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STRUCTURE THEOREM OF ULTRADISTRIBUTIONS

WITH COMPACT SUPPORT

JONGGYU eno*, SOON-YEONG CnUNG** AND DOnAN KIM***

o. Introduction.

Let Mp, p = 0, 1,2, ... , be a sequence of positive numbers satisfying

(M.l), (M.2) and (M.3) given in §l. Let K be a compact set in Rn and

let £(Mp)'(K) and £{Mp}'(K) denote the space of all ultradistributions

with compact support in K of Beurling type and of Roumieu type,

respectively (in §l). Hereafter Mp will designate both (Mp) and {Mp}
unless stated otherwise.

In this paper, we prove the following structure theorem for ultradis

tributions supported by K of class Mp:

'U E £M/(K)

if and only if there exist an ultradifferential operator P(d/dt) of class

Mp (in §2) and bounded continuous functions g(x) and h(x) such that

co

P(d/dt) = :E aq(d/dt)', with la,1 :5 CL'/Mq;
pO

'U = P(.6.)g + h,

where g(x) E CCO(Rn\K), h(x) E COQ(Rn) and P(.6.)g(x) + h(x) = 0

in Rn\K. Here.6. = (lJ/lJXl)2 + ... + (lJ/lJxn)2 denotes the Laplace

operator. We shall prove it by using the heat kernel method, introduced

by T. Matsuzawa [4], [5] who proved the case of distributions. The
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similar structure theorem for &Mp '(K) has been investigated earlier by

H. Komatsu [2], [3], but using the heat kernel method we improve it

in a more concrete form.

In §1 we introduce necessary definitions and their basic properties.

In §2 we construct an ultradifferential operator P(d/dt) of class Mp

and introduce the heat kernel method, which are essential in the proof

of the main theorem of this paper. Also, we extend the results of or.
Matsuzawa [4] for the case of Gevrey class to the space of ultradistri

butions with compact support of class Mp. Finally, in §3 we prove the

above-mentioned structure theorem for ultradistributions with com

pact support.

1. Definitions and Basic Properties.

Let Mp, p = 0,1,2"", be a sequence of positive numbers and

assume Mo = 1. We will impose the following conditions on Mp:

(M.I) (Logarithmic convexity)

(M.2) (Stability under ultradifferential operators)

There are positive constants A and H such that

Mp :5 AHP min MqMp_q, p = 0,1,2, ....
O$q$p

(M.3) (Strong non-quasi-analyticity)

There is a positive constant A such that

00

I: Mq-dMq < ApMp/Mp+1 , p=1,2,···.
q=p+l
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DEFINITION 1.1. We denote by E(Mp)(RR) (resp. E{Mp}(RR» the

space of all infinitely differentiable functions e.p satisfying the following

condition:

For every compact subset K in RR and for every h > 0 there exists

C > 0 (resp. there exist constants h, C > 0) depending on e.p and K

such that

where for any multi-index a = (at, ... ,aR )

Such a function e.p is called an ultradifferentiable function. Also, we

denote by "DMp(RR) the space of all e.p E EMp(RR) with compact sup

port. Then "DMp(RR) is a closed subspace of EMp(RR). Elements of the

strong dual space of E(Mp)(RR) (resp. E{Mp}(RR» are called ultradis

tributiom with compact support of class (Mp) (resp. of class {Mp}) of

Beurling type (resp. of Roumieu type). The space of ultradistributions

supported by K is denoted by EM,'(K)

DEFINITION 1.2. For each sequence Mp of positive numbers we de

fine an a~ociatedfunctionM(p) on (0,00) by

M(p) = sup log (PP/Mp).
p~O

and denote by M*(p) the associated function of M; = Mp/pI.

We can easily see that M(p) is non-decreasing and vanishes for suf

ficiently small p. > 0 , and we have

(1.2) M; ::5 CBI'Mp; M(p)::5 M*(Bp) + logC for any B > O.
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If meA) denotes the number.of mp = Mp/Mp-l ~ A then we have

(1.3) ( ') = ,dM(A) = dM(A)
m A A dA dlogA'

Also, if the sequence Mp satisfies (M.l), then (M.3) implies that for

any L > 0 there exists a constant C > 0 such that

(1.4) p! ~ CUMp , p == 0,1,2"" .

For the details of these properties we refer to [3].

2. Characterization of &M,,'(K).

Hereafter we always assume that the sequence Mp satisfies condi

tions (M.l), (M.2) and (M.3) given in §l.

