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ON f-V-RINGS

KYOUNG BEE LEE AND JAE MYUNG CHUNG

A ring R is called a left V-ring if every simple left R-module is injec
tive(C. Faith [1]), and its connections with von Neumann regular rings
are extensively studied (cf. [2]). In [8,9], R is called a left f- V-ring
(resp., f-GV-ring) if every simple (resp., simple singular) left R-module
is f-injective. These rings generalize both left V -rings and regular rings
simultaneously, and were characterized by Ming [7].

The purpose of this note is to study the connections between left f
V -rings and fully left idempotent rings (or regular rings), and we give
some sufficient conditions for a left f-CV-ring to be a left f-V-ring. All
rings in this note are associative rings with identity and all modules are
unitary left modules.

We first need the following Lemma due to Ming [5]:

LEMMA 1. Let R be a left f -V -ring. Then R is fully left idempotent
(i.e. 12 = 1 for each left ideal 1 of R).

Now we prove the following.

LEMMA 2. Every factor ring of a left f-V-ring is also a left f-V-ring.

Proof. Let R = RI1 for some ideal 1 of R and let S be a simple left
R-module. Then S is simple as a left R-module satisfying AnnR(S) :J
1. Hence S is f-injective. Now let J : (Xl, ... ,X n ) ---+ S be a nonzero
homomorphism, where Xi E R are all distinct for i = 1, ... , n. For each
i = 1, ... , n, choose an element Xi of R whose canonical image in R
is Xi. Then f : (Xl, ... ,Xn ) ---+ S defined by f(Xi) = j(Xi) is an R
homomorphism. Therefore there exists an element yES such that
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f(Xi) XiY· Hence /(Xi) = XiY so that S is f-injective as a left R-
module.

We recall that a ring R is said to be left semi-artinian if each nonzero
left R-module contains a simple submodule. From Lemma 1 and Theo
rem 17 [2], we can see that the following conditions are equivalent for a
semi-artinian ring R : (i) R is fully idempotent j (ii) R is regular j (iii)
R is a left f-V -ring. We note that semi-artinian left V -rings are regular,
but semi-arlinian regular rings need not be left V -rings (See Example
1 [2]). For arbitrary rings, we prove the following two theorems about
connections between left f-V-rings and other rings.

THEOREM 3. A ring R is a left f-V-ring if and only if R is fully left
idempotent and RjP is a left f -V -ring for every left primitive ideal P
ofR.

Proof. The sufficiecy follows from Lemma 1 and 2. To prove the
necessity, let S be a simple left R-module, 1 a finitely generated left ideal
of Rand f : 1 ---+ S a nonzero homomorphism. If we let P =AnnR(S),
then P is a left primitive two-sided ideal and hence P n1 = P1 by
Theorem 8 [2]. Hence f can be extended to a homomorphism g : 1+P ---+

S such that g(a + p) = f(a) for every a Eland pEP.
Since (1+P) jKer g can be regarded as a left RIP-module, (1+P) jKer
g ~Q S is f-Rj P-injective by hypothesis. Now consider the following
diagram:

o ----+) (1 + P)jP

Qoj1
S

where j : (I + P)jP ---+ (I + P)jKer g is the induced map from 1I+P.
Since (I + P)/P ~ Ij(Inp) is also finitely generated, there exists a
homomorphism h : RIP ---+ S such that h 0 Z= 0 0 j, where z:1 +P ---+

R/P is the induced map from the canonical injection i : 1+P ---+ R. Let
p : R ---+ RIP be the canonical projection. Then p 0 i = z0 p and hence
(hp)i = h"ip = ojp = g. Hence hop is an extension of f. Thus R is a
left f -V-ring.

The next result generalizes Theorem 13 of [2].( If R is a left V-ring in
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which every prime factor ring of R is regular, then R is regular.)

THEOREM 4. A ring R is von Neumann regular if and only if R is a
left f -V -ring and every prime factor ring of R is regular.

Proof. If a ring R is regular, then every left R-module is f-injective
since every finitely generated left ideal I of R is a direct summand of
R so that every nonzero homomorphism f from I can be extended to
a homomorphism from R. Thus a regular ring is a left f -V -ring. For
the proof of the necessity, let R be a factor ring of R. Then R is a left
f-V-ring by Lemma 2 and hence R is fully left idempotent by Lemma
1. Thus every factor ring of R is semiprime. By Corollary 1.3 [3], R is
regular.

Recall that a ring R is a left f-GV-ring if every simple singular left
R-module is f-injective; that is, each simple left R-module is either
projective or f-injective. It is easy to see that a left f -GV-ring has
projective left sode and a left f-GV-ring with zero sode is a left f-V
ring. Now we give more sufficient conditions for a left f-GV-ring to be
a left f- V -ring.

PROPOSITION 5. A ring R is a left f-V-ring if and only if R is a left
f -GV-ring and every finitely generated left ideal is an intersection of
maximal left ideals.

Proof. The sufficiency follows from Theorem 6 [6]. For the necessity,
let 5 be a simple left R-module which is not singular. Then 5 is projec
tive by Proposition 1.24 [4]' and hence 5 is finitely presented. If we let
[ be a finitely generated left ideal of R with a nonzero homomorphism
f : [ ~ 5, then Ker f is finitely generated and it is an intersection of
maximal left ideals of R. Hence there exists a maximal left ideal J of R
such that Ker f ~ J but I Cl J. Since Ker f is maximal in [, it follows
that InJ = Ker f. SO RIJ = (I + J)IJ ~ [1(In J) = IIKer f ~ S,
and therefore f can be extended to a homomorphism 9 : R ~ S. Thus
5 is f-injective.

PROPOSITION 6. If R is a left f-GV -ring in which every primitive
idempotent is central, then R is a left f -V -ring.

Proof. Let 5 be a simple projective left R-module, so that 5 ~ Re
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for a primitive idempotent e. IT I is a finitely generated left ideal of R
and f : I ----+ S is a nonzero homomoiphism, then I = Ker f Efl T for
some left ideal T of R which is isomorphic to Re. Since e is central, Re
is fully invariant and hence Re = T. Thus R = T ffi R( I - e), so Ker
f ~ R( I - e). Hence f can be extended to a homomorphism g : R ----+ S
such that g = f on Re and g = 0 on R(I - e).

The following is an easy consequence of Proposition 6, which charac
terizes commutative f-GV -rings.

COROLLARY 7. For any commutative ring R, the following are equiv-
alent :

(1) R is a f-GV-ring,
(2) R is a f-V-ring,
(3) R is a fully idempotent ring,
(4) R is a van Neumann regular ring.
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