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1. INTRODUCTION 
 
 Sliding mode control (SMC) or variable structure control 
(VSC) was first proposed and elaborated in the early 1950's in 
the Soviet Union by Emelyanov and several co-researchers. 
Since the publication of Utkin's survey paper[1], significant 
interest on continuous-time SMC has been generated. 
Essentially, SMC utilizes a high-speed switching control law 
to drive the nonlinear plant's state trajectory onto a specified 
and user-chosen surface in the state space (called the sliding or 
switching surface), and to maintain the plant's state trajectory 
on this surface for all subsequent time. Consequently the 
system with sliding mode is insensitive to uncertainties 
(parametric uncertainties and external disturbances). The plant 
dynamics restricted to this surface represent the controlled 
system's behavior. By choosing the sliding surface properly, 
SMC attains the conventional goals of control such as 
stabilization, tracking, regulation, etc.  
Practically all control systems implemented today are based 
on computer control. Therefore, it is to important to 
understand computer-controlled systems well. Such systems 
can be viewed as approximations of continuous-time control 
systems, but this is a poor approach because the full potential 
of computer control is not used, for example, the control 
system designed in the continuous-time domain may become 
unstable after sampling. It should be pointed out that, 
theoretically, discrete-time SMC cannot be obtained from their 
continuous-time counterpart by means of simple equivalence. 
Hence, a sliding mode control in the discrete-time domain has 
attracted lots of attention [9]-[14]. W. Gao, Y. Wang, and A. 
Homaifa presented a quasi-sliding mode concept and an 
equivalent form of the reaching law as follows[10]:  
 

)).(sgn()()()1( ksQkKsksks −−=−+            (1) 
 
where 0>Q  and .11 <− K  

Thus, in this paper, a discrete-time sliding mode controller for 
nonlinear systems with disturbance and uncertainty is 
proposed. The concept of time-delay control (TDC) which 
consists of estimating the uncertain dynamics of the system 
through past observations of the system response is used. The 
proposed method guarantees that  
the system state is globally uniformly ultimately bounded 
(GUUB) under the existence of parameter uncertainties and 
external disturbances. It is also shown that the closed-loop 
system is globally asymptotically stable if the disturbance and 
uncertainty are time-invariant.  
 

2. PROBLEM FORMULATION 
  
Consider a discrete-time nonlinear system with uncertainties 
and external disturbances 
 

).()())(())(()1( kdkubkxfkxfkx +⋅+∆+=+         (2) 

 
where nnn RbRRf ∈→⋅ ,:)(  and )(⋅∆f represents the system 
uncertainty, nRx ∈⋅)(  is the state vector, 1)( Ru ∈⋅  is the control 
input, nRd ∈⋅)(  denotes the external disturbance. The index k  
indicates the k -th sample. Equation (2) can be rewritten as 
the following form: 
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where  .)())(()( nRkdkxfkl ∈+∆=  

 
Assumption 1 (Controllability) The above system with 

0)( =kl  is controllable. 

Let the switching function )(ks as 

 

),()( kxCks T=                     (4) 

 
where nRC∈  is assumed to be designed such that the 
following assumption holds.  
 
Assumption 2 (Sliding Surface Design Phase) bCT  is nonsi- 
gular and the sliding dynamics, ,0)( ≡ks  is globally uniformly 
asymptotically stable (GUAS).  
Let us define the difference function for lumped uncertainties 

)(kl  as  

)).1()(()( −−= klklCk Tδ               (5)  

 
It is also assumed that the following assumption holds for 

).(kδ    
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Assumption 3 (smoothness) There exists 1
+∈Rε  such that 

.)( εδε ≤≤− k                   (6) 

 
3. SMC for Discrete Nonlinear Systems 
 
3.1 Discrete Sliding Mode Controller Based on TDC  
In order to design a sliding mode controller, the concept of 
time-delay control (TDC) which consists of estimating the 
uncertain dynamics of the system through past observations of 
the system response is used[6] , and the following theorem can 
be derived for the closed-loop system.  
 