DEFINITION 2.1. An operator of the form

00

P(8) = L a0l801
,

1011=0
aOl E C, lal = 0,1,2""

is called an u.ltradiiferential operator of class (Mp) (resp. of class

{Mp}) if there are positive constants L, C (resp. for every L > 0

there is a constant C > 0) such that

(2.1)

THEOREM 2.2. There exist a function vet) E C~(R) and an ultra

differential operator P(d/dt) of class Mp such that

(2.2)

(2.3)

P(d/dt)v(t) = 6(t) + wet);

I vet) I ~ C exp[-M*(L/t)],



Structure theorem of ultradistributions 177

where wet) E COO(R) with supp w C [0,2] and L is the constant in

(2.1).

Proof·

(2.4)

(2.5)

We shall only give a sketch of the proof. If we set

00
P(0 = (1 + ()2 IT[1 + lq(/rn q];

q=1

1 100V(z) = -2. exp(zOp«()-ld(,
1n 0

where Iq is a constant L > 0 (resp. a sequence of complex numbers

which converges to zero as q -+ (0), then the formula (2.4) is an entire

function which defines an ultradifferential operator P(d/dt) of class

(Mp) (resp. of class {Mp}) in virtue of (M.2) and (M.3). In fact, we

note that (M.2) and (M.3) can be expressed in terms of the associated

function M(p) as in [3]. Also, the integral (2.5) converges absolutely for

Re z < 0; and thus is a holomorphic function which can be analytically

continued to Riemann domain {zl- Tr/2 < arg z < 5Tr/2}. If we set

Vl(t) = Vet + iO) - Vet - iO),

then we have

Ivr)(t)1 $ Mp/2L~;

P(d/dt)Vl(t) = aCt);

Vl(t)=O fort<O; Vl(t)~O fort~O and

I: VI (t)dt = P(i77)-II'l=o = 1,

where L1 = L (resp. L1 is any positive constant). Also, we have for

t>O

Vl(t) ~ inf [M;/(Ldt)P] = exp[-M*(Ldt)].
p
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Hence, multiplying Vl(t) by a suitable ego function, we obtain v(t)
satisfying (2.2) and (2.3). For the details of the proof we refer to

[1], [3] and [4].

Now, let E(x, t) be the n-dimensional heat kernel:

{

(4rl)-R/2 exp (-lxI2 /4t), t> 0
E(x,t) =

o , t < O.

Then E(. ,t) is an entire. function for each t > 0 satisfying

(2.6) f E(x,t)dx = 1,JRR t>O

and there exist positive constants e and a such that

where a can be taken as close as desired to 1 and 0 < a < l.

LEMMA 2.3. For every cp E VMp(RR) , let

CPt(x) = X(x) f E(x-y,t)cp(y)dy,JRR
wbere X E VMp(RR) such. tbat X = 1 in an open neigbborbood of supp

cp. Then CPt -+ cp in VMp(RR) as t -+ 0+.

Proof. It can be shown without any difficulty by considering:

a: [cpt(X) - cp(x)] = f E(y, t)a: [X(x){cp(x - y) - cp(x)}} dy
JI1I15.6 .

+ f E(y,t)a:[x(x){cp(x-y)-cp(x)}]dy
J11I1>6

In fact, the first integral can be estimated by using the mean value the

orem and (M.2), and the second one can be estimated by the Leibniz'

formula and the fact that ~,I1>6E(y, t)dt -+ 0 as t -+ 0+.
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Let u E £M/(K). Then the function

U(x,t) = u,(E(x-y,t)), xERR
, t>O

179

is well-defined, since E(x - . ,t) is an entire function in eR for every

(x,t) E R+.+1 = {(x,t)1 x E RR,O < t < oo}; and thus E(x _. ,t) E
£Mp(RR) in virtue of (1.4). Then we shall call it a defining function of

u E £M/(K). Then using Lemma 2.3 we characterize u E £M/(K) by

the asymptotic behavior of the defining function U(. ,t) as t -+ 0+ due

to T. Matsuzawa [4].

THEOREM 2.4. Let u E £M/(K). Tben U(x, t) = uy(E(x - y, t))
is infinitely differentiable in R+.+I = {(x, t)~x E RR, 0 < t < oo} and

satisfies tbe following conditions:

(2.8) (a/8t - ~)U(x, t) = 0

For every S > 0 tbere exist positive constants c, G = G(6) (resp. For

every c, S> 0 tbere exists a constant G = G(c,S) > 0) such tbat we

bave

wbere K6 = {x E RRI dist(x,K) :5 S};

U(· ,t) -+ u in £M,'(K) as t -+ 0+ in tbe following sense:

(2.10)

wbere n is any bounded open neigbborbood of K.

