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ABSTRACT. In this note, we shall give a maximal element existence 
theorem for condensing multimaps in a locally convex Hausdorff topo
logical vector space.

Shafer-Sonnenschein extended the Debreu theorem on the existence 

of equilibrium in a generalized N-person game or an abstract econ

omy. In fact, they maintained the sprits of the pioneering works 

of Debreu, Arrow-Debreu and Mas-Colell. In 1976, Borglin-Keiding 

[1] first introduced the majorized concept of multimaps and recently 

many authors have proved a number of general results on the existence 

of equilibrium point of generalized games with infinite dimemsional 

commodity spaces and infinite number of agents. Furthermore, Kim 

[4], Ding-Kim-Tan [2], Tarafdax [8] and Mehta [6] have investigated 

the existence of equilibrium for non-compact generalized games in lo

cally convex Hausdorff topological vector spaces. The main tool for 

proving the existence of equilibrium is the maximal element existence 

theorem, e.g. see [4, 8].

The purpose of this note is to prove a new existence theorem of 

maximal element for condensing multimap in a non-compact subset 

of a locally convex Hausdorff topological vector space.
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If A is a set, we shall denote by 2A the family of all subsets of A. 

If A is a non-empty subset of a topological vector space E, we shall 

denote by co A, cl A, cd A the convex hull of A, the closure of A in 

E, the closed convex hull of A in E, respectively. If T : A — 2乃 is a 

multimap, then coT : A — 2乃 is a multimap defined by (coT)(x) = 

coT(x) for each x E A.

Let X be a non-empty subset of a topological vector space. A 

multimap 0 : X —> 2X is said to be of class L [9] if (i) for each 

:r G X, x & coO(:r), (ii) for each y 三 X,(厂1 (y) = {x E X : y E。(⑦)} 

is open in X. Let。: X — 2X be a given multimap and x E X ] then 

a multimap(j〉x : X — 2X \s said to be an L-majorant of 巾 at x [9] 

if <j)x is of class L and there exists an open neighborhood Nx of x in 

X such that for each z E Nx, <》(之) C 0x(之). The multimap is said 

to be L-majorized if for each x E X with <^(x) 羊 0, there exists an 

Z-majorant of at x.

We remark here that the notions of a multimap of class L and 

an L-majorized multimap generalize the notions of KF-multimap and 

KF-majorized multimap introduced in [1], respectively. And those 

notions have been further generalized in [2, 4].

In order to relax the compactness assumption, we shall need the 

following deflations in [3]. Let 乃 be a locally convex HausdorfF topo

logical vector space and 5 be a basis of convex open neighborhoods 

of 0. If A C』EJ, we define Q(A) to be the collection of all 17 G S such 

that A C 2C +〔7 for some precompact subset K of E. Then the set 

Q(A) is called a measure of nonprecompadness of A, i.e. the larger 

Q(A) is, the more nearly is A precompact.

When AyB Q E are non-empty bounded but not precompact sub

sets of E, the following properties of the measure of nonprecompact- 

ness are very essential in our proofs (for the proofs, see [3]) :
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(i) A is precompact if and only if Q(A) = B.

(ii) Q(cZA) = Q(A).

(iii) Q(coA) = Q(A).

(iv) QG4UB) = QG4)n(2(B).

(v) if A C B, then Q(B) C Q(A).

DEFINITION. [3] Let X be a non-empty subset of a locally convex 

Hausdorff topological vector space E. A multimap T : X —> 2E is 

called condensing if for some choice of basis B of convex open neigh

borhoods of 0, we have Q(A) Q Q(T(A)) for every bounded but not 

precompact subset A of X.

The sense of the above definition is that the condensing multimaps 

take bounded but not precompact sets to sets which-are more nearly 

precompact. And it is not difficult to prove that if 乃 is a Banach 

space and if 5 is the collection of spherical neighborhoods of 0, then 

this definition of condensing multimap can be reduced to Sadovskii’s 

original definiton [7]. In this case, the condensing condition means 

that the size of the image T(A) is smaller than that of A. It is evident 

that a multimap T is condensing when either T is a compact multimap 

or T takes bounded sets to precompact sets.

