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TORSION THEORY AND LOCAL COHOMOLOGY

JUNGSIM HAHN+ AND HEISOOK LEE++

Let R be a commutative ring with 1 and let u be a half-centered
idempotent kernel functor on the category of R-modules with the set
F of all primes ideals p of R such that R/p is u-torsion free. As a
generalization of Theorem 6.1 [5] we prove that for an R-module M, the
localization Qu(M) is isomorphic to r(F, M), where M is the sheaf on
Spec(R) associated to M.

Using this result, we prove the similar result that finitely presented
R-module is projective iff it is locally free holds with respect to u.

1. Preliminaries

Let R be a ring and R-mod be the category of all (left) R-modules.
A functor u from R-mod to itself is called an idempotent kernel functor
or torsion radical if it has the following property:

(1) u(M) is a submodule of M.
(2) H f : M - N is a homomorphism then f( u(M)) C u(N) and

u(J) is the restriction of f to u(M).
(3) H N is a submodule of M, u(N) = N n u(M}.
(4) M/u(M) is u-torsion free i.e. u(M/u(M)) = O.

We say M is u-torsion if u(M) = M.
The equivalent concepts of idempotent kernel functors [9], torsion rad

icals and Gabriel topologies [4,12] were originally investigated to ex
tend localization techniques in commutative rings to the case of non
commutative rings. However there are intersting questions even in the
context of commutative rings.

In this paper we assume all the rings are commutative with iden
tity. For an idempotent kernel functor u, let L(u) denote the associated
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Gabriel topology which consists of ideals I of R with the property that
RII is O'-torsion. 0' then partitions set Spee(A) of all the prime ideals
of R into two sets T and F, where T is the set of all primes such that
RIp is O'-torsion, F is the set of all primes such that RIp is O'-torsion
free.

Given any idempotent kernel functor q, the associated localization
functor Q (-) is defined as follows:

R-module E is O'-injective if it has the following property: if M is any
module and N is a submodule of M such that 0'(M IN) = M IN, then any
R-homomorphism from N to E extends to a homomorphism from M to
E. E is called faithfully O'-injective if, in the above, the homomorphism
from N to E has a unique extension to M. R-module E is q-faithfully
injective if and only if E is q-torsion free and E is q-injective. For q

torsion free module M, there is a unique faithfully q-injective module
up to isomorphism which contains M and such that ElM is O'-torsion
[9]. This unique faithfully O'-injective module is denoted by Q (M). For
any R-module M, Q (M) is defined by Q (MI0'(M».

We mention following 3 examples:
(1) For p E Spec(R), let L(p) be the set of ideals of R which are

not in p. Let q be the idempotent kernel functor determined by L(p).
Then q is the usual localization functor, i.e. for any R-module M,
q (M) = {m E M Im p = 0 in Mp} and Q (M) = Mp.

(2) Let P be a set of prime ideals of R. Define

L(P}= {I <1 R IIp =Rp for all pEP}

=npEPL(p)

Then L(P) is a Gabrie1 topology and this defines an unique idempotent
kernel functor.

In particular if Z is the set of height one prime ideals of kru1l domain
R, then L(Z) = {I <1 R /Ip = Rp for all p E Z}. For a torsion free R
module M in the usual sense, Q(M) = npEzMp, where M is considered
as a submodule of M I8l K (K is the field of quotients of R).

(3) Let I be an ideal and L(I) be the Gabriel topology generated by
{In In 2= 1}. Then we have T = {p E Spec(R)/1 C P}, F = {p E
Spec(R) II ~ P}.
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In the next section we consider the localization functor of this idem
potent kernel functor in (3).

Let Ass(M) be the set of primes p, where p is the minimal among the
primes containing annihilator ann(x) of non-zero element x of M.

Let (I be an idempotent kernel functor which corresponds to the par
tition (T, F) of Spec(R). Then the following holds [4]

M is (I-torsion ::::} Ass(M) C T
Ass(M) C F ::::} M is (I-torsion free.

