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DISTINCT DENOMINATOR SUMS

AND INJECTIVE ENVELOPES

YEONG Moo SONG AND DAE SIG KIM

1. Introduction

One can use the modules of generalized fractions of Sharp and Zakeri
[7], in conjunction with results of Northcott [3], to obtain a very explicit
description of the injective envelope of an arbitrary simple module over
a polynomial ring K[XI, ... ,Xn ] over an algebraically closed field K
in indeterminates Xl, ... ,Xn • This description is provided in Section 2
below.

The aim of this paper is to give description, in terms of modules of
generalized fractions, of the injective envelope of an arbitrary simple
module over a polynomial ring K[XI, ... ,Xn ], where the 'field K has
characteristic zero but is not necessarily algebraically closed.

In Section 3, we show that, given a set of representatives U of the non
zero residue classes of AI E~=l AYi, each element of U;:~-l has a unique
distinct denominator sum with respect to U, where A is a commutative
Noetherian ring and YI, ..• Yn is an A-sequence.

In Section 4, we produce a generalization to the case of an arbi
trary field K of the results described in Section 2; this generalization
is based on the fact that, if m is a maximal ideal of the polynomial ring
K[XI, ... ,Xn], then m can be generated by n elements iI"",!n such
that, for each i = 1, ... , n, we have Ii E K[XI, ... , X n ] and, moreover,
if 6i denotes the degree of Ii when viewed as a polynomial in Xi (with
coefficients in K[XI, ... ,Xn ] ), then the coefficient of xf; in Ii is 1.

2. Some Basic Results about Generalized Fractions

In this section, we shall work over a commutative ring R (with iden
tity). We begin with a brief review of some of the main elements of the
theory of modules of generalized fractions.
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Let M be an R-module. The construction of a module of generalized
fractions of M requires a (positive integer n and a) triangular subset (see
[7,2.1]) U C Rn j the construction produces a module U- n M, called the
module of generalized fractions of M with respect to U, whose elements,
called generalized fractions, have the form

m

('Ill' ... ' 'Un)'

where m E M and ('Ill! ... ,un) = u E U j the above generalized fraction
is also written as mlu.

Comparison and addition of generalized fractions involve n x n lower
triangular matrices over (that is with entries in) R: we shall use Ln(R)
to denote the set of all denote n x n lower triangular matrices over R,
and for H E Ln(R), we shall use IHI to denote the determinant of H.·
Let x,x',y E M and u,u',v E U. Then xl'll = x'/u' in u-nM if and
only if there exist W = (WI, ... ,Wn) E U and H, H' E Ln(R) such that

n-I

HuT = wT = H'uiT and IHlx -IH'lx' E L wiM.
i=1

(We use T to denote matrix transpose, and we use n-tuples (al, ... ,an)
of elements of R and 1 x n row matrices (aI, ... ,an) over R interchange
ably.)

The addition and scalar multiplication in u-nM are such that

~ +! = .;....IH--"lx_+..;..IK_I;....Y
u v W

for any choice of W E U and H, K E Ln(R) such that HuT = wT = K vT
(and there is bound to be at least one such choice in view of the definition
of triangular set), and

x -yx
1-=

u u

for 1 E R. The reader is referred to [7, Section 2] for more details of the
construction.

Note the following.
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REMARK 2.1. (See [7, 3.3 (ii)]) Let u = (Ul,""Un ) E U(with the
above notation). IT m E "£::11 UiM, then m/u = 0 in U-n M.

We shall also need the next lemma. It shows that, if U consists entirely
of poor M -sequences, then the converse statement to 2.1 is true.

LEMMA 2.2. (See [6, 2.2]) Assume that (with the above notation)
the triangular subset U of Rn consists entirely of poor M -sequences.
Let m E M and U = (Ul"'" un) E U be such that, in u-nM,

m m
-= =0.
U (ut, ... ,un )

Then m E "£::11 UiM.