We first prove the following, which generalizes Lemma in [5] to a 

locally convex Hausdorff topological vector space.

LEMMA 1. Let X be a non-empty closed bounded convex subset of 

a locally convex Hausdorff topological vector space E and T : JV — 2X 

be a condensing multimap. Then there exists a non-empty compact 

convex subset Co of X such that T(CO) C Co.

PROOF. Let xo E X and consider the family of all closed convex 

subset C of X such that x0 E C and T(C) C C. Then :F 거느 아 

and let Co := Pice주心- Then Co is non-empty closed convex and 
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x0 G Co- We know that T(CO) C Co. In fact, for any x € Co, x E C 

for every (7 G 冗 and hence T(:r) C C for all C E J7- Therefore 

T(x) C ClcG^ C = Co- Suppose that Co is not precompact; then 

Q(CO) 우 B. Since T is condensing, we have Q(T(CO)) 글 Q(CO). Let 

Ci = co({xo} U T(C0)) ; then C\ C Co and hence T(Ci) C T(CO) C 

C\. Therefore we have Ci = Co. However,

Q(Cx) = Q(=({까} UT(C。)))

= Q({此} UT(GJ)

= 0({zo})nQ(T(Co))

= Q(T(CO)) (since Q({x0}) = B)

글 Q(—

which is a contradiction. Therefore Co is precompact. Since Co is 

closed, Co is the desired compact convex set. This completes the 

proof.

As a consequence of Lemma 1, we can obtain a fixed point theorem 

for a condensing upper semicontinuous multimap as in [3].

The following is a special case of Lemma 1 in [2] :

LEMMA 2. Let X be a non-empty convex subset of a topological 
vector space and P : X 2X be L-majorized. If every open subset of 

X containing the set {x E X : P(x) 羊 0} is paracompact^ then there 

exists a multimap S : X — 2X of class L such that P(x) C S(x) for 

all x E X.

We are ready to prove the following existence theorem of maximal 

elements for condensing multimaps.

THEOREM. Let X be a non-empty closed bounded convex subset of 

a locally convex Hausdorff topological vector space E and T : X —> 2X 
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be a condensing multimap. IfTis L-majorized, then there exists a 

maximal element, i.e. there exists x E X such that T(£) = 0.

PROOF. Suppose the contrary, i.e. T(x) 羊 0 for each x E X. 

By Lemma 1, there exists a non-empty compact convex subset K of 

X such that T(Jf) C K. Since the set {x e K : T(x) 尹 0} = K is 
compact, by Lemma 2, we can find a multimap S : K 2K satisfying 

the following

(i) T(x) C S(⑦) for each ⑦ G ,

' (ii) for each x € , x 오 coS(x),

(iii) for each y e K, 5* —x(y) is open in K.

By Proposition 5.1 in [9], for each y E K, (co S)-1(j/) is also open in 

K. By applying the Fan-Browder fixed point theorem [6, p.7] to co S, 

there exists a point x E K such that x € coS(x\ which contradicts 

the condition (ii). Therefore there exists a maximal element x E X 

such that T(x) = 0. This completes the proof.

REMARKS, (i) Theorem generalizes Theorem in [5] and Theorem

7. 15 in [6] to locally convex Hausdorff topological vector spaces.
(ii) If X is compact, then T : X 2X is automatically a con

densing multimap. And in this case, Theorem is a generalization of 

Corollary 1 in [1].

Maximal element existence theorems are essential tools in proving 

the existence of equilibrium in generalized games, e.g. see [1, 2,4, 8,9]. 

As an application of Theorem, we can obtain an existence theorem 

of equilibrium for a non-compact 1-person game with L-majorized 

preference multimap and condensing constraint multimap in a locally 

convex Hausdorff topological vector space, e.g. see [10].
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