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Abstract: LQ actuator selection problem for multi-input system discussed in this paper is to determine optimal

actuator out of many actuators and input sequences so as to minimize the quadratic control performance. The solution

of this problem depends on initial values and has a combinatorial property, so it is extremely difficult to get an optimal

solution. For this difficulty, we proposed the concept of comparability of actuators and showed the uniqueness of the

solution[1] . Further, to get general optimal solution for LQ problem with actuator selection strategies, we derived

the equivalent condition for the comparability of actuator in single-input system . In this paper we extend this result

to the case of multi-input system. The derived sufficient condition is applicable in the case of positive semi-definite

comparability matrices.
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1. Introduction

The problem of selecting one out of many available

actuators, at each instant of time, has rarely been dis-

cussed in the literature, although there are applications

in which several different or incompatible actions can be

applied on a process. One example is problem with dif-

ferent zones for the control e.g., a gearbox. This actuator

selection problem was first discussed by Y. Vanbeveren

[1], whereas the dual problem on the selection of sensors

have been solved by Athans[2], Herring and Melsa [3].

LQ actuator selection problem for multi-input system

discussed in this paper is to determine an optimal actua-

tor sequence and an input sequence so as to minimize the

quadratic control performance[4][5]. The solution of this

problem depends on initial values and has a combinato-

rial property, so it is extremely difficult to get an optimal

solution.

Y. Vanbeveren et al.[1] refered to this property and

proposed the condition for eliminating unuseful combi-

nations of actuator sequences. However, the optimality

of the selection was not discussed in [1]. For this, we

proposed the concept of the comparability of actuators

and yielded a result for uniqueness of solution [4]. The

comparability of actuators, concerning the property for

comparison of actuators, indicates the relation between

the optimal design problem of actuators and the actua-

tor selection problem on schedule. The comparability of

actuators can be determined by the relation among the

magnitude of comparability matrices composed by the

actuator matrix and the weighting matrix of the input.

When the condition for the comparability of actua-

tors can be satisfied, the optimal solution can be deter-

mined uniquely with regardless of initial values. With

the use of this property, to get the general optimal so-

lution for LQ problem with actuator selection strategies,

we should investigate the property for comparison of ac-

tuators more detail. We derived the equivalent condition

for the comparability of actuators in the single input sys-

tem[5]. However, it is difficult to extend this equivalent

condition to the case of the multi-input system, directly.

If comparability matrices satisfy the condition of positive

definite, we can get the sufficient condition by using si-

multaneous diagonalization to the case of the multi-input

system. But, this result can be severely limited in appli-

cations.

In this paper, we first review the outline of the compa-

rability of actuators and comparability matrices, the rela-

tion between the comparability of actuators and unique-

ness of solution for initial values, the equivalent condition

for the comparability of actuators in the single input sys-

tem. Secondly, based on simultaneous diagonalization of

comparability matrices, we derive a sufficient condition

for comparability of actuators in the multi-input system.

The sufficient condition is applicable in the case of com-

parability matrices with the mild condition of positive

semi-definite.

2. Problem Statement

Let’s consider LQ problem with linear dynamic system

xk+1 = Axk + Bkuk (1)

and control performance index for a N-stage problem

JN =

N∑
j=1

{
xT

j Qxj + uT
j−1Hj−1uj−1

}
(2)



where Bk is the actuator matrix and is selected as

Bk ∈ [B1, · · · , Bs]

(i.e. s actuators are available, but only one actuator can

be used at any given time,) And Hk is the weighting

matrix of the input and is selected as

Hk ∈ {H1, · · · , Hs}

depending on Bk . In LQ problem with actuator selec-

tion strategies, an optimal actuator sequence｛Bk｝ an

optimal input sequence｛uk｝, an optimal state value se-

quence｛xk｝, must be decided by minimizing the control

performance (2) subject to the system (1) . The compa-

rability of actuators is defined as follows [4].