NOTATION 2.3. Let!.. = (It, ... ,In) ERn. Then (see [7, 3.4])

UL = U(!t,...,f,.>

={(J~t, ... ,f::")laiEN forall i=l, ... ,n}

is a triangular subset of Rn. Thus we can form the module of generalized
fractions UiftM.

Modules of generalized fractions like those described in 2.3 will play
a prominent role in this paper.

REMARK 2.4. Let K be a field, and let A denote K[Xll •.. ,Xn ], the
polynomial ring over K in indeterminates Xl,'" ,Xn . Consider the A
module of 'inverse polynomials' K[X11

, ••• ,X,;l] described in [3]. By
[3, Theorem 2],

K[X11
, •.• ,X;l] ~ EA(K[Xll •.. ,Xn ]/(Xll ... ,Xn »,

the injective envelope of the simple A-module K[Xt, .. ..,Xn]/(Xt, ... ,
X n ). (We use EA(N) to denote the injective envelope of the A-module
N)

However, by [7, 3.11], the above module of inverse polynomials can
be described as a module of generalized fractions, because

K[X11
, ••• ,X;l] f'V UX~-lK[X1, .•• ,Xn ],

-'
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where X, 1 = (X}, ... ,Xn , 1). Furthermore, it also follows from [7, 3.11]
that each element 'Y of UX~-lK[X1 , ••• ,Xn ] can be uniquely expressed,
in the form -

, 6
i

'Y = 2: (XQ'il XQ'in 1)
i=l l' ... , n ,

where t E No, 61 , ••• ,6, E K - {O}, and (Oil, ... ,Oin) (i = 1, ... ,t)
are t distinct elements of Nn. (We use No (respectively N)to denote the
set of non-negative (respectively positive) integers.) We refer to this
unique expression for 'Y as the di8tinct denominator sum expression for
'Y (with respect to K - {O} ). Note that the empty sum of elements
of UX~-lK[XI, ... ,Xn ] is to be interpreted as 0, and so 0 has empty,
distinct denominator sum.

Now let al, ... ,an E K. Since K[XI , ... ,Xn] =K[X1 - al, ... ,Xn 
an], so that Xl - ai, ... , X n - an are algebraically independent over K,
it follows that

EA(K[XI, ... ,Xn]/(XI - a}, ... ,Xn - an» ~ UX~:llK[XI'... ,Xn],
--'-

where X - a, 1 = (Xl - a}, ... ,Xn - an, 1). .It also follows that each
element 6 of

lJj(~:~K[X1,... ,Xn]

has a unique distinct denominator sum expression(with respect to K -
{O}) ,

6 _ '" bi
- {;;: «Xl - al)an , ... , (Xn - an)Q'in, 1)

where t E No, 61 , ••• ,b, E K - {O}, and (OiI,: .. ,Oin) (i = 1, ... ,t) are
t distinct elements of Nn.

It thus follows that we have described, up to isomorphism, the injec
tive envelope of each simple A-module A/m for m of the form (Xl 
a}, ... ,Xn - an) with ab ... ,an E K. Note also that the distinct de
nominator sums give us very concrete expression for elements of these
injective envelopes when expressed in this way.
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In the case in which K is algebraically closed, it follow from the Null
stellensatz that this process describes, up to isomorphism, the injective
envelope of every simple A-module.

3. Distinct Denominator Sums

H K is a now an arbitrary field and m is a maximal ideal of the poly
nomial ring K[X1 , •• • ,Xn] then one way to try to generalize the results
of Section 2 to obtain a description of the injective envelope of the simple
K[XI, ... ,Xn]-module K[XI, . .. ,Xn]/m is to note that, by [2, Section
6.2, Theorem 3] and [2, Chapter 5, Exercise 2], m can be generated by
n elements h, ... ,ln whiCh form a K[XI, ... ,Xn]-sequence. We shall
show in Section 4 below that

where 1,1 = (It, ... ,In' 1). However, in this situation, it is not com
pletely clear how one can arrive at an analogue of the 'distinct denom
inator sum expression' used in 2.4. Accordingly, we are going to begin
this section with an exploration of these expressions in a more general
setting. Some of ideas presented here are due to A.M.Riley [4, Chapter
4], but as they have not so far appeared in print other than in his thesis,
we include the details for the convenience of the reader.