From [4] we recall the following:
(I is half-centered if Ass(M) eT {::::::} M is (I-torsion.
(I is wel1-centered if (I is half-centered and Ass(M) C F -<=> M is

(I-torsion free.
It is clear that (I is half-centered if and only if the partition (T, F) of
Spec(R) defined by (I defines a unique idempotent kernel functor. This
unique idempotent kernel functor is defined as in (2).

We say an idempotent kernel functor (I is of finite type if every ideal I
in the Gabriel topology L((I) associated to (I contains a finitely generated
ideal which is also in L((I).

In [12] it is shown that if (I is an idempotent kernel functor of finite
type then it is well-centered.

Note. Let R be a krull domain and Z be the set of height one prime
ideals of R. Then L(Z) is of finite type and hence the idempotent kernel
functor is well-centered.

For any I E L(Z), there is a(q) E I\q for some q E Z. Since a(q)
is contained only finitely many primes in PI, P2, ... ,Pn in Z, choose
a(Pi) E !\Pi. Then (a(q),a(Pl), ... ,a(Pn» i P for all pin Z. Hence
L(Z) is of finite type.

For further definitions and properties, we refer [6, 13].

2. Torsion radical and Quotient functor

Let (I be an idempotent kernel functor on R-mod and (T, F) be the
corresponding partition of Spec(R). Let (11, ••• , (In, ... be the derived
functors of (I.

As a generalization of Lemma 5.2 and proposition 5.1 [5] we have the
following:
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LEMMA 1.1. Let u be half-centered. H M is u-torsion then

un(M) = 0 for all n > O.

Proof. The proof of Lemma 5.2 also holds if u is half-centered.

PROPOSITION 2.2. Let u be a half-centered idempotent kernel functor
on R -mod and M be any R-mod. Then there is an exact sequence

0-+ u(M) -+ M -+ Q(M) -+ ul(M) -+ 0

We note that M is faithfully u-injective i.e., M = Q(M) if and only
if u(M) = ul(M) = O.

We now consider the relation between the derived functors of a and
the local cohomology group functors. For any R-mod M, let M be the
associated quasicoherent sheaf on Spec(R).

Let Z be any closed set in X = Spec(R) and let M be a R-module.
Then r z(X, M) is the submodule of M consisting of all those sections
of M whose support is contained in Z. Let Hz(X,·) be the derived
functors of rz(X, .). Then we have the following proposition.

PROPOSITION 2.3. Let a be a half-centered idempotent kernel functor
on R-mod which corresponds to a partition (T, F) of Spec(R) = X such
that T is a closed set in X. Then for any R-module M, un(M) '"
H!}(X,M) for all n.

Proof. By the definition, rz(X, M) is the largest submodule of M
whose support is in T. Since a is half-centered, rz(X, M) '" a(M).
Hence for all n, un(M) '" H!}(X, M).

PROPOSITION 2.4. Let a be a half-centered idempotent kernel functor
on R-mod which corresponds to a partition (T, F) of Spec(R) = X such
that T is a closed set in X. Then for any R -module M there is an exact
sequence

0-+ rT(X, M) -+ r(x, M) -+ r(F,M) -+ H}(X,M) -+ 0

and
0-+ u(M) -+ M -+ r(F, M) -+ ul(M) -+ 0
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Proof. Since T is closed, there is an exact sequence

0-+ fr(X,M) -+ r(x, M) -+ f(F,M) -+ H}(X,M) -+ H 1(X,M)-+

by corollary 1.9 [8]. Since X is an affine scheme and M is quasi-coherent,
H(X,M) = 0 by Theorem 9.8 [10].

The second exact sequence follows from the first by Proposition 2.3.

Let 0" be an idempotent kernel functor on R-mod which corresponds
to the partition (T, F) of Spec(R). Let S be a multiplicative set in
R. Then S-l u is the idempotent kernel functor on S-l R-mod induced
by the canonical morphism <.p : R -+ S-l R, i.e. L(S-l(u» = {J <I

S-lRI<.p-1(J) E L(u)}.
For any injective R-module I, S-l I is an injective S-l R-module, we

have the following proposition as a generalization of Proposition 3.2 [5].

