minimum of

type k at m and

(3.7) 1erg Gop(u) < min {liminf Gop(u), limiilf GQp(u)} .
u Q u—a U —r

Then G pg has the unique global minimum of type k at mP = ¢(m)

(2k)

and in this case G(Ifg)(mD) = c[p(m)]~**, where ¢y = Ggp (m).

Furthermore

(3.8) inf Gpg(u) < min {liminf Gpo(u), liminf GpQ(u)} .
u€Dp y—c u—d

Proof. Since m is the unique global minimum, the inequalities in (3.6)
hold strictly for u # m? and u € Dp. Hence mP = 3%(m) is the unique
global minimum for Gpg. Since Ggp has the unique global minimum

of type k at m,

2k
(3.9) (%ﬂm+M—GmwM=C%5'+dﬁﬂ as u — 0
and
L 2k—1
(3.10) op(m+u)= L +o(u?*71) asu — 0,

(2k — 1)

where cox = Gglkg)(m) > 0.
And by the duality of Ggp and Gpg and by (3.6), for any u € Dg,

(3.11) (Gpqo¥p)(u)
= Gopr(u) — ¥5l¥'5 (v) — n- Gop(w)(Gop(u)/2)?




786 Sang Ho Lee, Chi Yong Kim and Jong Woo Jeon

where 0 < n < 1.
From (3.9), (3.10) and (3.11), we have

(3.12)
(Gpq o ¥p)(m +u) — Gpo(mP)
= Gopr(m +u) — Gop(m) — Yg[v'g (m +u) — n{e'g (m + w)
—¢p(m +u)}] x (Ggp(m +u))?/2

.2k 2 . ,.2(2k—1)
_ G- u Dy (c2)” -u 2k
2 — pg(m”) - B + o(u*%) asu — 0

Cok - u2k

(2k)!

+ o(u?F) as u — 0.

Since ' (mP +u) — 9’2 (mP) = (@' ) (mP) - u+o(u) as u—0,
we have

GPQ('mD + u) - GPQ(mD)
= (Gpq o ¥p)(¥'p' (mP +u)) — Gpo(m”)

_ C2k[(¢,1—;1)'(g:))!u + o(u)]** +o(u?®) as u—0 by (3.12)

= C2k[¢$é;;))]'_2ku2k + o(uzk) as u—0

where ¢, = G(PZS)(mD) = cok ;(m)]ﬂk'

Finally, we prove the inequality (3.8). By Lemma 3.1 and Theorem 3.1,
there exist & and &(a < & < m < & < b) such that h1lrm/)'Q(u) =

£; and ligz/yb(u) =&.

By assumption (3.7) and by the fact that Ggp(m) = leng Gop(u) is
u€Dq
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the unique global minimum, we have
GPQ(mD) = GQP(m) < min{litlnignf GQp(t), litIniEIlf GQp(t)}
{1 —8$2

= min{liminf Gor[g(u)], liminf Gopldq(v)]}
< min{lifp_i)?f Gpg(u),lim i(xilf Gpo(u)}  by(3.5).

4. Main result

Let the distribution function F' and the moment generating function
#(t) of F be such as in Lemma 3.1. Further let ¥(¢) and (t) be the
cumulant generating function and the large deviation rate of F' respec-
tively.

Let {Y,.} be a sequence of independent and identically distributed
random variables with common distribution function F’ and f,, be the
probability density function of Y77 | ¥;/n.

For certain classes of densities, Daniels(1954) proved the uniform local
limit theorem for ., ¥;/n as follows ;

(4.1)  falz)= \/ga—l(t) -exp[-ny(z)][l +o(1)] as n— oo

holds uniformly in z € D = (a, 8) = {¢'()|t € R}, where ¢¥'(t) = z and
o2(t) = $"(2). |

Now we will state our main result.

THEOREM 4.1. Let P and @ be probability measures which satisfy
the condition (4.1). Let {X™, x{™ .. x{} and (xP) xP
xp (")} be triangular arrays of dependent and identically distributed
random variables with joint distributions du,, and du?, given by (2.3) and

(2.6) respectively. Assume that Ggp has the unique global minimum of
type k at m and also assume

(4.2) inf Gop(u) < min{liminf Gop(w), iminf Gop(u)}.
©w Q u—a u—
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Then
— D N, + 1), ifk=1
(4.3) Sn nm1 4 ( mD )
mPnl—2e exp{—car2%* [(2k)!}, ifk>2,
and
(44) T -
mint~% exp{—ch, 22* /(2K)!}, if k>2,

where mP = ¢b(m), m = ;b’Q(mD), mP = ¢li(m), m; = ¢6(mD),
ek =GGp(m), by =GFg (mP), Su=Y 1, X{” and SP =37, ™.

