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K.S. Ryu

ABSTRACT. Wiener measure m(AB) can behave arbitrarily 
badly as a function of A for Wiener measurable sets B. We 
show however that m(AB) is Borel measurable with respect to 
A for any Borel subset B of Co[0,1].

1. Introduction
Let Co[0,1] denote the space of continuous functions on [0,1] which 

vanish at 0. The space Co[0,1] equipped with Wiener measure m will 

be called Wiener space. Let 0 = to < ti < • • • < 'n 으 1, and let 

—oo < Pi < qi < +oo for i = 1,2,..., n; then the set

(1) {x in Co[0,1] | pi < x(ti) 으 qi, i = l,2,...,n}

will be called an interval in Co [0,1]. The smallest a-algebra of sets 

containing the class of all intervals is the class of all Borel subsets 

of Co[0,1]. We review some facts concerning scaling in Wiener space 

(see [2]). 하 휴

Given a nested sequence of partitions Pn : 0 = t0 < < t$n)<

… < = 1 whose norm approaches zero and x in Co[0,1], let

(2) 우w—ixb-Wl)}2-

>1

For A > &, let C\ = {a: in (7o[0,1] | limn—* Spn(:r) = A2} and let 

D 三 {x in Co[0,1] | linim—oo (:r) fails to exists}. Note that (i) 

ACm = (ii) D and A > 0, are all Borel subsets, (iii) Co[0,l] 

is the disjoint union of this family of sets and (iv) m(Ci) = 1 [2]. A
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subset E of Co[0,1] is said to be scale-invariant measurable provided 

XE is Wiener measurable for all A > 0. Note that every Borel subset 

of Co [0,1] is scale-invariant measurable.

Wiener measure and Wiener measurability behave badly with re

spect to scaling. Let f : (0, +oo) — [0,1] be an arbitrary (for example, 

nonmeasurable) function. It has long been known [1, 2] that there 

exists a subset E of (7o[0,1] such that XE is Wiener measurable for 

A > 0 but

(3) m(AE) = /(A).

Further, let B = IJaeq C\ where Q is the set of all rationals. Then 

B is a Borel subset of Co[0,1] and

(4) m(AB) = xq(A)

where Xq(A) is the characteristic function of Q. Thus there exists a 

Borel subset B of Co [0,1] such that m(AB) is discontinuous every

where as a function of A.

In spite of the two negative results just discussed, we show that 

for every Borel subset B of Co[0,1], m(AB) is Borel measurable a 

function of A.

2. Theorem

Now, we give the main result of this paper.

THEOREM. For any Borel subset B of Co[0,1], m(AB) is a Borel 

measurable function of A.

Proof： For a subset E of Rn, we let E = (Ja>o{(수 Ae1? Ae2, • • •, 

Aen) | (ei,e2,...,en) is in E} C (0, +oo) x Rn. Let P = {乃 C Rn | 

E is a Borel subset of (0, +oo) x Rn}. It is easily seen that」P is a cr- 

algebra and that every open subset of Rn is in P. Since every section 

of a Borel set is a Borel set, we have

(5) E is a Borel measurable subset of Rn if and only if

乃 is a Borel measurable subset of (0, +oo) x Rn.
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For a subset K of Co[0,1], we let K = |Ja>o{(人’ I x 호 in •주} 仁 

(0, +oo) x Co[0,1]. Let S = {K C Co[0,1] | is a Borel subset of (0, 

-boo) x (7o[0,1]}. Q is a cr-algebra as is easily shown. Given 0 < 

ti < 허 < … < tn < 1, let Jt be the function from Co [0,1] into 

Rn defined by Jt(x) = (鉛('1), x(t2\… , x(tn)) and let F be the func

tion from (0, +oo) x (7o[0,1] into (0, +oo) x Rn defined by F(A,:r) = 

(A, ：r(ii), a:(t2), • • •, a;(fn)). Then F is continuous and for any subset 

E of Rn,

(6)

= |J 2고 ▼{(人 入匕 1,〉<2’)• • • ? 人匕n) | (匕 1? 匕2? • • • ? 匕n) 조 너 •日}) 
A>0

= U {(A,—) I <7心) is in E} = 元1(E).
A>0

Hence, if £? is a Borel subset, then by (5), E is a Borel subset. Then 

since F is continuous, JF* —乂乃) is a Borel subset, and so, by (6), 

is a Borel subset; that is, Jg1 (E) is in S. Thus S is a cr- 

algebra containing all intervals. Since every section of a Borel set is 

a Borel set, we have

(7) B is a Borel subset of Co[0,1] if and only if

B is a Borel subset of (0, +oo) x (7o[0,1].

Now, let B is a Borel subset of (7o[0,1]. By (7), B is a Borel subset 

of (0,+oo) x (7o[0,1] and for all A > 0, (B)(시 = XB. From the first 

part of the Fubini theorem, m(AB) = m((月)(시 ) is a Borel measurable 

function of A. Thus, we have proved the theorem.

PROPOSITION. There exists a scale-invariant and non-Borel mea

surable subset V of (7o[0,1] such that m(AV) = 1/2 for every A > 0. 

Thus m(AV) is Borel measurable as a function of X although V is not 

Borel subset of Co[0,1].

PROOF: Let A be a non-Borel subset of (0, +oo) and let J be a 

functional on Co[0,1] with J(x) = a:(l). Let V = {(IJ/iga(刀/아) 仁 

J—\0, +oo)} U {(U"4 이%) n J—o。, 0)}.
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Then by [2, Theorem 5], V is a scale-invariant measurable subset of 

Co[0,1] and m(AV) = 1/2 for all A > 0. Since m(시<7“"거⑴, 十00)「11厂) =

(시, from the contrapositive of Theorem, 7-1(0, +oo) A V is non

Borel measurable, that is, V is non-Borel measurable.
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