NOTATION 3.1. For the remainder of this section, A will denote a
(non-trivial) commutative Noetherian ring (with identity), and YI,··· ,Yn
will denote an A-sequence. The ideal E~=l AYi of A will be denoted by
TJ. Also, Y, 1 will denote (Yl,"" Yn, 1) E An+! , and we shall be concerned
with elements of the module of generalized fractions U;:f-1A : See 2.3.

DEFINITION 3.2. Let the situation be as in 3.1. We say that a subset
U of A is a set of representatives of the non-zero residue classes of A/TJ
if

(1) u E A - TJ for all u E Uj
(2) u - u' 't TJ for all u, u' E U with u =I u' ; and
(3) for all a E A-TJ there exists (a unique) u E U such that a-u E TJ.
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EXAMPLES 3.3. Let the situation be as in 3.1. Sometimes there is a
very natural choice available for a set of representatives of the non-zero
residue classes of AI.,.,.

(1) If A = K[X., ... ,Xn ), the ring of polynomials over a field K
in indeterminates XI,'" ,Xn, and, for al,'" ,an E K, we have
Yi = Xi - ai for all i = 1, ... , n, then K - {O} is a set of
representatives of the non-zero residue classes of AI.,.,.

(2) H A is a complete regular local ring of dimension n containing a
field, and L is a coefficient field of A, and if YI, ••• ,Yn generate
the maximal ideal of A, then L - {O} is a set of representatives
of the non-zero residue classes of AI.,.,.

DEFINITION 3.4. Let the situation be as in 3.1, and let U be a set of
representatives of the non-zero residue classes of AI.,.,. Let 6 E U;,f- I A.
A distinct denominator sum expression (abbreviated to dd-sumT: with
respect to U, for 6 is an expression

t
~ Ui

6 = L..J ( Qil Qi.. 1)'
i=1 YI , •.. , Yn ,

where t E No, UI, ••• , Ut E U, and (£tilt ••• , £tin) (i = 1, ... , t) are distinct
elements of Nn.

It should be noted that we consider the empty dd-sum to have sum O.
We give one preparatory lemma.

LEMMA 3.5. Let the situation be as in 3.1, and let U be a set of
representatives of the non-zero residue classes of AI.,.,. Let sEN and
a E A. Then there exists f E A[XI, ••• , X nJ, the ring of polynomials
over A in indeterminates XI, ... ,Xn , such that

(1) f bas total degree less than s,
(2) all the coeJlicients of f belong to U U {O}, and
(3) a-J(YI"",Yn)E.,.,8.

Proof. H a E .,.,8, then we can take f = 0, and there is no problem in
this case.

It is therefore enough for us to prove that if rENo is such that
r < s and a E .,.,r, then there exists a form 9 E A [XI , ... ,Xn)which is
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either zero or of degree r, has all its coefficients in U U {OJ, and is such
that a - g(y}, ... , Yn) E 11r +l . However, this is easy: there exists a form
hE A[X}, . .. , X n ] which is either zero or of degree r, has all its non-zero
coefficients outside 11, and is such that a - h(YI' ... ,Yn) E 11r+I; we can
now find a form 9 with the desired properties simply by replacing each
non-zero coefficient of h by an element of U to which it is congruent
modulo 11.

THEOREM 3.6. Let tbe situation be as in 3.1, and let U be a set of
representatives of tbe non-zero residue classes of A/11. Each element of
U;:~-lA bas a unique dd-sum ~th respect to U.