Proof. Since @) satisfies the condition (4.1), we can express the joint
distribution y, as follows ;

dﬂn(xth?- .- axn)

oo S [l

=1

_ g [ / exp {(Zx,—)u}fn(U)dUJ iIZIIdP(zn

= dr—z_ln—z_ll; / [H exp{z;(m + zn‘flf)}dP(:c,-) fn(m + zn_"}k‘)dz
i=1

= d;}(2n) " in'E

X / [H exp{z;(m + zn" %) — Pp(m + zn" 2% )}dP(z;)

g=1

X exp [—nGQp(m + zn’ilk')} o7 )1 + o(1)]dz,

where ¢g(t,) =m + zn~ 2% and o2(t,) = Po(tn)-
Thus we have

(4.5) dpn(zy,22,...,2,) = K* /H dM,, (z;) - ha(2)dz,
i=1
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where

dM, ,(z) = exp [w(m+zn_'2l'?) - z,bp(m—}-zn—ilf)] dP(z),

hn(z) = exp [ — n{Gpo(m + zn_il’?)
~ Gpo(m)}]o™ (ta)[1 + o(1)],
and K, = dn(QW)%n'%’-Fl“ exp{nGgp(m)}.

Since fRn dpn(z1,22,...,2n) = 1 and [ dM, .(z;) = 1 for each i, we
have K, = [ hn(2)dz. Thus h%(z) = K, 'ha(z) is a probability density
function for each n.

Now, asn — o0

o8 B [espn 0]

=n {d)p(tn_(l"flf) +m + zn—fll?) —vp(m+ zn—ﬁ)}

1
n {gb},(m + zn~ % )tn (=) 4 §¢¥>(m + 2~ )21 4 o(n"l)}

n3 gl (m) + p(m)tz + n~0DEY(m) + of1)

This shows that, under M, , ,

— nmP N(z, 25), if k=1
(4.6) Sn 'nm1 4 (2 m{’) X
mPnl-= 8(s — 2), if k>2
where mP = ¢'b(m),mP = ¢%(m) and é(z — ;) is a point mass at z,.

The representation (4.5) of dy, shows that we can introduce a random
variable V,, with the probability density function A (z) such that , given
Vo = z,the X g")ls are independent and identically distributed random
variables with the distribution dM,, .(z). It is now easy to obtain the
limiting distribution of (S, —nm?)/mP nl—2%, given V, = z, by showing
that the moment generating function converges to a moment generating
function as described above.



790 Sang Ho Lee, Chi Yong Kim and Jong Woe Jeon

By Lemma 3.3 and Lemma 3.4 of Choi, Kim and Jeon(1989), we have,

as n — 0o,
(4.7) hy(z) — h*(z) for each z

where h*(z) = exp{—carz?¥/(2k)!}/ [ exp{—co12%¥/(2k)!}dz.

By applying Theorem 2.1 of Sethuraman(1961), (4.6) and (4.7), the
proof of (4.3) is completed.
Since P also satisfies the condition (4.1), we also obtain (4.4) by Theorem
3.2 and the proof is completed.

REMARK 4.1. In the special case Dg = (—o0,), we can dispense
with the assumption (4.2). In this case the assumption (4.2) is automat-
ically satisfied by Lemma 2.1.

5. Example .

Let @ be the standard normal distribution and P be the triangular
distribution on (-2b, 2b) with b = 1/3/2. Then the models (2.3) and
(2.6) become, respectively,

(51) d,un(l'l,.’llz, ce 7'7:71) = d;z—l exp{si/zn} H dP(:C,)
=1

and

. 2n n
neinibon/n) ")] I] d@(zs).
n i=1

Clearly P € Lg and the uniformity condition (4.1) for @ holds. Since
Dqg = (—o0,), the condition (4.2) is satisfied [ see Remark 4.1 |.
The uniformity condition (4.1) for P was also shown to be satisfied by
Daniels(1954) [ see Example 7.4 there ].

Since vg(u) = u?/2 and ¥p(u) = 2log[sinh(bu)/bul?,Ggp is even
function and Ggp(0) = 0. And since Gyp(u) = u — 2[ coth(bu) - b —
1/u] >0, for all u >0, m = 0is the unique global minimum for Ggp.
Furthermore it can be shown by simple calculation that

ep(0) = ¥p(0) = 0,

(5.2) dpt(zq,22,...,2,) = D1 [
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1p(0) = 1 $h(0) =
,”P(O) — m(o)
(@(0) =__{¢gK0)..3} = 3/5 > 0.

Thus Ggp has the unique global minimum m = 0 of type 2. By Theorem
3.2, G pg also has the unique global minimum of type 2 at mP = zp};(O) =
0and ¢} = G(4) o(0) = G(4) (0¥ (0)]7* = 3/5. Since mP = $%(0) = 1
and m; = 9y (0) =1, we have , by Theorem 4.1,

10.

Safn¥ L exp{~2*/40} and SP/n? L exp{-z*/40}.
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