[Definition] (Kuwahara [4])

If the following inequality holds, the actuator Bi（i =

1,· · ·,s） is comparable for the actuator Bj（j = 1,· · ·,s,
j �=i）

Bi(Hi)−1(Bi)T ≥ Bj(Hj)−1(Bj)T (3)

The matrix Bi(Hi)−1(Bi)T , composed by Bi and Hi, is

called as the comparability matrix. When the condition

for the comparability of actuators is satisfied, the opti-

mal solution can be determined uniquely with regardless

of initial values [4], as reviewed in the next section. Fur-

ther, based on this property, to get the general optimal

solution for LQ problem with actuator selection strate-

gies, we should investigate the property for comparison

of actuators more detail.

3. Equivalent Condition for the Comparability

of Actuators in Single Input System

The payoff to be minimized is now given by (2). We

shall first calculate the global cost for a predetermined

sequence. When the actuator sequence [Bk] is fixed, in

which no selection is made, our problem is LQ problem,

and is classically solved by using Bellman’s optimality

principle. Therefore, the solution for the fixed actuator

case is

minJN = VN = xT
0 M0x0 (4)

where

Mk = AT Wk+1A

−AT Wk+1Bk(BT
k Wk+1Bk + Hk)−1BT

k Wk+1A (5)

(k = 0, · · · , N − 1)

Wk = Mk + Q, WN = Q (6)

In the same way,

u∗
k = −Kkx∗

k (7)

with

Kk = (BT
k Wk+1Bk + Hk)−1BT

k Wk+1A (8)

With use of these relations, we will show that, if the

condition for the comparability of actuators is satisfied,

the optimal solution can be determined uniquely with

regardless of initial values.

[Lemma 1] (Y.Vanbeveren [1])

If Bk is the actuator which can be excluded a prior

in one step control process problem, then an actuator

sequence

{Bl(1), · · · , Bl(i), Bk, Bl(i+2), · · · , B(N−1)}

can be excluded previously in N-stage control process

problem, where Bl(1), · · · , Bl(N−1) are arbitrary actua-

tors being selected from a set of the actuator sequence

[B1,· · ·,Bs] and Bk can be located in arbitrary control

step.

[Proposition 1] (Kuwahara [4])

If s actuators Bi（i = 1,· · ·,s） satisfy the condition

of the actuator comparability, the optimal actuator se-

quence can be determined uniquely in N-stage control

process problem.

Therefore, we can get following two lemmas.

[Lemma 2]

In N-stage control process problem, if

MN−k(i0, · · · , is−1) ≥ MN−k(j0, · · · , js−1) (9)

then,

MN−k−t(k0, · · · , kt−1i0, · · · , is−1) ≥
MN−k−t(k0, · · · , kt−1j0, · · · , js−1) (10)

where MN−k(i0, · · · , is−1) is MN−k in eq. (5) for the

actuator sequence｛Bi(0), · · ·, Bi(s−1)｝.

(Proof) See Appendix A.

[Lemma 3]

In N-stage control process problem, if

Bi(Hi)−1(Bi)T ≥ Bj(Hj)−1(Bj)T (11)

then,

MN−k(ji, · · · , i) ≥ MN−k(i, · · · , i) (k = 1 · · ·N) (12)

(Proof) See Appendix B.

From these results we have the following theorem on

the uniqueness of the solution.



[Theorem 1]

In N-stage control process problem with two actuators

Bi and Bj , if

Bi(Hi)−1(Bi)T ≥ Bj(Hj)−1(Bj)T (13)

holds, then the actuator sequence｛Bi，· · ·，Bi｝is one

of the optimal actuator sequences.

In this case, our problem can be solved with the fol-

lowing relations, (4)-(8) except that Bk in(5) and (8) is

replaced with Bi. Next, we will give the equivalent con-

dition of the actuator comparability in the single input

system [5].

[Theorem 2] (Kuwahara [5])

The actuator comparability in the single input system

holds if there is a scalar value α�=0 such as

Bi = αBj (14)

(Proof) See Appendix C.

This theorem implies that in single input system the

actuator comparability holds for actuators with same di-

rection each other.

4. A Sufficient Condition for Comparability of

Actuators in the Multi-Input System

It is difficult to extend the condition in Theorem 2

to multi-input systems directly. So, we will discuss a

sufficient condition for the comparability of actuators in

a simular way as in the single-input system. For this, we

utilize simultaneous diagonalization of matrices.