Proof. It is clear that for UE £M/(K)

U(x,t)=uy(E(x-y,t)) E GOO(R+.+I)
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and satisfies the heat equation (2.8). First, let u E e(Mp)'(K). Then

for any 8 > 0 there exist positive constants h, C = C(8) such that

lu(rp)I 5 C sup laarp(x)I/(h1aIMlal)' rp E e(Mp)(Rn
).

zEK, .
a

Then using (2.7) and (1.4.), we have for each (x, t) E R++l

Ix _ y I2)
8t

We thus obtain (2.9) with e = LC21h2 for the same L > 0 as in
(1.4). A simple modification of the above proof gives the result (2.9)

for e{Mp}'(K).

Now, to prove (2.10) let n c Rn be any bounded open set containing

K. It suffices to prove that (2.10) holds for rp E eMp(Rn ) with compact
support in K. We set

G(y, t) = X(y)LE(x - y,t)rp(x)dx,

where X E VMp(Rn
) such that X = 1 in an open neighborhood of supp

cp. Then Lemma 2.3 implies that

Also we have

uy(G(y,t» =L U(x,t)rp(x)dx.

Finally taking the limit t -+ 0+ in both sides, we obtain (2.10) from

(2.11). This completes the proof of Theorem 2.4.
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REMARK. The estimate (2.9) in Theorem 2.4 is a generalization of

Theorem 2.1 of T. Matsuzawa [4] for ultradistributions with compact

support of class Mp.

3. Structure Theorem for EM,'(K).

Now we are in a position to state and prove the main theorem in

this paper.

THEOREM 3.1. If u E EM,'(K), there exist an ultradifferential op

erator P of class Mp and bounded continuous functions g(x) and h(x)

such that

(3.1) u = P(l1)g + h.

where g(x) E COO(RR\K), hex) E COO(RR), P(~)g(x) +hex) = 0 in

RR\K and~ = (8/8xl)2+" ·+(8/8xR )2 denotes the Laplace operator
in RR.

Proof. Consider the ultradifferential operator P(d/dt) and the

corresponding functions vet) and wet) obtained in Theorem 2.2:

P(d/dt)v(t) = c5(t) +w(t).

For the defining funct~on U(x, t) of u e EM,'(K) we set

U(x,t) = Loo U(x,t+s)v(s)ds, (x,t) E Ri-+1
•

Then, in virtue of (2.3) and (2.9) U(x, t) is a bounded continuous

function in R+.+1 satisfying the heat equation:

(8/lJt-l1)U(x,t) = 0 in Ri-H.
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In fact, it follows from (1.2), (2.3) and (2.9) that

- 12

[ ( e ) dist(x,K6?] [ * (L)]!U(x, t)1 ::; C 0 exp M (t + s) - 8(t + s) exp -M -; ds

::; c'12

exp[M*(Be/(t + s)) - M*(L/s)].

Then choosing B so that 0 < B < L/e, U(x, t) is uniformly bounded on

R++I. Thus U(x, t) is continuous in R++I. Hence, put g(x) = iT(x, 0).

Then g(x) is bounded and continuous on Rn and we obtain

U(x, t) = f E(x - y,t)g(y)dy,JRn t > 0,

from the uniqueness of solutions in the Cauchy problem.

On the other hand, we have for t > 0

P(-~)U(x,t) = P(-8/at)U(x, t) = U(x, t) +100 U(x, t + s )w(s )ds.

Rewriting P(-d/dt) by P(d/dt) and hex) = - Jooo
U(x,s)w(s)ds E

COO(Rn ), we have

u = Um U(· ,t) = P(A)g + h.
t-+o+

where P(A)g(x) + hex) = 0 for x f/. K in virtue of (2.9). The proof is

complete.

References

1. L. Hormander, The analysis of linear partial differential operators I, Springer
Verlag, Berlin-Heidelberg-New York·Tokyo, 1983., 1983.

2. H. Komatsu, Introduction to the theory of generalized junctions(in Japanese),
Iwanami Shoten, Tokyo, 1978.

3. __, Ultradistributions I, structure theorems and a characterization, J. Fac.
Sci. Univ. Tokyo, Sect.lA 20 (1973), 25-105.

4. T. Matsuzawa, A calculus approach to hyperjunctions 11, Trans. Amer. Math.
Soc. 313 (1989), 619-654.



Structure theorem of ultradistributions 183

5. , Foundations of a calculus approach to hyperjunetions, Lecture Notes
at Nagoya University, 1990.

Department of Mathematics,
Seoul National University,
Seoul 151-742*'*",

Department of Mathematics,
Duksung Women's University,
Seoul 132-714**