Proof. Let 6 E U;:r- l A. We first prove that 6 does have one dd-sum

with respect to U. We can assume that 6 i= 0, since the zero element of
U;:~-lA has the empty dd-sum. Thus, in view of 2.1, we have

a
6= fJ fJ

(Yl 1
, ••• , Yn n ,1)

for some (f3}, ... , f3n) E Nn and a E A - 1111
, where s = E~l f3i. We

now use Lemma 3.5 to see that there exists f E A[X}, ... ,Xn ], the ring
of polynomials over A in indeterminates Xl,".' X n , such that f has
total degree less than s, all the coefficients of f belong to U U {OJ, and
a - f(Yb"" Yn) E 11 11

• By 2.1 again,

6 _ a _ f(Yb"" Yn) .
- ( fJ1 fJn 1) - ( fJ1 fJn 1)'YI , ... , Yn , YI , ... , Yn ,

a dd-sum for 6 can then be obtained from this last expression by writing
f(YI,'" ,Yn) as a sum of 'monomials' in YI, ... ,Yn (with each monomial
having coefficient in U), and using diagonal matrices (or 2.1) to simplify
generalized fractions of the form

uy~l ... y~n

( /31 /3n 1)YI , ... , Yn ,
with u E U, ab'" ,an E No.

This shows that each element of U;;,r-1Ahas at least one dd-sum with

respect to U.
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In order to prove the uniqueness claim, it is enough to show that, if
t E N,ut, ... ,Ut, U'l,'" ,U't E U U {OJ, and (aib'" ,ain)(i = 1, ... , t)
are t distinct elements of Nn with

t ,
'"' Ui - U i
L- ( a"l a" 1) = 0,
i=l YI 0 , ••• , Yn on,

then Ui = U'i for all i = 1, ... , t. We prove this by induction on tj for
t = 1, it is an immediate consequence of 2.2, and so we suppose that
t> 1 and the result has been proved for smaller values of t.

There exists j E N with 1 :$ j :$ n such that alj, ••• , atj are not
all the same. Let a = min{alj, ••• , atj}. Multiply the last displayed
equation by Yj and, bearing in mind 2.1, remove some zero terms to
obtain

t ,

L u"-u"
• 1 = O.

(
ail aii-l aii a aii+l ain 1)

i=l,a<aii Yl ""'Yj-l 'Yj 'Yj+l ,···,Yn ,

It now follows from the inductive assumption that Ui = U'i for all i =
1, ... , t for which a < aij' Hence

t ,
~ Ui -u i
L- (ail aii-l aii aii+l ain 1) = 0,

"-I - "" YI , .•. 'YJ"-I ,YJ" 'YJ"+I , ••• Yn ,
1- ,a-a'l

and another application of the inductive assumption will complete the
inductive step.

EXAMPLE 3.7. Suppose that A is an n-dimensional equicharacteristic
complete regular local ring having maximal ideal m. Let Yl, ... ,Yn form
a regular system of parameters for A. Then A has a coefficient field (see
[1. Theorem 28.3]), L say, and, as we remarked in 3.3(2), L - {OJ is
a set of representatives of the non-zero residue classes of A/f]. (In this
case, t] = m, of course.) It therefore follows from 3.6 that each element
of U;:;-l A has a unique dd-sum with respect to L - {OJ. Note also that,

by [~3.5],
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and SO we have found explicit descriptions of the elements of the injective
envelope of the unique simple A-module.

However, these conclusions could have betm arrived at in a more con
ventional way using the facts that A ~ L[[X1 , ••• , X n]] and ([3, Theorem
3])

EL[[Xl, ... ,xn-n(L[[Xb •.• , Xn]]/(X}, ... , X n)) ~L[Xll, ... ,X;l]

"'Ui1-1L[[XI , ... ,Xn]],

4. Distinct Denominator Sums and Injective Envelopes of
Simple Modules over Polynomial Rings

In this section, we shall apply the results of Section 3 to obtain gen
eralization of the results of 2.4.