[Lemma 4]

For real symmetric matrices, S and T ∈ Rn×n,S > 0,

there is a regular transfer matrix P such as

P T TP = Λ (15)

P T SP = In (16)

where Λ is a real giagonal matrix and In is the unit ma-

trix.

By using Lemma 3, we can easily get the following propo-

sition directly.

[Proposition 2]

If Hk > 0,Hk ∈ Rm×m, Bk ∈ Rn×m (k = i, j), and

rankBi = n, then there exists regular transfer matrix P

satisfying the following

P T Bi(Hi)−1(Bi)T P = In (17)

P T Bj(Hj)−1(Bj)T P = Λ (18)

(Proof) See Appendix D.

It is noted that in Proposition 2, positive definite (prop-

erty) with comparability matrices is needed, which is lim-

ited strictly in the practical applications.

To cope with this, we make use of the idea for the

equivalent condition for the comparability of actuators

in the single input system, but it is difficult to extend

the equivalent condition in the case of the multi-input

system, directly. So, it is feasible to get a sufficient condi-

tion for the comparability of actuators in the multi-input

system.

[Theorem 3]

A sufficient condition for the comparability of actua-

tors in the multi-input system i.e. the sufficient condition

for

Bi(Hi)−1(Bi)T ≥ Bj(Hj)−1(Bj)T (19)

is the existence of Γ such that

Bi = BjΓ (20)

where

Hk = diag(hk
1 , hk

2) > 0 (k = i, j)

Γ = diag(α1, α2) > 0

α2
k ≥ hi

k/hj
k (k = 1, 2)

(Proof) By eq. (20) and Γ = diag(α1, α2) > 0 we get

Bi(Hi)−1(Bi)T − Bj(Hj)−1(Bj)T

= Bj [Γ(Hi)−1ΓT − (Hj)−1](Bj)T

where

Γ(Hi)−1ΓT − (Hj)−1

=

[
(hi

1)
−1α2

1 − (hj
1)

−1 0

0 (hi
2)

−1α2
2 − (hj

2)
−1

]

So, if α2
k ≥ hi

k/hj
k (k = 1, 2), then

Bi(Hi)−1(Bi)T ≥ Bj(Hj)−1(Bj)T

holds.

Q.E.D.

[ Example]

Letting

Hk = diag(hk
1 , hk

2) = diag(1,1) > 0 (k = i, j)

then

α2
k ≥ 1 (k = 1, 2)

Therefore, if

α = diag(α1, α2) = diag(3,2) > 0



(Bj)T =

[
1 2 1

2 1 2

]

then

(Bi)T =

[
3 6 3

4 2 4

]

hence

Bi(Hi)−1(Bi)T ≥ Bj(Hj)−1(Bj)T

5. Conclusions

The problem of LQ optimal selection of one out of

many available actuators has been discussed. And in this

paper, we derived a sufficient condition for the compara-

bility of actuators in the multi-input system in a simular

way for the equivalent condition in the single-input sys-

tem. The sufficient condition is applicable in the case of

positive semi-definite of comparability matrices which is

more general than in the case of positive definite. With

addition of proper condition, the condition for simulta-

neous diagonalization of comparability matrices can be

relaxed. Then, we must study the relation and compare

with our result, which is an open problem.
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7. Appendix

In the following, we show the proof of lemmas.

[Appendix A] (Lemma 2)

Rewriting (9)

WN−k(i0, · · · , is−1) ≥ WN−k(j0, · · · , js−1) (21)

and by the inversion lemma,

MN−k−1(kt−1i0, · · · , is−1)

= AT [WN−k(i0, · · · , is−1)
−1

+Bk(t−1)(Hk(t−1))
−1(Bk(t−1))

T ]−1A (22)

MN−k−1(kt−1j0, · · · , js−1)

= AT [WN−k(j0, · · · , js−1)
−1

+Bk(t−1)(Hk(t−1))
−1(Bk(t−1))

T ]−1A (23)

As matrices WN−k(i0, · · · , is−1), WN−k(j0, · · · , js−1), Hk(t−1)

are positive definite, applying eqs.(21),(22) and (23)

with the relation between square matrices S and T , we

get

MN−k−1(kt−1i0, · · · , is−1) ≥
MN−k−1(kt−1j0, · · · , js−1)

Similarly,

MN−k−2(kt−2kt−1i0, · · · , is−1) ≥
MN−k−2(kt−2kt−1j0, · · · , js−1)

Repeating this procedure, we can get

MN−k−1(k0, · · · , kt−1i0, · · · , is−1) ≥
MN−k−1(k0, · · · , kt−1j0, · · · , js−1)

Q.E.D.

