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Abstract

In the management of groundwater in coastal areas, saltwater intrusion associated with extensive

groundwater pumping, is an important problem. The groundwater optimization model is an advanced

method to study the aquifer and decide the optimal pumping rates or optimal well locations. Cheng and

Park gave the analytical solutions to the optimization problems basing on Strack's analytical solution.

However, the analytical solutions have some limitations of the property of aquifer, boundary conditions,

and so on. A simulation-optimization numerical method presented in this study can deal with

non-homogenous aquifers and various complex boundary conditions. This simulation-optimization model

includes the sharp interface solution which solves the same governing equation with Strack's analytical

solution, therefore, the freshwater head and saltwater thickness should be in the same conditions, that

can lead to the comparable results in optimal pumping rates and optimal well locations for both of the

solutions. It is noticed that the analytical solutions can only be applied on the infinite domain aquifer,

while it is impossible to get a numerical model with infinite domain. To compare the numerical model

with the analytical solutions, calculation of the equivalent boundary flux was planted into the numerical

model so that the numerical model can have the same conditions in steady state with analytical

solutions.
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1. Introduction

In the management of groundwater in coastal areas, reasonably simplify the condition of

the coastal area is acceptable. Sharp-interface solution for homogenous steady problem is used

along with the Dupuit and Ghyben-Hezberg assumptions. Strack (1976) developed the

single-potential analytical solutions to calculate the maximum pumping rate in a single well on
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the homogeneous aquifers. Cheng (2000) developed the solution using on multiple wells from

Strack's solution. And the multi-objective optimization analytical solution can obtain both of

the optimal pumping rates and well locations (Park and Aral, 2003). However, the analytical

solutions can only be applied to the homogenous aquifers. And they didn't give the solutions

on the conditions of complex boundary conditions. In this study, the sharp-interface model

based simulation-optimization model is mentioned. Since this numerical model uses the same

governing equations with the analytical solution, we are trying to compare the optimal

pumping rates and optimal well locations in the same conditions for both models. It is noticed

that the analytical solutions can only be applied on the infinite domain aquifer, while it is

impossible to get a numerical model with infinite domain. To compare the numerical model

with the analytical solutions, calculation of the equivalent boundary flux was planted into the

numerical model so that the numerical model can have the same conditions in steady state

with analytical solutions.

2. Analytical solution of pumping optimization in coastal aquifers

2.1 Strack's single-potential solution

Strack (1976) developed the single-potential analytical solutions to calculate the maximum

pumping rate in a single well on the homogeneous aquifers. The following equations show the

Strack's analytical solution, which eq.1 is applied on unconfined aquifer and eq.2 is applied on

confined aquifer.
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where  is the confined aquifer thickness,  is the elevation of mean sea level above the

datum,  is the density ratio of the saltwater and freshwater which equal to  ,  is the

hydraulic conductivity,  is the pumping or injection rate from an individual well,  is the

discharge from land to sea, (, ) is well coordinate,( , ) is the toe location and  is the

total number of wells.

2.2 Multi-objective optimization of pumping rates and well locations

Cheng (2000) developed the solution using on multiple wells from Strack's solution. Park

and Aral developed the analytical solutions to obtain the optimal pumping rates and optimal

well locations. In their studies, some examples were mentioned to illustrate the analytical

solution and compared to each other.



3. Simulation-Optimization model with boundary flux calculation

3.1 Sharp-Interface simulation model

  For regional groundwater flow there are occasions that the mixing zone between salt water 
and freshwater are not important. For these situations the assumption of immiscible waters is 
reasonable. This assumption is called a sharp-interface approximation.

  In the sharp-interface model finite element method is used to solve the equations. 
Sharp-interface numerical model is based on the assumption of distinct freshwater-saltwater 
interface without any transitional activity. The sharp-interface model uses finite element method. 
It is applicable to be used when the calculation of solute concentration is not significant. And 
the sharp-interface model has the following common features: (1) freshwater head and saltwater 
thickness are comparable with analytical solutions; (2) much less scale of grid nodes and 
elements are required in sharp-interface model; (3) saltwater intrusion toe location and saltwater 
thickness can be validated by laboratory experiments using the calibrated hydraulic conductivity 
value; (4) in this sharp-interface model, saltwater content can be estimated by introducing a 
simple equation of the proportion of saltwater in the pumping well.

3.2 Calculation of the equivalent boundary flux

   Following the Strack’s theory, the components of the discharge vector as   and   are 

equal to the negative value of the gradient of potential .  
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 and   are Cartesian coordinates in the horizontal plane. The specific discharge vector points 
in the direction of flow and has a magnitude equal to the discharge flowing through a unit 
area. Representing the components of the discharge vector as   and   and the thickness of 

the aquifer as  .

3.3 Genetic Algorithm

A genetic algorithm (GA) is a search technique used in computing to find exact or approximate 
solutions to optimization and search problems. Genetic algorithms are categorized as global 
search heuristics. Genetic algorithms are a particular class of evolutionary algorithms (also 
known as evolutionary computation) that use techniques inspired by evolutionary biology such 



as inheritance, mutation, selection, and crossover (also called recombination).

4. Comparison between simulation-optimization model and analytical solutions

4.1 Classic optimization problems

  To compare the numerical model with the analytical solutuion, we used the examples given 
in the Park's paper. That is an aquifer with the domain of 4000 m × 7000 m. A uniform 

freshwater flow of 0.6   exists in the negative -axis direction. The aquifer is an 
unconfined aquifer with a hydraulic conductivity of 100  . The saltwater depth at the 
coastline is 14 m. In this aquifer, we will compare the optimal pumping rates and optimal 
pumping well locations for single well, two-well and multiple-well cases.

5. Conclusions

From the comparison of the optimal pumping rates and well locations between the numerical

model and analytical solutions, we can see that the numerical results are comparable with the

analytical solutions. And for the optimal well locations, the numerical results can give the

more precise locations than the analytical solutions because of fine gridlines used in the

numerical model.
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