REMARK 4.1. Let K be a field, not necessarily algebraically closed,
and let A denote the polynomial ring K[X}, . .. ,Xn] in indeterminates
XI, ... , X n • Let m be a maximal ideal of A. By [2, Section 6.2, Theorem
3], m can be generated by n elements, and, since htm = n, we can find
n elements of A which generate m and form an A-sequence. However,
if one analyses the proof of the above-mentioned theorem presented in
Northcott's book, one realizes that more can be said: m can be gener
ated by n elements ft, ... , in such that, for all i = 1, ... , n, we have
Ii E K[Xt, ... ,Xi] and, moreover, if bi denotes the degree of Ii when
viewed as a polynomial in Xi (with coefficients in K[XI, ... ,Xi-I]), then
the coefficient of xf' in Ii is 1. It is not difficult to deduce from these
properties of the ii that (ft, ... , in form an A-sequence and )

v = {g E A - {O} Idegx.9 < bi for all i = 1, ... , n}

(where, for 9 E A - {O}, degx.g denotes the degree of 9 when consid
ered as a polynomial in Xi with coefficients in K[X1 , ••• , Xi-I, Xi+l, ... ,
X n ]) contains a set of representatives of the non-zero residue classes of
A/m. In some circumstances, such as those of Example 4.4 below, V is
itself a set of representatives of the non-zero residue classes of A/m.
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THEOREM 4.2. Let K be a field, and let A denote K[XI, . .. ,Xn),
the polynomial ring over K in indeterminates Xl, ... ,X n' Let m =
(h, ... ,In) be a maximal ideal ofA, whereh, ... ,In form an A-sequence.
Then

where 1,1 = (II, ... ,In, 1) E An+!.

Proof. Let sEA - m. By 2.1, each element of Ui.;-1 A is annihilated

by some power of m, and since mh + As = A for all hEN, it follows
easily that multiplication by s provides an automorphism of Uii- l A.
Hence Ui.;-1 A can be regarded as a module over Am, and, when this
is done, Fis not difficult to deduce from 2.1 and 2.2 that there is an
Am-isomorphism

(J U-n-IA U-n-l (A ): L!. --+ //1,1/1 m,

where 1/1,1/1 = (h/l, ... ,In/I, 1/1) E A~+I, for which

(J ( a ) = a/I
U:1,... ,f: n

, 1) U:1 /1, ... , I:n /1,1/1)

for all a E A and aI, ... ,an E N.
However, by [8, 3.5),

and, when the letter Am-module is regarded as an A-module by re
striction of scalars, it is isomorphic to EA(A/m). Hence EA(A/m) ~
U- n - I A/,1 .

REMARK 4.3. Let the situation be as in 4.2, and suppose, in addi
tion, that the polynomials h, ... ,In which generate m are such that,
for all i = 1, ... , n, we have Ii E K[XI, ... ,Xi] and, if Oi denotes the
degree of Ii when viewed as a polynomial in Xi (with coefficients in
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K[X1, ... ,Xi-l]), then the coefficient of xti in Ii is 1.(See 4.1.) Let
V' be a set of representatives of the non-zero residue classes of Aim
contained in V, where

V={9EA-{0}1 degxig<bi forall i=1, ... ,n}.

Then, by 3.6, each element of Ui,f- 1K[X1 , ••• ,Xn]has a unique dd-sum
with respect to V'. In some circumstances, such as those of Example 4.4
below, this will enable us to describe EK[X1, ... ,xn](K[X1, ... , Xn]/m)
very explicitly.

EXAMPLE 4.4. Let m be the maximal ideal (X2 - 2, y 2+ 1) in the
polynomial ring Q[X, Y] = A. By 4.2, and with the notation of 2.3,

EQ[X,Y) (Q[X, Y]/m) ~ U("t2_2,Y2+l,1)A.

Moreover, {a + bX + cY + dXY I (a,b,c,d) E Q - {(O,O,O,O)}} is a set
of representatives of the non-zero residue classes of Q[X, Y]/m, and so,
by 4.3, each element of U("t2_2,Y2+1,1)A can be written uniquely in the
form

~ aj +bjX +CjY +djXY
f;::. «X2 - 2)Q;, (Y2 + 1),8; , 1)'

where w is a non-negative integer, (aj,bj,cj,dj)(j = 1, ... ,w) are w
elements of Q - {(O, O,O,O)} and (aj, Pj)(j = 1, ... ,w) are w distinct
elements of N2.
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