PROPOSITION 2.5. Let u be a half-centered idempotent ·kernel func
tor on R-mod and U1, .. . , Un, ... be its derived funtors. Let S be a
multiplicative set of R and S-l U1 , ... , S-l un , ... be the derived func
tors of S-l u . Then for any R-module M, S-l(un(M» s:: O"n(S-l M) s::
(S-lO"n)(S-l M) for all n.

As a generalization of Theorem 6.1 [5] we have the following:

THEOREM 2.6. Let u be a half-centered idempotent kernel functor
which corresponds to the partition (T, F) of Spec(R). Assume F is a
quasi-compact open set in X = Spec(R). Then for any R-module M,
the map j : M -+ r(F, M) can be identified with the canonical map
M -+ Q(M), i.e., Q(M) '" r(F, M).

Proof. By Proposition 2.2 and 2.4 and 2.5, the same proof holds as in
[5].

COROLLARY 2.7. Let M and N be R-modules such that M(F)
N(F) in the theorem. Then Q(M) = Q(N).

In the following we consider some local properties of R-modules with
respect to u which are useful in the study of the Brauer groups relative
to the torsion theory [3, 11].
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Let 0' be an idempotent kernel functor on R-mod and (T, F) be the
partition of ~pec(R) associated to o'. We denote by C(o') the set of all
idelas of R which are maximal with respect to the property of not being
contained in L(O'). Then C(o') c F. We recall the following definitions
[3].

DEFINITION. Let M be an R-module.

(1) M is O'-finitely generated if there exists a finitely generated R
module N such that N C M and Q(M) = Q(N).

(2) M is O'-finitely presented if there exists an R-homomorpmsm
f : N -t M such that N is finitely presented, ker f and coker f
are O'-torsion.

(3) M is O'-faithful if M is O'-elosed and faithful as a Q(R)-module.
(4) M is O'-quasiprojective if Mp is free Rp-module for all pE C(u).
(5) R is O'-noetherian if every ideal I in L(O') is u-Bnitely generated.

In (4), Mp is Rp -free for all p in C(0') if and only if Mp is Rp-free for
allp in F.

For the consideration of right exactness of Q, the concept of O'-projeet
iveness is defined. R-module P is O'-projeetive if the following holds [9].

Given O'-torsion free modules M' and M and an epimorphism M' -t

M -t 0 and given a homomorphism P -t M, there is a submodule P' of
P with P / P' O'-torsion, and a homomorphism P' -t M' such that the
diagram

O~P'~P

1 1
M'~M~O

is commutative.
In the above definition we say P is weak u-projective ifwe further assume
that M' and M are faithfully O'-injective.

Note. Let P be an R-module. Then the following hold:
(1) H P is projective in the usual serise then P is O'-projective.
(2) H P is O'-projective then P is weak u-projective.
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(3) IT P is weak q-projective then P is q-quasiprojective.

For a finitely presented R-module P, it is well known that P is pro
jective if and only if Pq is free Rq-module for all q in Spec(R). It is
not clear whether the similar result holds with respect to an idempo
tent kernel fucntor q i.e. for a q-finitely presented R-module P, P is
q-projective (or weak q-projective) if and only if Pq is free Rq-module
for all q in C(q).

We note that a sheaf of Ox-module on a scheme (X, Ox) is locally
free of finite type if it is finitely prese~ted and for all x EX, the stalk is
a free Ox x-module.,

PROPOSITION 2.8. Let q be an idempotent kernel functor on R-mod
which corresponds to the partition (T, F) ofSpec(R). We further assume
that R is q-noetherian. H F is a quasi-compact open set in X there is
a one-to-one correspondence among the following classes

(A) locally free sbeaves of finite type over F
(B) . faithfully q-injective, weak q-projective and q-finitely generated

R-modules
(C) faithfully q-injective q-quasiprojective and q-finitely generated

R-modules.

