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Point-like Decompositions of sn Which Do Not Yield sn
JEHPILL KIM

If H is a collection of disjoint compacta in a space, we denote by H* the sum

of members of H. An element g of H is said to be central or noncentral in H accord

ing as g contains a limit point of H*-g or not. If Cl is an ordinal then, by letting

H = He, we define inductively Ha to ce the collection of members of H which are

central in all Hp for f3 <c. As in [2J, an element of H is said to be essential or ines
sential in H according as it belongs to Ha for all countable ordinal a or not; H is a

countably discrete collection if Ha=</> for some countable ordinal a.
Let C be an upper semicontinuous decomposition of the n-sphere sn, and let H

denote the collection of nondegenerate elements of C. J. L. Bailey [lJ announces that

if H is a countable collection of point-like continua and the decomposition space of C

is not homeomorphic with Sn then there is a subcollection Hr of H in which every

element is noncentral such that H' is the collection of nondegenerate elements of some

upper semicontinuous decomposition C' of Sn whose decomposition space is not homeo

morphic with sn. The purpose of this note is to point out how the results of our

earlier work [2J imply that this remains still true even if H is not required to be a

countable collection. Note also that the other of the two theorems reported in [lJ is a
special case of Lemma 7 of [2].

LEMMA 1. Let H be a collection of disjoint compacta in a separable metric space. If
each element of H is inessential then H is a countably discrete collection.

Proof. Let x be a point in H*-Ha*, and let g be the unique element of H
containing x. Then gEHp- Hp+! for some f3 <C!, and there is a neighborhood of x disjoint

from H.*. Thus H*-Ha* is open in H*, and the sets H*-Ha* form an open cover of

H*, where the a's run over the set of countable ordinals. Since a separable metric

space is hereditarily Lindel6f, there are countable ordinals an' n = 1, 2, ... "', such

that the sets H*-Ha.* also cover H*. On the other hand, a countable set cannot be

cofinal in the set of countable ordinals, and so there is a countable ordinal a with an~a

for all n. For this a, we have H*-Ha* = H*, completing the proof.

LEMMA 2. Let C be an upper semicontinuous decomposition of the n-sphere Sn, and let H

and H' denote, respective/v, the collection of nondegenerate elements of C and the collection
of essential elements of H Then the decomposition -C' of Sn into points and members of
H' is upper semicontinuous.

Proof. By Lemma 1, the collection of inessential elements of His countably discrete,
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and we have H' = Ha for some countable ordinal a. Upper semicontinuity of C' follows

from [2, Lemma 4J.

THEOREM. Let G be an upper semicontinuous decomposition of the n-sphere S" into

point-like continua, and let H denote the collection of nondegenerate elements of G. If the

decomposition space of G is not homeomorphic with S' then there is a subcollection H' of

H in which every element is essential such that H' is the collection of nondegenerate

elements of some upper semicontinuous decomposition C' having the decomposition space

homeomorphic UJith that of G.

Proof. Let H' be the collection of essential elements of H. Then H' is nonempty

as otherwise the decomposition space of G must be homeomorphic with S" by Lemma

2 and [2, Theorem 2J. It is also obvious that each element of H' is essential. That this

H' satisfies all claims of the theorem fo:lows now from Lemma 7 of [2J.
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