Theorem1: For the discrete-time nonlinear system (3) with 
the proposed sliding mode controller (7), it is guaranteed that 
the switching function )(ks  is globally uniformly ultimately 
bounded (GUUB): 
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   (7) 

 
where .1<α  

Proof: From (3), )1( +ks  can be written as 

 
).()())(()1()1( klCkubCkxfCkxCks TTTT +⋅+=+=+       (8) 

Thus, )(ks  can be easily derived from (8) as the following 

form: 
 

).1()1())1(()()( −+−⋅+−== klCkubCkxfCkxCks TTTT    (9) 
 
It is, therefore, known that )1( −kl  can be obtained from 

)1( −ku  even though )(kl  is unknown: 
 

)).()1())1((()()1( 1 ksklCkxfCbCku TTT +−−−−=− −       (10) 
 
Let  ).()1()( kgkuku +−=                          (11) 
 
Substituting (10) into (8), we obtain 
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Since )(kg  can be designed arbitrarily, let  
 

).()))]1(())((()([)()( 1 kskxfkxfCksbCkg TT ⋅+−−−−= − α  (13) 
 
From (12) and (13) 
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Since 1<α  and ,)( εδ ≤k  the ultimate bound of switching 

function )(ks  is derived as follows: 
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   ■ 

Corollary 1: From (4), (15), and  Assumption 2, it is obvious 
that )(kx  is also GUUB. 

 
Proof: Since the corollary is obvious, the proof  is omitted.               

■  
Remark 1: From (15), it is easy to know that the ultimate 
bound of )(ks  is directly related by .)1()( −− klkl  

 
Corollary 2: If 0=α , the ultimate bound of switching 
function )(ks  can be derived as follows: 

.)(lim ε≤
∞→

ks
k

               (16) 

Proof: Since the corollary is so obvious, the proof is omitted. 
                                      ■  

 
Remark 2: The proposed method uses the bound of the 
difference of uncertainties and disturbances, ,)1()( −−≥ klklε  

and it is clear that ε  decreases as the sampling frequency 

increases. Thus, how large the bound of uncertainty 
disturbance l  is, the magnitude of the ultimate bound of the 

state )(kx  can be made very small if )(kl  varies slowly or 
the sampling period is set very short. 
 

4. ILLUSTRATIVE EXAMPLE 
 
Consider a discrete-time nonlinear form of 
 

).()())(()1( klkubkxfkx +⋅+=+  
 
where ,)]()([)( 21

Tkxkxkx = TT Cb ]15.0[,]10[ ==  
,]5.00[)( Tkl = 9.0=α  and  
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The switching function is set by 

 
)(=)( kxCks T  

 
The lumped uncertainty Tkkl )]2/sin(0[)( ωπ +=  for 

10/,ππω =  are shown in Fig. In this figure, it is known that 
Tkkl ])1(0[)( −=  when πω = . 

Figures 2~5 show the switching function )(ks  and the system 
state )(1 kx , respectively when )(kl  is given as in Fig.1. From 
these figures, it is shown that )(ks  and )(1 kx  are ultimately 
bounded if .1<α  

Figures 6~8 represent the results in the case of constant )(kl , 
i.e., .0)1()( =−− klkl  Since ,0)( =kδ  )(ks  and )(1 kx  
converge to zero. If we set 0=α , )(1 kx  converge to zero in 
the rate of 2/1/ 21 =cc  in the sliding mode, ,0)( =ks  as can 
be seen in Figure 8. Table 1 is given to show the decreasing 
rate. 
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Fig. 1. Uncertainty )(kl . 

 
 

 

 
Fig. 2. State variable )(1 kx  and sliding surface )(ks  when 

πω=  and 9.0=α . 
 

 

 
Fig. 3. State variable )(1 kx  and sliding surface )(ks when 

10/= πω and 9.0=α  

 

Fig. 4. State variable )(1 kx  and sliding surface )(ks  
when πω=  , 0=α . 

 
 
 

 
Fig. 5. State variable )(1 kx  and sliding surface )(ks  when 

10/= πω , 0=α . 
 

 
Fig. 6. State variable )(1 kx  when )(kl  is constant and 

9.0=α . 
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Fig. 7. State variable )(1 kx  when )(kl  is constant, 0=α . 
 

 

 
 

Fig. 8. Expanding figure7. 
 

 
Table 1. State variable )(1 kx  and its decreasing rate 

( 2/1/ 21 =cc ). 
 

 )(1 kx  ratio to )4(1x

k=4 10.5 1 

k=5 5.25 1/2 

k=6 2.62 2)2/1(  

k=7 1.3 3)2/1(  

k=8 0.65 4)2/1(  

k=9 0.32 5)2/1(  

k=10 0.16 6)2/1(  

k=11 0.08 7)2/1(  

 
                               

 
5. CONCLUSIONS 

 
In this paper, a discrete-time sliding mode control of nonlinear 
systems with time-varying disturbance and parameter 
uncertainty has been presented. It has been shown that the 
switching function )(ks and the state variable )(kx  are 

globally uniformly ultimately bounded (GUUB) under the 
existence of the time-varying external disturbance and 
parameter uncertainty. Moreover, it has been known that the 
magnitude of the ultimate bound of )(ks  can be set 
sufficiently small by increasing the sampling frequency. 
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