Proof. Let X be Spec(R) and let m be a locally free sheaf of finite
type over F. let i*(m) be the direct image of m on X induced by the
canonical inclusion i : F ~ X. Since F is quasi-compact, F can be
covered by finitely many special open sets D(iI), ... ,D(fn). By the
sheaf property there is an exact sequence of sheaves on X

By 5.2(d) [8] i(mxID(fi)) and i(mID(JiJi)) are quasi-coherent, i*(m)
is also quasi-coherent by 5.7. [8]. Hence i*(m) = M for some R
module M. By the definition of m and i*(m), m(D(Ji)) = M fi is finitely
generated Rfi-module for each i = 1, ... , n. We may assume Mf; is

t d b { =..!.1. Xi,,; }genera e y l' ... , 1 .

Let N be a submodule of M generated by the set {Xij 11 :s; i :s; n, 1 :s;
j :s; nd· Then Nf; = Mf; and hence r(F, if) = r(F, M). By Corollary
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2.7, Q(N) Q(M) and Q(M) is faithfully u-injective and u-finitely
generated. Given epimorphism A -+ B of faithfully u-injeetive modules
and homomorphism Q(M) -+ B, there is a commutative diagram

Q(M)

/1
A ~ B ~ 0

since M(F) (= Q(M)) is a projective R(F) (=.Q(R))-module. Hence
m 1-+ Q(M) is a well-defined one-tcrone map from the set of locally free
sheaves of finite type over F to the set of faithfully u-injective, weak
u-projective and u-finitely generated R-modules. It is clear that every
weak u-projective module is u-quasiprojective.

Let M be a faithfully u-injective, u-quasi-projective and u-finitely
generated R-module. Since R is u-noetherian, M is u-finitely presented
by proposition [11] and hence there is a finitely presented R-module N
such that Q(N) ~ Q(M) (= M). For each pin F, Np ~ Q(N)p·,...., Mp,
NIF is a locally free sheaf of finite type. By Corollary 2.7, the map
M -+ NIF is a well-defined one-tcrone map from the set of faithfully
u-injective, u-quasiprojeetive and u-finitely generated R-modules to
the set of locally free sheaves of finite type over F.

References

1. N. Bourbaki, Commutative Algebra, Hermann, Addison Wesley, 1972.
2. W. Brandel and E. Barbut, Localization of torsion theories, Pacific J. of Math.

107 (1983), 27-37.
3. S. Caenepeel, A Verschoren, A Relative version of the Chase-Harrision-Rosenberg

Sequence, J. Pure and Applied Algebra 41 (1986), 149-168.
4. P. J. Cahen, Torsion theory and associated primes, Proceedings of AMS Vol. 18,

No.3, (1973), 471-475.
5. P.J. Cahen, Commutative torsion theory, Trans. of AMS Vol. 184 (1973), 73-85.
6. O.Goldman, Rings and modules of quotients, J. of Algebra 13 (1969), 10-47.
7. R. Hartshorne, Algebraic Geometry, Springer-Verlag, New York, 1977.
8. R. Hartshorne, Local cohomology, Springer-Verlag, New York, 1967.
9. J. Lambek, Torsion theories, Additive Semantics and Ring of Quotients, Springer

Verlag, New York, 1971.



Torsion Theory and Local Cohomology 287

10. I.G. Macdonald, Algebraic Geometry, W.A. Benjamin, New York, 1968.
11. H. Lee, Relative Brauer Group over a Krull Domain, Comm., K.M.S. 4, No.1

(1989), 89-93.
12. M. Orzech, Prime Ideals and Finiteness Conditions for Gabriel Topologies over

Commutative Rings, Preprint, 1989.
13. B. Steinstrom, Rings of Quotients, Grundlehren der mathematischen Wissenschf

ten, Vol.217, Springer-Verlag, Berlin, 1975.
14. F. Van Oystaeyen and A. Verschoren, Relative Invariants of Rings, Monographs

and Textbooks in Pure and Applied Mathematics, Vol. 79', Marcel Dekker, Inc.,
New York, 1984.

+Department of Mathematics
Brandeis University
Waltham, Massachusettes, U.S.A.

++Department of Mathematics
Ewha Womans University
Seoul, Korea