[Appendix B] (lemma 3)

In N-stage control process problem, the following rela-

tions hold

MN−2(ji) = AT [WN−1(i)
−1 + Bj(Hj)−1(Bj)T ]−1A

MN−2(ii) = AT [WN−1(i)
−1 + Bi(Hi)−1(Bi)T ]−1A

With the condition and the relation between square

matrices , we can get

MN−2(ji) ≥ MN−2(ii)

Similarly,

MN−3(jii) ≥ MN−3(iii)

With use of this procedure recursively, we can get

MN−k(ji, · · · , i) ≥ MN−k(i, · · · , i) (k = 1, · · · , N)

Q.E.D.

[Appendix C] (Theorem 2)

(necessity)

In single input system, we have

Bk(Hk)−1(Bk)T = αkBk(Bk)T (k = i, j) (24)

As Bi,Bj∈Rn×1, with the orthogonal transfer matrix P,

we get the following relations

(B̃i)T = (PBi)T =
[

1 0 · · · 0
]



(B̃j)T = (PBj)T =
[

b̃1(j) · · · b̃n(j)
]

With eqs.(13) and (24),

αiB
i(Bi)T ≥ αjB

j(Bj)T

then

αiP
T Bi(Bi)T P T ≥ αjP

T Bj(Bj)T P T

i.e. [
αi 01n−1

0n−11 0n−1n−1

]

−
[

αj b̃1(j)
2 · · · αj b̃1(j)b̃n(j)

αj b̃n(j)b̃1(j) · · · αj b̃n(j)2

]
≥ 0

Therefore,

αi ≥ αj b̃1(j)
2

b̃2(j) = b̃3(j) = · · · = b̃n(j) = 0

then,there exists α0 such that

(B̃i)T = (PBi)T =
[

1 0 · · · 0
]

(B̃j)T = (PBj)T =
[

α0 0 · · · 0
]

α2
0 ≤ αi/αj = Hj/Hi

i.e. there exists an α such that

B̃i = αB̃j , α2 ≥ Hi/Hj > 0

Therefore

Bi = P−1(B̃i) = P−1αB̃j

= αP−1B̃j = αBj

i.e.

Bi = αBj

(sufficiency)

If there is a α such that

Bi = αBj

α2 ≥ Hi/Hj = αj/αi > 0

we can get the following relation

Bi(Hi)−1(Bi)T − Bj(Hj)−1(Bj)T

= αiB
i(Bi)T − αjB

j(Bj)T

= (αiα
2 − αj)B

j(Bj)T ≥ 0

where the value of α can be provided by eq. (14). If the

sign of inequality in eq. (13) is inverse, we can modify the

value of α, according to the condition, to get actuators

with comparability. Then there is no specicl condition

for the value of α without α�=0.

Q.E.D.

[Appendix D] (Proposition 2)

Since Bi(Hi)−1(Bi)T >0, there is a regular matrix U

such as

Bi(Hi)−1(Bi)T = UT U,U ∈ Rn×n

By using this U let T̃

T̃ ≡ (U−1)T Bj(Hj)−1(Bj)T U−1, T̃ ∈ Rn×n

As the matrix Bj(Hj)−1(Bj)T is the real symmetric

matrix, then T̃ is too, the same. Therefore with proper

orthogonal matrix V , we get the following relation

T̃ = V −1ΛV, V V T = In

where Λ is the real diagonal matrix. Now if

P ≡ (V U)−1

then,

P T Bj(Hj)−1(Bj)T P = (V −1)T (U−1)T Bj(Hj)−1(Bj)T U−1V −1

= (V −1)T T̃ V −1 = Λ

P T Bi(Hi)−1(Bi)T P = (V −1)T (U−1)T Bi(Hi)−1(Bi)T U−1V −1

= (V −1)T InV −1 = In

Q.E.D.
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