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ABSTRACT 

Precession coefficient is defined by the ratio of the angular rate or rotational angle of the standing 
wave formed in an elastic resonator with respect to that of the platform. In this paper the precession 
of a hemispherical resonator due to Coriolis’ effect is studied through Rayleigh-Ritz’s method and 
Lagrangian Mechanics when the resonator undergoes Rayleigh’s mode deformation. The calculation 
result was compared with studies by other researchers. 

 
세차계수는 플랫폼의 각속도 혹은 회전각에 대한 공진기에 형성되는 탄성 정상파의 

각속도 혹은 회전각의 비율로 정의된다. 본 논문에서는 코리올리 효과에 의한 반구형 
공진기의 세차계수에 대한 연구를 레일리-리츠법과 라그랑지안 역학을 이용하여 수행하

였으며 쉘의 중립면이 레일리 모드 변형을 한다는 조건을 적용하였고 계산 결과를 이전 
연구자들의 결과들과 비교하였다. 

 
1. Introduction 

If an axial rotational input is applied to a 

resonating axisymmetric structure, the elastic 

standing wave undergoes precession due to 

Coriolis’ effect. Precession coefficient is defined 

by the ratio of the angular rate or rotational 

angle of the elastic standing wave with respect to 

that of a platform. 

Since the precession behavior of elastic waves 

in a rotating resonant structure was first 

investigated by G.H.Bryan(1), the precession 

coefficient is often called Bryan’s factor (BF). 
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CRG (Coriolis’ Resonator Gyroscope) is a 

sensor to measure the input angular rate or 

rotational angle by sensing the precession angle 

of standing elastic wave; therefore, a high 

precession coefficient is one of very significant 

factors for high sensitivities and good 

performances of resonator gyroscopes. 

Analysis of the precession coefficient of 

hemispherical resonators has been carried out by 

several researchers such as S.A.Sarapuloff, et 
al(2). Ch.-O.Chang, et al(3)analyzed the extensible 

mid-surface case. Q.Yang, et al(4) calculated the 

precession coefficient for a hemispherical 

oscillating structure including its stem. 

S.A.Sarapuloff, et al(5) investigated the novel HRG 

made of high-Q quartz glass(6). K.Y.Narasimhan(7) 

analyzed the truncated spherical MEMS shells.  

In the present paper, Rayleigh-Ritz’ method 

and Lagrangian Mechanics are adopted to 

calculate the precession coefficient, which result 

shows some difference compared to the previous 

studies. The present study extends the authors’ 
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paper (8), which was no-input angular motion 

case, to the case with the input rotation. 

 

2. Thin Shell Model of a Resonator 

 

Figure 1. Hemispherical resonator 

 

Fig.1 shows the coordinate system for a 

hemispherical resonator, which is subjected to a 

Z directional input angular rate  with respect to 

the global reference frame. For this oscillating 

shell resonator, u,	 	and	 	 represent respectively 

the meridional, circumferential, and radial 

displacements of the mid-surface with respect to 

the local spherical reference frame. 

Strains  and changes of curvature 

components ( ) on the mid-surface of the shell 

resonator are described as Eqs. (1) ~ (6) from 

the theory of thin shells (e.g., see W.Flügge(9)). 
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where  is the radius of the mid-surface. 

In this study some assumptions were made: 

First, the structure is a thin shell and the mid-

surface of the shell is inextensible. By this 

assumption the stress and strain components in 

the direction of thickness are ignored. Second, 

Kirchhoff-Love’s approximate model is chosen 

so that the normal cross-sections of the shell 

and the mid-surface remain perpendicular before 

and after deformation. Third, all displacements 

are small for the linear approximation of the 

problem which means the first derivatives, the 

slopes can be took into account as small values 

too. 

 

3. Precession Coefficient 

 

In order to use Rayleigh-Ritz method, the 

displacement components for flexural modes are 

assumed as Eqs. (7)~(9): 

 

, , cos sin , 			 7  

		 , , sin ,				 8  

, , cos sin 	. 9  

 
Usually, the operational mode of the resonator 

is the 2nd flexural mode, therefore, 2.  , 

,  represent the meridional parts of 

eigen functions. 

In case of the inextensible Rayleigh-mode 

deformation, the strain components on the mid-

surface given by Eqs. (1)~(3) are neglected. 

Solving the simultaneous differential equations 

after substituting Eqs. (7)~(9) into Eqs. (1)~(3), 

the meridional partial eigen functions can be 

obtained as follows: 
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Eqs. (10) and (11) are especially for a 

completely closed hemispherical shell without a 

stem.  

The velocity of a particle on the mid-surface 

with respect to the local reference frame can be 

expressed as 

 

→
→

dt

→ →
 

	 sin 	
→

	 cos 	
→
 

sin 	 cos 	
→
		.		 12  

 

For applying Lagrangian Mechanics, it is 

necessary to define kinetic energy of the shell as 

follows: 
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where  is the density, and  is the thickness of 

the shell. Strain energy of the shell is also 

necessary. Defining the strain energy of the shell,  
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where   is an extensional rigidity,  is a 

flexural rigidity. 

Strain energy consists of the bending and 

membrane strain energies. However, membrane 

potential energy vanishes due to the 

inextensibility condition of the mid-surface. 

The Lagrangian is defined as 

 

 . 

Euler-Lagrange equations are 
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Solving Eq. (17), the equations of motion for 

n=2 mode can be obtained as Eq. (18): 
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Then the precession coefficient, that is, 

Bryan’s Factor (B.F.) with respect to the 

rotational reference frame is defined as follows: 

 

B. F. 2

1
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Substituting Eqs. (10) and (11) into (19), the 

precession coefficient for a hemispherical shell 

resonator with no stem can be obtained. In Eq. 

(19) it can be seen that the precession coefficient 

only depends on the geometry and the 

circumferential wave number regardless of 

material properties. 

Table 1 compares Bryan’s Factors for the 

complete hemi-spherical shell resonator 

calculated by several researchers and by the 

present study. The differences may be related to 

the assumptions used. Chang, et al (3) considered 

the extensible membrane mode, however, others 

assumed only inextensible mode. Therefore, the 

influence of extensibility seems relatively small. 

Yang, et al (4) and Narasimhan(5) assumed 

different modes compared to the present study, 

which are not quite clear, and more analysis 

about their methodology is needed. It is desired 

to compare these analytical values with an 

experimental value, which is not available at this 

point. 

 
Table 1. Precession coefficients (B.F.) for a complete 

hemispherical shell resonator 

Refs. B.F. 

Chang, et al (3) -0.314 ~ -0.289 

Yang, et al (4) -0.2978 

Narasimhan(5) -0.26 

present study -0.326 

 

5. Conclusions 

This paper deals with the study on the 

precession coefficient of a hemispherical 

resonant shell due to Coriolis’ effect. The 

precession coefficient has been calculated by 

Rayleigh-Ritz’s method and Lagrangian 

Mechanics, and is only related to the geometry of 

the resonator and circumferential wave number 

regardless of material properties of the structure. 

The results of this paper and other previous 

studies show some differences, but within a 

reasonably close range near -0.3. 
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